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REGULARIZATION FOR HEAT KERNEL
IN NONLINEAR PARABOLIC EQUATIONS

Mirjana Stojanovic

Abstract. We prove existence-uniqueness theorems for some kinds of non-
linear parabolic equations (cf. [2, 3, 15]) with singular initial data and non-
Lipschitz’s nonlinearities in a framework of Colombeau’s algebras using dif-
ferent kinds of regularization for singularities appearing in the equations. We
establish the convergence of a family of regularized solutions to the classical
solutions (if they exist), when nonlinear term g(u) is of Lipschitz’s class and
¢ — 0. Moreover, we find solutions not available in classical approach.

1. INTRODUCTION

Cauchy problem (1), (2), for nonlinear parabolic equations with singular initial
data, existence and uniqueness theorems for local and global solutions are the subject
of the papers [2, 3]. Free term g(u) is supposed to be of polynomial growth. If
lg(u)| = u®, s < 1, (case of sublinear growth), and Lipschitz’s condition is satisfied,
under some assumptions on s (cf. [2]), Cauchy problem (1), with singular initial
data (cf. Section 2), have an unique global solution u € C([0, c0); MF(R™)). If
singular initial data are smoothed by delta sequences there exists an unique solution
u € C*1([0,00) x R™) N Co(LP(R™)), 1 < p < oco. When nonlinear term has a
superlinear growth, g € C(R; R) and satisfies

l9(u) = g(v)| < Alu = v[(jul + [v])*7, u,v€R,

there exists an unique solution v € C?((0,T) x R™). The same holds if u(-) €
S'(R™). In the article [3] is given the optimal link between the singularities of
the nonlinear term and the initial data to have uniqueness. For other classical
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solutions cf. [11, 19]. For Colombeau solution to parabolic equations with nonlinear
conservative term cf. [20].

Regularization in evolution equations (w.r.) to the space variable by delta se-
quences, are introduced in [9] and applied in [20, 12]. Regularization of semigroups
given in [14] leads to the uniformly continuous semigroups (cf. [14]) which cover
smaller class of the equations than the semigroups with unbounded operators. The
attempt of regularizing semigroups (w.r.) to the time variable ¢ is done in [5]. In
this paper we give a regularization for the heat kernel in nonlinear parabolic equa-
tions (w.r.) to the time variable ¢ to avoid singularities over the diagonal t = 7. In
that way we obtain global solutions and the heat semigroup stays unbounded. As a
framework we use Colombeau’s algebra of generalized functions. In our considera-
tion, the nonlinear term g(u) does not satisfy Lipschitz’s condition. We remove it by
cut-off. We find a family of nets of regularized solutions which are compatible with
classical solutions in a limiting case when ¢ — 0. Initial data are strongly singular
and regularized with delta sequences. In all cases, we suppose that g(0) = 0. Note,
that many Colombeau’s solutions are not available in classical approach.

2. STATEMENT OF THE PROBLEM
We state the following problems in nonlinear parabolic equations:
1. Cauchy problem (cf. [2])
1) Ou=Au+g(u), t >0, x € R",

where g € L7° (R") is meant to be composed with a real-valued function u on
([0,T) x R™), and g(u) is not of Lipschitz’s class. The initial data are strongly
singular

w(0,-) = pe MHR") CD'(R"), k € Z,

where M*(R™) = (CF(R™))’ is the strong dual of the Banach space Cf(R") of
all C*(R™) functions with bounded derivatives up to the order k. M°(R") is the
space of Radon measure. As an example we consider the delta distribution massed
at the point £/ and the sum of its derivatives

=3 bjadfo(-— &), k€ Zy, bjo €R, ¢ €R”, j =1, {bja} €1
J=1 |a|<k

2. Cauchy problem with nonlinear conservative term (cf. [3])

() du—Lu+d,-gu)=0,t>0, zc R", u(0,-) = D¥y(.) e D'(R™),
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where u = (u1,...,um)T, G(u) = (g1(u), ..., gn(u)), Where g; € L2 (R™), i =
1,...,n, and allow compositions with real-valued functions u, on ([0,7) x R"), and
g(u) does not satisfy Lipschitz’s condition, 9,-G(u) = g(u)-Vu = Z?:1 9;(u) O,
D = (=A)Y2 ¢ € LP(R™) for some 1 < p < oo. When p = 1, ¢» € M(R™) is
the space of Radon measure.

3. Equation with Schrodinger’s operator
3) (O = Du+Vu+g(u) =0, u0,-)=upu(), z€R",

where V(-) and pu(-) are singular distributions. Suppose that V'(-) and p(-) are the
sums of powers or derivatives of Dirac measure. Without loss of generality suppose
that, V() = 8(-), (") = 8(").

3. Basic Spaces

For general theory of Colombeau’s generalized functions cf. [6, 7, 1, 16, 10].

We recall construction of the Colombeau’s algebras G, ,(2), (€2 is an open set),
1 <p,q< oo, from [4].

Let @ € R™ be an open set, m € Z, 1 < p < co. WP(Q) = N, W™P(Q),
W=P(Q) = U, W~™P(Q2), where W™P(Q) is usual Sobolev space whose all
derivatives up to the order m are finite in corresponding norm. Define

E(Q) ={u;(0,00) x @ = R, st us(-)iIsC*inz € Q, Ve > 0}

E(Q) ={u e &(Q); st.u. € WP(Q), Ve >0}
Enp(Q) = {u € £,(Q); Ya € N§3N € N, st ||0%u:(-)||, = O(e ™), e — 0}
Np o) = {u € Enp(Q) NELN); Vo € N"WM € N, s.t. |[0%uc(+)]]q

= 0(eM), e — 0},

where || - ||, denotes LP-norm, and 0% = 93}...09" for a = (au, ..., ) € N.

Colombeau’s space G,4(£2), 1 < p,q < oo, is the factor set G,,(Q) =
Emp()/Np.q (). For structural properties of these spaces cf. [4].

Recall the definition of G, ,(R™) algebras from [8]. Let 2 € R" be open and
be its closure. Let D(2) be the space of all smooth functions on R™ with bounded
derivatives. Subspace of these functions with compact support in € is denoted by
D(Q). E5,4(9) is the algebra of all maps from (0, co) into Dy (£2) whose elements
are sequences (u.).~o of bounded smooth functions.

Ensg(Q) = {(ue)es0 € E:,4(Q); Vo € N Ip > 0,8.8][0%: ()] | ooy
=0(eP),e — 0},
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Nsg(Q) = {(ue)e € Es4(Q); Va € N Va > 0, s.t. [[0%ue ()] Loo (s
=0(e), e — 0}.

The space G ,(9) is defined as the factor set G ;(Q) = Enrs,4(Q)/Ns g (). The
space D} .. (R™), is the space of bounded distributions. The space of finite sums of
derivatives of bounded functions can be imbedded into G, ,(R™) by convolution with
delta sequence. Let ¢ € D(R™), [ ¢(-)dz =1, [2*¢(-)dz = 0, Va € N, || >
1, and mollifier ¢.(-) = e "¢(-/¢). For all w € D} . (R"™) by w — [(Kew * ¢c)e>0]
where «. is the characteristic function of the corresponding set, ([-] denotes the
class of equivalence), is obtained an injective map: D} ..(R") — G, 4,(R"). By
Taylor expansion, for every f € Dy (R"), (kef * ¢ — f)es0 € Ny g(R™). Thus,
D (R™) is faithful algebra. The derivatives on G, ,(R™) induce the usual once
on D} (R") and D~ (R™).

Let 7 € [1,00] and g € L] .(2). Then G € G, 4(2), 1 < p,q < o0, is L” -
associated to g if [|g — Gc||pr) — 0, as € — 0, for every w CC Q and every
representative G of G.

We take Q = ([0,7) x R™).

4. REGULARIZATION

We shall use three type of regularization to control the singularities: 1. delta
sequences for initial data ; 2. the cut-off for nonlinear term; 3. function k (¢, 7)
for the heat kernel.

The initial data
Let u € D'(Q2), 2 be an open set in R™, then we set p. = (kep) * ¢ Where

1 on Q
ke € C3°(Q) and k. = { 0 on QQ\E ..
2e}.

We use the mollifier ¢.(-) = h(e)"¢(-h(e)), ¢ € CP(R"), [¢(-)dz =
1and ¢(-) > 0, z € R", h(e) — o0, as ¢ — 0. We put h(e) = |ine|?,
a > 0. Suppose that u = 6*), k& € N. Then, p.(-) = |lne|*tFo®)(-|Ing|)
and ||pe(-)||r < Cline|"=VP+E k> 0, 1 < p < co. When pu = DFyp,
Y€ LP(R"), D = (~2)V/2, we have () = D¥x g (-) = 1 D¥e(-) = () »
|Ine|antk/29k/2(.|Ing|). In LP-norm we obtain || (-)||r» < C|lne|™@—1/P+k/2 ] <
p < oo, k > 0. The similar holds for the sums of derivatives of delta functions
and its powers. In general, ||ue(-)||r» < C|lne|P"+7, 3,4 > 0. Without loss of
generality suppose

, Where Qo = {z; d(z, compl.(Q)} >

(4) pe() = 6c(:) = [Ine|*"¢(-[Inel), a >0,
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where ¢(-) > 0, ¢(-) € Cg°(R™), [ ¢(-)dx = 1.

The diagonal ¢t = 7.
Due to the estimate (cf. [3]),

|[¢k/ 240201 g0 B ()| 1r < 00, o <k, 1< 7 < oo,

where E,(t, -) is the heatkernel, E,,(t, -) = (4xt)~"/2e~11?/(4") ‘and 92 = 921...997,
la| = a1 + ... + o, o] >0, we have ||02E,(t,-)||pr < Ct=(k/2+1/200=1/1)) The
ot -derivative of the heat kernel, where o > 2 in the equations (11) and (13) and
the ot"-derivative, o > 1, in the equation (12) lead to the divergent integrals. To
avoid the singularity over the diagonal ¢ = 7 we use the regularization with the
function k4 (¢, 7), (cf. [18]). We set

kpe(t,7) =1—1o(h(e)(t—7)), t, 7 € R,

where ¢y € C°(R), ¥o(-) < 1 when | - | < 1/4, ¢(-) = 0 when

= In|lne|’
|- | >1/2. Then,
1 It — 7| > 1/(2h(e))
G)  kpelt,T)=4 C Iy
Inline] [t 7] < 1/(4h(e)), t,7 € R.

We employ the following regularization for the heat kernel
Ene(tv ) = k¢,6(t7 T)En(tv )
(6) { L |t =71 > 1/(2h(c))

) |t — 7| < 1/(4h(e)) En(t,-), t,7 € R.

In|lne|
Since for |a| < k,

105 Bne(t, )|zr < Che o (¢, 7)[t — 7|7 F/2F20710D g > 0,

we have
Ch(e)k/24n/2(1=1/p) |t — 7| > 1/(2h(e))
107 Ene(t, )|[r < ¢ a/2+n/2(1-1/p) <
it 6= 7] < 1/(4h(e)).

In particular, in L'-norm,

C (e}
(@) OFEns(t, s < { Wh<€) 2 |t— 7] < 1/(4h(e))
Ch(e)*/* It — 7] > 1/(2h(c)).
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We put

(8) h(g) = O(|lne| @) o >0, (resp. O(In|ine|)),
to handle problem (1) and (2). For the problem (3) we use

9) h(g) = O(|lne|?@+3)) o >0, (resp. O(In|ine|)).

Cut-off method

Cut-off method is introduced in [8, 9] to compensate the growth of f € C*°(R")
and its derivatives at infinity. It gives global solutions for equations without Lips-
chitz’s condition for the main term, (cf. [17]). We apply it for nonlinear term g(u)
to avoid non-Lipschitz’s nonlinearity and obtain global solutions (cf. [18]).

Let By = {(t,7),t,x € wye)}, where wy)(s) = {s € I,[s| < h(e),
d(s,compl.I) > 1/h(e)} where I is the n-dimensional interval around zero in a
case of = and in a case of ¢ the interval is 1-dimensional; k() is a scaling function,
h(g) — oo, as e — 0, and will be determined to follow the singularities of the
problem under consideration.

Let

g.(u) = { 9 wE B, and |ge(v)] < h(e)
g 0 otherwise

for e € (0,1). Set
9:(u) = ge() * (h(€)O(h(e)-))(u) = h(e)™ " / 9e(&,m,7)
By xR™
O(h(e)(u — &), h(e)(z —n), h(e)(t — 7))dEdndT, u € R™,

1on {z]jz| < 1/2}

0 on {aljz| > 1} 9SO =

where © € C§°(R™™+1)  such that © = {

1. We have

|2 ge)] = [30) = 2-(h(E)O(h(E))(w)

2 B(e)™ T g (€ m, O (h(e) (u— ©),
ou Bh,(s)XRm
hE)(x — ), h(e)(t — 7))dedndr

=1 [ R ) O (h(e) (),
R™ u

H(E)(w =), h(E)(t — 7))décndr]
= M) [ gt €/he). o= n/h(e),t = /h(e)

0
55 0(&n, T)ddndr| < h(e)*.
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Thus,
(10) lg(u)| < Ch(e), [Vg(u)| < Ch(e)?.
In integral form for the full regularization we use for (1), (2), (3), respectively:
ue(t,-) = ) * e () ()

(12) / / Buelt =1, = 9. (ue (7, ))dydr + No(t, )
w0e(0,+) = pe(- +N05()7

ue(t7 ) = (Ene(tv ) * ME())(x)
(12) + /t VE,(t — 7,2 —)ge(us(T, -))dydr + Nc(t, -)
0 JR®

uoe(0, ) = pe(+) + Noe(+),

ue(t, ) = (Ene(t, ) * pe(-)) ()
/ /En oz — WYl Ydydr

+/0 / Be(t = 7w = )ge(us(7, )dydr,
u0e(0.) = pe(() + Nox ")

where the regularization for the heat kernel, initial data and nonlinear term g.(u.)
is given by (6), (4) and (10) respectively. Selection of good mollifiers depends on
the problem under consideration.

In Colombeau’s setting we have, for the equation (11)

(13)

[uc(t, )] = [(Sne(t, ) * pe(-) (2 )]+[/0 (Sne(t =7, ) % ge(ue(T, ) (2)dr]

where [-] denotes the equivalence class. The similar holds for (12) and (13).

5. EXISTENCE-UNIQUENESS THEOREMS

5.1. The equation (1)
We shall use the following Lemma 1 for the proof of the existence-uniqueness
theorem.
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Lemmal. (a) Letu. € Earp([0,00) xR™). Then, Va € N, 2 € R", € < ¢,
tel0,T),

[0,00) >t n—>/0 (0y Epe(t=T, -)*ge(us (T, -)) ) (@)dT € Epr ([0, 00)xR™), 1<p<o0;

(b) Let ue, ue € Enrp([0,T) x R™) such that u. — 4. € N, 4([0,00) x R™),
1< p,q<o0. Then

[0,00)5t /O (03 Ene(t=7, )% (9e(ue(7, ) }ge(tic(7, -)))) (z)dT €Np 4 ([0, 00)<R™),
1<p,q<oc

o9
Proof. Lete <eq, D} = %%E (t,-) and

T.(t) = /O (00 et — 7, ) * ge (e, ) (w)dr,

€10,00), z € R", € < go.

(14)

Then Vj € Ng, € < g9 we obtain, since 95 E(0,-) =0, Va € Nj, and kg -(t,t) =
0,

&’ .
I = [ (DUOEEwelt ~ 7.9) * eluc(r. ) e
0
Then, 3C > 0, Jddy € R such that
d’ iina
1Tl < [ 10102 Buclt = 7 Dl gl s

By Leibnitz rule

<o [ Z ( Vbt ) 002 Bt = 7,90 P s gl e
< Chge(t,7) J+O‘/2/ |ge(ue (T, )| Lod,
where k4 - (t, 7) is given with (5). For 0 < 6 < 1, since g(0) = 0, we have
ge(ue(r, Dllze = 11g=(0) + e (T, ) Vuge (Que (7, )|
= [|ue(, ) Vuge(Que (T, -)l|r

< h(e)?|lue(, )|z
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Due to ue € Eprp([0,T) x R™), we have ||us(T,-)||r» < Ce™, IN € N and
dJ

125

Note that for |t — 7| < C/(4]ine|),

To(t)||r < CThgo(t, T)h(e)? /2N < Ce™N | 3IN > 0.

H%Te(t)\\l,p < CT/(In)ine|)h(e)Te/2e™N < ce™N 3N > 0.
Thus, T:(t) € Emp([0,T) x R™).
(b) Letj € N and To(t) = [j(93 Bne(t — 7,) * ge(iie(r, ))) (x)dr, & < e,
and AL = || (To(t) — To(t))|| v Let Be(t, ) = ge(ue(t, )) — ge(@e(t, -)). Then,

A < [ {05 Buelt = 7.)+ Br, N @)aode

<], ”Z< Vol YO B ¢ = 7.l Bl
< [ Choctt, /2 Bulr, i
0

By mean value theorem we have

Al < Chyo(t7) J+0</2/ (e, ) = e, ) - (Vge(Bua(r, )
+(1 = 0) (7, )| edT
< Chge(t, TR(E) T2 2| luc(t, ) — ac(t, )||» < Ce, Va € R.

since (ue — i) (t, ) € Npq([0,00) x R™), 1 < p, q < 00, AL < Ch(e)7+2e. Thus,
Al = O(e*) for Va > 0. [

Theorem 1. Let the equation (1) where

(1) g € L2 (R™) is meant to be composed with a real-valued function « on
([0,T) x R™), g(u) is not of Lipschitz class;

(2) p(-) = 6(), (resp. u € Do (R™)),

have the regularized integral form (11) where the regularization for s-subscript
terms are given by (10), (6), (4) and h(e) is from (8). Then, there exists an unique
solution in the Colombeau’s spaces [u.] € G, 4([0,T)x R"™), 1 < p,q < oo (resp.
in G5 4([0,7) x R™)).
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Proof. We prove the estimate in L°°-norm. The same holds for ZP-norm where
1 < p,q < oo. Consider the equation (11). By Young’s inequality and the first
approximation for g.(u.), since g(0) = 0,

[ue(t, Mz < |[Ene(t, | ol pe ()|

t
+/0 [Ene(t = 7,2 — )l 1]V geue (7, )| oo [[ue(T, )| | LoedT
Since (7) and (4) hold, applying Gronwall inequality we obtain
[u(t, )|z < Chgo(t, 7)|Ing|* exp (CTkgo(t, T)h(e)?) < O™,

N > 0, € (0,1), x € R™, t € [0,T), where h(e) is given by (8), « > 0.
When |t — 7| > C/(2h(e)), kg (t,7) = 1 and the moderateness holds. When
|t — 7| < C/(4h(e)), we have

‘ ‘(M’L

Ine
lJu(t, )| < C

T 2 < 0N
Inling] exp (CT/(Inline|)h(e)*) < Ce™,

dN >0, € (0,1), z € R", t € [0,T), where h(e) is given by (8), « > 0, a > 0.
Consider ot"-derivative, o« € N?, o > 1,

Opue(t, ) = (07 Ene(t, ) * pe () ()
t
—|—/ OSEn:(t — 71,2 — - )Vge(Quc (T, ) )u(T, - )dydr.
0 JR"®
Then,
t
|03 ue (t, )| ee < (|07 Ene (t, )| L1 ]| e ()| | £oe +/0 103 Ene(t — 7,2 — )| 12

[V ge(Oue (7, )| ool [ue(T, <) || LocdT
We have

t

105 us (¢, )|z < Chig,e(t, T)(e)*/? + / Clig,e(t, 7)A(e) /> 2 Jue (7, -) || ool
0

By the first step of the induction we obtain

[0%uc(t, Y| oo < Chge(t, T)R(€)/? + CThy o (t, T)W(e)*/? 2N < Ce™V,

since kg (t, 7) is given with (5), h(e) is defined in (8), IN > 0,¢ € [0,T),T > 0,
reR" e<egy, a>0,a>0.
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Estimate (w.r.) to ¢, as well as, the estimate for mixed derivatives we obtain from
the equation (1) using the results of Lemma 1. We give the proof for a5"-derivative
a € NI, B € Ny (w.r.) to ¢ for the equation (11).

Suppose that 5 € N, a € Nj. We have proved for « = § = 0 that u. is
moderate, by Gronwall inequality. Then, V3 € Ny Vo € N,

dP
dtP
where T.(t) is given by (14). By Lemma 1 we obtain

P0%uc(t,-) = (0P OCEne(t, ) pe())(2) +——=Te(t), z € R", £ < &g, t € [0,T),
110708 u(t, )|z < 110708 Bne(t, )| pal e ()| + Ce™

Then, V3 € NoVa € Nij, € < eg, x € R", when |t — 7| > C/(2h(¢)),
1107 0%uc(t, )| Lo < h(e)Y/ 2T ine|om 4+ Ce™N < Ce™V,

N >0,t€[0,T), x € R", € < gg, h(e) is from (8), o > 0.
For |t — 7| < C/(4]ine|) we have

Inelom™
aﬂaa t. o < /2—}—04/2‘ -N < -N
|10} O3 ue(t, )|l L < h(e ) Infing] + Ce Ce™,

N >0,t€[0,T), x € R", € < g, h(e) is from (8), o > 0.

Follows, u. € Enr,00([0,T) x R™).

Concerning the uniqueness, suppose that u1., uo. are two solutions to the equa-
tion (1). Denote their difference by w.(¢, ) = u1.(¢, -) — uac(t, ). Then, we have
in integral form

wo(t,) = (Ene(t, ) # Noo(-) //REn g a— YWalr, Ywalr, )dydr

//En g a— YN, dydr,

where NOE(-) € Noog(R"), 1 < g < 00, No(t,-) € Noog([0,T) x R™) and
We(t, )= fo Vge(ouie + (1 — o)ug:)do. Then,

t
[lwe(t, ) |za < HEne(t-)HLlHNOE(-)HLH/O 1 Ene(t =7, = )| L1 [[We(T, )l £

t
[[we(T, )| LadT + / | Ene(t =72 = )| 1| [Ne (T, )| Lad,
0

and

t
lwe(t, Ylze < Chge(t, T)e® + / Chge (t, T)h(e)?| [ we(T, )| LodT + CTe".
0
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By Gronwall inequality we obtain
[[we(t, )| e < Chge(t, 7)e%exp (CThg.o(t, T)h(e)?) < Ce“,

VaeR, te€]0,T), x € R", € <eg, Where kg (¢, 7) is given with (5), h(e) with
(8), @ > 0. This is sufficient for the negligibility (w.r.) to = (cf. [10]).

Estimate (w.r.) to ¢ we obtain from the equation (1). We use part (b) from
Lemma 1 to prove the uniqueness (w.r.) to ¢ for mixed derivatives. We prove that
VB € NoVa € NjVa € R, 1 < ¢ < o0,

1070w (t,)||a < Ce®, z € R, t € [0,T),e < g9, > 0.
Follows, we(t,-) € Nocg([0,T) x R™), 1 < ¢ < 00, i.e. |[0%(u1(t, -) — uae(t, -))
||L~ = O(e”), Ya € R. The same holds for every 1 < p, ¢ < co. Thus, the solution
is unique in the spaces G, ([0, 7)) x R™), 1 < p,q < oo (resp. for p = ¢ = oo we
have existence-uniqueness result in the space G, 4([0,7") x R")). |

5.2. The equation (2)

To handle this problem we use (9) for h(e). We prove the first an axillary result
useful in the proof of moderatness and uniqueness of the mixed derivatives and
derivatives (w.r.) to t.

Lemma 2. (a) Let u. € Eprp([0,00) x R™), 1 < p < oo. Then,
t
[0,00) >t / (09 VEpe(t — 7,-) * g-(uc(T, ) (@)dT € Errp([0, 00) x R™);
0

(b) Let ug, 4. € Ny 4([0,00) x R™), 1 < p, g < oo. Then,
[0,00) 3t [J(DSV Enc(t —7,-) * (g(u(r, )

g2 (7, D) @) € N[0, ) X R,
Proof. (a)

I [ @Bt 7. gt @
< [ 108V Euclt = Mot Doy < €

t
/0 [t =712 ge(ue (7, )| odr < Ok (8, 7)) FV/ 2 uic(t, )

<Ce™ AN >0,z€R"t€[0,T),e<ep,1<p<oc.
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We set (7), and for h(e) we use (9), a > 0, and for k¢ (¢, 7), we use (5). For the
derivatives of integral (w.r.) to ¢ cf. Lemma 1. Similarly we prove (b). |

Theorem 2. (a) Let in the equation (2)

(1) u() =60);
(2) g € L (R™) is meant to be composed with a real-valued function v on

([0, T) x R™), g(u) is not of Lipschitz class;

and the equation (12) stands for its regularized integral form, where the regular-
ization for e-subscript terms are given by (4), (6) and (10). Then, there exists an
unique global solution [u.] € G, 4([0,7) x R"), 1 < p,q < oo.

(b) If u e D o (R"™), the solution to the equation (2) is unique in [u.] €
Gs9([0,T) x R™).

Proof. (a) We shall give a proof by induction. We have from (12) for every
1 <p<oo,

t
[ue(t, e < [ Ene(t, ')HL1HM6(')HL"+/O IV Ene(t=7, 2=)| 1|92 (us(7, )| Lod.

By (7), ||[VEnw(t — 7, )|z < Ckyc(t,7)h(e)'/2, where kg (¢, 7) is defined with
(5) and by the first approximation of g, since (10) holds we obtain

ue(t, e < Chg o (8, 7)[e()l|Lr + /Ot koo (8, ) h(e) 22 Jue (7, )| | podr
By Gronwall inequality
e (t, )| p < Chge|lne|™ VP exp (CTky - (t, 7)h(e)/?+2) < Ce™V,
N >0, t€[0,T), T >0, z € R", ¢ < eg, h(e) is given with (9), a > 0,

kec(t,7) is determined in (5).
Suppose that o € N, o > 1. Then,

t
O ue(t,) = (07 Enc(t, ) * pe(-)) () + /0 (07 VEne(t = 7,) % ge(ue(T, ) (w)dr.
Since from (7), ||09V Epe(t — 7, -)|| 11 < Ckgo(t, T)h(e)@+D/2 we have

105 us(t, )lze < Choe(t, IR(E) e ()|

t
+/0 o (8, T)(e) TV [V ge(Oue (7, )| poe Jue (7, )| odr
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Due to moderateness of u.(t, -) and (10), we obtain,
10%uc(t, -)||2» < Chg o (t, T)R()Y2|Ine MO VPIUCT kg o (t, 7)|Ine|)e ™ <Ce™V,

dN >0,t € [0,T), z € R", ¢ < €g, since h(e) is given with (9), k¢ (¢, 7) is
from (5), a > 0.

The proof for moderateness of derivatives (w.r.) to ¢ and mixed derivatives
follows from (2) and Lemma 2.

Thus, u. € Epp([0,T) x R™) when 1 < p < oo.

Let us prove the uniqueness. Let u.,u. be two solutions to the equation (12)
with different N.(¢,-). Denote their difference with w.(t, -). Then, we must solve
the equation

we(t; ) = (Ene(t; ) * Noc(+)) (@)

t
(15) —|—/0 - VE.(t =7, — w1, YWc(r, -)dydr

t
+/ VEng(t—T,fIf— ')NE(Tv')dyv
0 JR"

where No:(+) € N o(R"™), Ne(t,-) € Npo([0,T) x R™), 1 < p,q < o0, we(t, ) =
fol Vge(ouie + (1 — 0)uge)do. We have in L2-norm, 1 < ¢ < oo,

lwe(t, )| ze < Chg (2, 7)e
+C fot ke (t, T)R(2)Y 22 |we (T, )| | LadT + Chy e (t, T () /2.
By Gronwall inequality
[we(t, )||za < Chge(t, T)e(1+ h(e)'/?) exp (CTkg.o(t, T)h(e)/?+2) < Ce,

VaeR, t€[0,T), T>0,e<eo h(e)isfrom (9). Follows, according to [10]
that this is sufficient for the negligibility.
Thus, the solution is unique in [u.] € G, 4([0,T) x R™), 1 < p,q < 0.
(b) Consider the case p, ¢ = co. Using (13) we obtain
[ue(t, ) Loe < [ Ene(t, )| o] e ()] £os
t
+/0 IV Ene(t — 7,2 — )11 Vge(Oue (7, )| ool [ue (7, ) || Lood.

We have from (7) and (10) that

t
[ue(t, )| Lo < Chge(t, T pe()l Lo + C/ koo (8, ) R(E) 22 ue(T, ) oedr
0
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By Gronwall inequality ||uc(t,-)||r~ < Ce™™, IN > 0,t € [0,T), = € R",
e < g9, Where h(e) is given with (9), k¢ (¢, 7) with (5).
Suppose that « € N, o > 1. We have for 0 < 0 < 1,

Oue(t, ) = (02 Fn(t, ) #pe())(a) + /0 (0O Bt — 7,2 — )
*«V ge (OQue (7, ) )us(T, ) (z)dr.

Then,
108 uc(t, )|z < Chge(t, 7)) | 1e(-)]| L

t
e / oo (1, TYR(E) V242 (7, )| | ol
0
By the first step we obtain, since h(e) is given with (9),
[0%uc(t, Y| oo < Chge(t, 7)h(€)?|Ine|*™ + Chy o (t, 7)|Inele™ < Ce™N,

dN €N, e <ep, t€[0,T), z€ R", a> 0. Thus, u. € Enro0([0,T) x R™).
The uniqueness holds as follows. Suppose that 1., us. are two solutions to
the equation (12). Then, we should solve the equation (15), where w.(t,-) =
e (t, -)—u2e(t, -), Noe(+) € Noo,g(R™), Ne(t, ) € Noog([0,T)xR"™), 1 < g < o0,
We(t, ) = fol Vg:(ouie + (1 — o)ug:)do. Then, we have, by Gronwall inequality

we(t, )||ne < Cky(t, 7)e%exp (CTky (t, T)h 5)1/2+2) < Ce%,
?, ?,

Va e R, t €[0,T), z € R", € < g9, h(e) is given with (9), kg (¢, 7) with (5),
a > 0.

Thus, w.(t, ) € Noog([0,T) x R™). The solution is unique in Go 4([0,T) x
R"), 1 < g < oo. When ¢ = co we deal with the space G, 4,([0,7) x R"). [ |

5.3. The equation (3)
We set in the equation (13): V.(-) = 6-(-) = h(e)?¢(-h(e)?), where h(e) is
given with (8), u.(-) is from (4), g € Lj$ (R™) is meant to be composed with a

real-valued function u, g(u) is non-Lipschitz’s and regularized by cut-off such that
(10) holds.

Theorem 3. Let the equation (3), where

(1) V() =36(), u(-) =0();
(2) Lfo (R™) is meant to be composed with a real-valued function » on ([0, T") x

loc

R™), g(u) is not of Lipschitz class;
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have the regularized integral form (13) where the regularization with e-subscript
terms are given by (6), (4) and (10). Then, there exists an unique solution [u ] €
gpvq([ovT) XRn)v 1 S b, q S Q.

Proof. From (13) we have for 1 < p < oo, due to || E,.(¢,-)||,r < C and (10)
holds, that

t
et )llzr < Cho (2, T)\lnE\”(“_l/p)+C/ kg,e(t, T)h(e)|Jue(T, )| LodT
0

*‘J€t<7k¢£<t,7>h(e>2uue<7,-M\LpdT.
By Gronwall inequality
[ue(t, )||ze < Chg o (t, 7)|Ine|™ 9 7YP) exp (CTky o (t, 7)(h(e)? + h(e)?)) < Ce™V,
IN >0,z R", t€[0,T), ¢ < ep, h(e) is given with (8) and kg . (¢, 7) is given
with (5). It can be seen that the singularities of the potential and nonlinearity of

g(u) should be at the same level.
Suppose that o € N, o > 1. We have

Oz ue(t, ) = (05 Ene(l, ) * pe () (2)

t
+// OB (t — 7,7 — WVl e (7, ) dydr
0 n
t

+/ O Bt — 70 — )ge(ue(r, -))dydr
0 Rn
Due to (7) and (10)

105 us(t, )| < Cho,e(t,7)h(e)*2|lne[*=H/P)

t
+ / Chgo(t, 7)R() > 2|Jus(r, -)|| LodT
0

t
+ / Chg.o(t, 7)R()* 2 Jus(7, -)|| odr.
0
By Gronwall inequality
105uc(t, )r < Chec(t, 7)R(e)/*|Ine["@~1/P)

exp (CTkgy < (t, 7) (h(e)/ 22 4 h(e)*/?12)) < eV,

dN >0, 2 € R", t € [0,T), € < g9. For h(e) and k¢ (¢, 7), we use (8) and (5)
respectively.



Regularization for Heat Kernel 79

Let us see the uniqueness. Suppose that w1 (¢, -) and us. (¢, -) are two solutions
to the equation (13) and denote their difference with w.(¢,-). Then, we must solve
the equation

we(t, ) = (Fn ) * Noc(+))()

/ /R Epe(t — 7,0 — ) Ve(Jwe(r, -)dydr
+/0 /n Ene(t — 7,2 = YWe(T, Jwe(7, -)dydr

t
+// Eyo(t — 72 — N.(, )dydr,
0 n

where W ( fo Ve (t, Ouie + (1 — O)uge)db, we(0,-) = No(+) € N 4(R™),
N(t,-) ENpﬂ([O T)x R"™), 1 <p,q < oo. We have

lwe(t, )lze < Chg(t, 7)e

/cz%gm )2 Jwe(r, )| adr
+ [ Ot e

—|—/ Ckgc(t, T)edrT.
0
By Gronwall inequality
[[we(t, )||na < Chge(t, T)e%exp (CThye(t, T)h(e)?) < Ce“,

Va >0, te€]0,T), € R", € <eq, h(e) and ky (¢, 7) is given with (8) and
(5) respectively.

Follows, w.(t,-) € Nrr 14([0,T) x R™), 1 < p,q < oco. Thus, the solution is
unique in the spaces [u.] € G, 4([0,T) x R"), 1 < p,q < oo. [ |

6. ConsISTENCY WITH CLASsICAL REsuLTs

We shall give proofs when |t — 7| > 1/(2h(e)). When |t — 7| < 1/(4h(e))we
consider kg (¢, 7) as zero in limiting case when ¢ — 0. We have kg (¢, 7) =~ 0,
i.e. kg o(t, ) is associated to zero due to the definition (5).

Proposition 1. (a) Let u be the classical solution to the equation (1), where g €
Ly (R") is meant to be composed with a real-valued function « on ([0, 7)) x R™),
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w e LP(R™). Then, u is LP-associated to the solution to the equation (11), where
regularization for g(w) is given with (10), heat kernel is regularized with (6) and
u and p. are LP-associated.

(b) If p € D} (R™), the solutions are L>-associated in G, 4([0,7) x R")
space.

Proof. (a) Subtracting integral forms for the classical equation (1) and regu-
larized one (11), we obtain

u(t, ) = us(t, ) = (Bn(t, ) % p() = Enc(t, ) * pe () (2)
+/ (En(t =7,-) * g(u(r, ) = Ene(t =7, ) % ge(ue(r, -))) (x)dr.
0

By adding £(E, (¢, ) * pe(-))(x) to the first row of the above expression we obtain

(En(t, ) * (e(-) = p(-) (@) + pe(En(t, ) = Enc(t, -)). Since (1 —kge(t,7)) =0
when |t — 7| > 1/(2h(¢e)) it remains to estimate (E,,(¢,-) * (ue(-) — p(+))) ().
We add in integrand: +(E,,(t — 7, ) * (ge(us(7,-))))(x). We have

(En(t=7,-)xg(u(T, ) =ge(ue(r, ) (@)+(1 =k £(t, 7)) (En(t=T, )xge(uc (T, ))) ().

Since (kgy(t,7) —1) = 0 when |t — 7| > 1/(2h(e)) we shall estimate only the first
part of the last expression. We have

[fut, ) = ue(t, e < 1 En(t || = pe)

|u(t,
/HE Mzall(a(w) = o)) (rs N zoddr < Ol — o)Lz
e /0 1(g(w) — ge(w))(r, )| o

Denote by I; = fot [|(g(uw) — ge(ue)) (7, -)||LedT. We add +g.(u). By Minkowsky
inequality

t
I < /0 (Ilg(u) = ge(w)l|zr + |1g(w) = ge(ue)||r)dT
Due to the regularization ||g(u) — g-(u)||z» = O(e?), Ya € R. Thus, we have

[lu(t, ) = ue(t,)||e < Cll(p — pe) ()| o + OT*

t
+/ IVge(Ou + (1 = O)ue)|| oo |u(T, ) = ue(7, )| | Lod.
0
By Gronwall inequality, due to (10), we obtain

llu(t, ) = ue(t, )l|ze < (Cll(k = pe)()l|Lr + Ce* ) exp (CTh(e)?), a >0,
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h(e) is given with (8). Since ||(p — ue)(+)||zr < Ce® for every a € R, we obtain
[|(u(t, ) —uc(t, ) (z)||r < Ce®, Ya > 0, i.e. u(t,-)and u(t,-) are LP-associated
(resp. L°°-associated when p = oo in case (b)). [ ]

Proposition 2. (a) Let in (1), ¢ € C'(R) and allows composition with a
real-valued function u(t,-) on (I x ), I C [0,T), @ C R™ and . € C(£2). Then,
3T > 0 such that the solution [u] to the equation (11) is L>°-associated with the
classical solution u in C(I x Q) to the equation (1).

(b) Let g € C*(R), and there exists a composition with u on (I xQ), I € [0,T),
2 c R" such that

sup {|g(u)|} < oo, sup {|Vug(u)|} < oo
t€[0,7T) t€[0,00)
zeR? zeR?

and u € LP(Q2),1 < p < co. Then, 3T > 0 such that the solution [«.] to regularized
equation (11) is LP-associated with the classical solution « to the equation (1).

Proof. (a) 3C > 0, such that [[((rep) * ¢c)(-)|[Lo() < C; € € (0,1), = €
Q, Q c R™. There exists, by classical theory, T > 0 and a family of smooth
functions on [0, T") to the equation

ue(t,-) = ((ﬂeu)*¢e)(w)+/0 (En(t—=7,-)xg(uc(r, ) (2)dr, = € Q, t € [0,T).

Let U. be the family of regularized solutions to (11). Since g € C* by fixed point
theorem 37" > 0, such that {U.(¢,-);¢t € [0,T),e € (0,1)} is bounded. For z € Q

[Ue(t, ) —u(t, )| < U(t, ) —ue(t, )| + |us(t, ) —ult, )]
Since g € O, |uc(t,-) — u(t,-)] — 0, as € — 0, we obtain
Ue(tv ')_us(tv ) = /0 ((Ene(t_Tv ')*ge(UE(Tv ')))_(En(t_Tv ')*g(ue(Tv ))))(x)dT

We add : £(E,(t —7,) * g-(Uc(T,-)))(z). We have
Ue(t,) —ue(t,-) = /0 ((Kge(t, ) = ) En(t = 7,-) % ge(Ue(T, -)) + En(t — 7, °)

#(g(ue(T; ) =ge(Ue(r, ) ()dT < /Ot(En(t—ﬂ )x(g(ue(7, ) =ge(Ue(T, -))) (w)dr,

since (kg (t,7) —1) = 0 when [t —7| > 1/(2h(e)). Then, we should estimate only
the last term. We have

NUE(t, ) —ue(t, )| S/O N(En(t =7, )% (9-(Ue(T, ) = g (ue(T, )| L) () d.
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By adding +¢(U.) we obtain
Ue(t, ) = ue(t, )| zoe < Cllge(Ue(r, ) — g(Ue(, )| Lo
+lg(Ue(r, ) = g(ue(7, )|
< OTO(/(E)) + [ 1IU:(r.:) = el llg=lIVg(6U= + (1 = O)uc) [z

Since g is of Lipschitz’s class, ||Vg|| L~ < C. Thus,

U(t,-) = ue(t, )| < CO(1/h(e)) + C /Ot U(7, ) = e (T, )| LocdT
By Gronwall inequality

[|U(t, ) — ue(t, )| e < CO(1/h(g)) expCT — 0, as e — 0.

(b) 3T > 0 and the unique solution in LP(I x Q), I C [0,T), Q@ C R" by

classical results (cf. [2]). Let U.(t,-) be the regularized solution, ¢ € [0,7),

z €R" €€ (0,1). Then,

NU=(t, ) = u(t, )l|e < |[(pe = 1) ()] Lr
/H n(t = 7,) % (9= (Ue(T, ) — g(u(T, ) (@)|| LrdT

< (ke =) ()llze +/0 Cllge(Ue(7,-)) = g(u(r, -))l|od.

We add +¢(U) and denote by

A= [0 = o0, B = [ 1902) = g(w) s

t t
B:/ HUE—uHLpHVg(HUE—i—(1—0)u)HLoodrSC/ U — | pdr
0 0

We have

since g is of Lipschitz’s class. By mean value theorem and boundeddness of Vg

A= [ g0 -g@lusar = [ [ (00155000 dedr < /(o)

Thus,

|U=(t, ) —ult, -)HLPS\\(Me—u)(-)\\LP+C(1/h(€))+C/Ot NUe(7, ) =u(T, )| | Lodr.
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Gronwall inequality implies
U(t, ) = u(t, )|[r < ([ (e =) ()l[r + O(1/h(€))) expC — 0, as e — 0,
what proves the assertion. ]

Proposition 3. Assume that g € C''(R) and allows composition with a real
valued functionu on (Ix D), I C [0,T), 2 C R",such that sup{|g(u)|, |Vug(u)|}
<oocandp € LP(Q),1 <p<oo, QC R"™ Then, there exists T' > 0, such that the
unique classical solution « to the equation (2) is L P-associated with the solution
to the equation (12) i.e. [|ue(t,-) — u(t, -)||ro,r) — 0, ase — 0.

Proof. The existence of the classical solution under above conditions for ¢ fixed
follows by results of [3]. Let u. be the regularized solution and « be the classical
one. Let ¢ < gg9. We have,

et ) =t Mizw < | (Enelts ) * e — Enlt, ) % p)(@)]]1o
T /0 [V Ene(t — 7, ) geue(7, )

—VEn(t = 7,-) x g(u(7,-)))(@)||Lrdr,

and since (kg -(t,7) —1) = 0 when |t — 7| > 1/(2h(e)), then
[lue(t, ) = u(t, llze < Cl(se = ) ()l |ze
19) / (9 Enelt = 7,1)) # e, D)@l 15

—I(VER(t —7,-) % g(u(r, ) (@)|| LrdT.

Denote the integrand by
I'= (VEpe(t —7,) % ge(ue(, ) (@) = (VER(t — 7, ) * g(u(7, ) (z).
We add +((VE,.(t — 7,-)) * g(u(, -)))(x). Then, we have
I'=(VEpe(t —7,-) % g(ue(r, ) (x) = (VEpe(t — 7,-) x g(u(T, ) ()
H(VEne(t = 7,-)  g(u(7, ) (@) = (VEp(t = 7,-) % g(u(7,-)))(2)
= (VEp:(t —7,°) * (9(ue(r, ) — g(u(r,-))))(x)

+(kpe(t,7) = 1) (VEL(t —7,-) * g(u(T,-)))(x) = I1 + 5.
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Since (kg(t,7)—1) = 0 when |t —7| > 1/(2h(¢)) then I5 equals zero. We obtain
by Young’s inequality and mean value theorem that

|z < NIV Ene(t =7, )l pall(ue(T, ) — (T, )) Vg (Oue + (1 = O)u)||r
< O(e) P2 Jug(r, ) = (T, ) o
Putting this in (16) we obtain

[ue(t, ) = ult, )|ee < Clf(pe = ) )|l r

t
L / h(e)@D/242| |y (7, ) — u(r, )| odr.
0

By Gronwall inequality we have
llue(t, ) = u(t, )l[zr < Cll(se — ) (-)||Lr exp (Ch(e) *FD/2+2),
Since h(e) is given with (9) we obtain

e (t, -)=ult, )| e < O (e =) ()| zo exp (CTog e]) S C(|| (e =) ()| Lre™).

Because . and p are LP-associated, i.e. ||(pe —p)(-)||zr — 0, as e — 0, the same
holds for u. and u. Thus, [|uc(t, ) — u(t,-)||zp@,r) — 0, ase — 0. n

Proposition 4. Let u be the solution to the equation (2), where g € C*(R)
and allows composition with a real valued function v on (I x D), I C [0,T),
Q C R, p(-) € C(2). Assume that for every compact set @ cC D, D cC R",

(17) sup {[Vg(u(t,-))[} < oc.

t€[0,00)

zeD
Then, there exists 7" > 0, such that the unique solution [u .| to the equation (12) is
C(0,T)-associated to u, i.e. ||ue(t,-) — u(t,-)||lc,r) — 0, ase — 0.

Proof. Let the initial data 1 € C(€2). Then |[(kep* d2)(¢)||re < C, e € (0,1)
where k. € C§°(I). Since g satisfies (17), 37" > 0 such that

ue(t, ) = ((Rep % de) * Enlt, ) (2) + /0 (VEn(t = 7,-) % g(uc(r, ) (x)dr,

t €10,T), e € (0,1), has a family of solutions which are bounded and unique.
Let U.(t,-) be a family of unique solutions to regularized equation (12). This
family is bounded in C(]0,T") x Q) and by regularization U. = u., £ < &g, Since
g(us) = g-(U:) on bounded set e < ¢, and (kg —1) = 0 when [t—7| > 1/(2h(e)).
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Forz € Q C R", ¢ € (0,1) and w is a classical solution, we have
(18) [|Ue(t, ) = ult, )l|zee < WUe(t, ) = ue(t, )| zoe 4 [lue(t, ) — ult, )| oo
Let us see the first part of the above inequality.

HUe(tv ')_ue(t7 ')HLOO
S/O [(VEne(t—,-) % g(Ue(7,-)) =VER(t =7, ) % g(ue(7, ) (@)||LodT

+/0 [(VER(t=7,-) % g(uc(T, ) =VEu(t=7,-) x g(u(r, ))) ()| dT = A+ B.

Consider the part A. We add £(VE,c(t — 7,) * g(us(7,-)))(x). We have

A< /0 19 Bne(t — 7, )| allge (Us(7, ) — g uer, )£

(koo (t,7) = DIIVER(t = 7, )l pallg(ue(7, )l Loodr.

Since (k4 (t,7) — 1) = 0 when |t — 7| > 1/(2h(¢c)), and by regularization, we
obtain that part A is negligible. Part B is negligible due to cut-off. We must
estimate only the second part in (18). We have

hue(t, ) = ults Mlzoe < 1Bt ) = (sep() = 92) = () @)1
+ [TEE =7 9luc(r, ) = glulr. D)@,
‘ t
< Clle = WO+ € [ =Nt ) = gla(r. |

Because of g € C*(Q), and (17) holds, we obtain by Gronwall inequality

[ue(t, ) = u(t, )| < (e = @) ()| Lo exp (CT).

Since || (pe—p)(+)||ze — 0 as e — 0, the same holds for ||uc(t, -)—u(t,-)||pe — 0
as ¢ — 0. Setting this in (18) we obtain ||U.(¢, ) — u(t, )||z~ — 0, ase — 0, i.e.
the solutions of regularized and classical equations are I °°-associated. ]

Proposition 5. Let u € C(Q2), 2 Cc R", g € C'(R) and allows composition
with a real valued function w on (I x D), I C [0,T), D C R"™ and satisfies Lip-
schitz’s condition. Assume that (2) is globally L >°-well-posed. Then, the solution
[ue] to regularized equation (12) is L *°-associated with continuous solution « to
(2) oneach [0,T], T > 0.
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Proof. Let w be a continuous solution to the equation (12), where u €
C(Q), © c R™, is an open set. Let U € C™°(£2) be the solution to integral form of
the equation (2) on [0, 7)), T > 0, p. = p * ¢.. Due to (2) is well-posed, U. — w,
as ¢ — 0. Follows, (cf. [13]), 3C; > 0 such that ||U(t, -)||(0.1) < Cp» € < <o
Let {e < min (e, 0)}, then {U[t € [0,T), |U| < Cgz} C B;,. Because of the
cut-off we have g(U.) = g.(U.), U. is also the solution to

Ue(t, ) = () +/0 (VEu(t —7.-) % g:(Us(7,))) (w)dr

in [0, 7") and follows U. ~ U, where U. is the solution to regularized equation

Ue(t, ) = pe() +/0 (VEne(t = 7,-) % ge(Ue(7, ) (@) dr.

Consequently, U, ~ u. ]

10.
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