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REGULARIZATION FOR HEAT KERNEL
IN NONLINEAR PARABOLIC EQUATIONS

Mirjana Stojanović

Abstract. We prove existence-uniqueness theorems for some kinds of non-
linear parabolic equations (cf. [2, 3, 15]) with singular initial data and non-
Lipschitz’s nonlinearities in a framework of Colombeau’s algebras using dif-
ferent kinds of regularization for singularities appearing in the equations. We
establish the convergence of a family of regularized solutions to the classical
solutions (if they exist), when nonlinear term g(u) is of Lipschitz’s class and
ε→ 0. Moreover, we find solutions not available in classical approach.

1. INTRODUCTION

Cauchy problem (1), (2), for nonlinear parabolic equations with singular initial
data, existence and uniqueness theorems for local and global solutions are the subject
of the papers [2, 3]. Free term g(u) is supposed to be of polynomial growth. If
|g(u)| = us, s < 1, (case of sublinear growth), and Lipschitz’s condition is satisfied,
under some assumptions on s (cf. [2]), Cauchy problem (1), with singular initial
data (cf. Section 2), have an unique global solution u ∈ C([0,∞);Mk(Rn)). If
singular initial data are smoothed by delta sequences there exists an unique solution
u ∈ C2,1([0,∞) × Rn) ∩ C0(Lp(Rn)), 1 ≤ p ≤ ∞. When nonlinear term has a
superlinear growth, g ∈ C(R; R) and satisfies

|g(u)− g(v)| ≤ A|u− v|(|u|+ |v|)s−1, u, v ∈ R,

there exists an unique solution u ∈ C2((0, T ) × Rn). The same holds if µ(·) ∈
S ′(Rn). In the article [3] is given the optimal link between the singularities of
the nonlinear term and the initial data to have uniqueness. For other classical
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solutions cf. [11, 19]. For Colombeau solution to parabolic equations with nonlinear
conservative term cf. [20].

Regularization in evolution equations (w.r.) to the space variable by delta se-
quences, are introduced in [9] and applied in [20, 12]. Regularization of semigroups
given in [14] leads to the uniformly continuous semigroups (cf. [14]) which cover
smaller class of the equations than the semigroups with unbounded operators. The
attempt of regularizing semigroups (w.r.) to the time variable t is done in [5]. In
this paper we give a regularization for the heat kernel in nonlinear parabolic equa-
tions (w.r.) to the time variable t to avoid singularities over the diagonal t = τ. In
that way we obtain global solutions and the heat semigroup stays unbounded. As a
framework we use Colombeau’s algebra of generalized functions. In our considera-
tion, the nonlinear term g(u) does not satisfy Lipschitz’s condition. We remove it by
cut-off. We find a family of nets of regularized solutions which are compatible with
classical solutions in a limiting case when ε→ 0. Initial data are strongly singular
and regularized with delta sequences. In all cases, we suppose that g(0) = 0. Note,
that many Colombeau’s solutions are not available in classical approach.

2. STATEMENT OF THE PROBLEM

We state the following problems in nonlinear parabolic equations:

1. Cauchy problem (cf. [2])

(1) ∂tu = �u + g(u), t > 0, x ∈ Rn,

where g ∈ L∞
loc(R

n) is meant to be composed with a real-valued function u on
([0, T ) × Rn), and g(u) is not of Lipschitz’s class. The initial data are strongly
singular

µ(0, ·) = µ ∈ Mk(Rn) ⊂ D′(Rn), k ∈ Z,

where Mk(Rn) = (Ck
b (Rn))′ is the strong dual of the Banach space Ck

b (Rn) of
all Ck(Rn) functions with bounded derivatives up to the order k. M0(Rn) is the
space of Radon measure. As an example we consider the delta distribution massed
at the point ξj and the sum of its derivatives

µ =
∞∑

j=1

∑
|α|≤k

bjα∂
α
x δ(· − ξj), k ∈ Z+, bjα ∈ R, ξj ∈ Rn, j ≥ 1, {bjα}∞1 ∈ l1.

2. Cauchy problem with nonlinear conservative term (cf. [3])

(2) ∂tu−�u+ ∂x · �g(u) = 0, t > 0, x ∈ Rn, u(0, ·) = Dkψ(·) ∈ D′(Rn),
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where u = (u1, ..., um)T , �g(u) = (g1(u), ..., gn(u)), where gi ∈ L∞
loc(R

n), i =
1, ..., n, and allow compositions with real-valued functions u, on ([0, T )×Rn), and
g(u) does not satisfy Lipschitz’s condition, ∂x·�g(u) = �g(u)′·∇u =

∑n
j=1 g

′
j(u)∂xju,

D = (−�)1/2, ψ ∈ Lp(Rn) for some 1 ≤ p ≤ ∞. When p = 1, ψ ∈ M(Rn) is
the space of Radon measure.

3. Equation with Schrödinger’s operator

(3) (∂t −�)u+ V u+ g(u) = 0, u(0, ·) = µ(·), x ∈ Rn,

where V (·) and µ(·) are singular distributions. Suppose that V (·) and µ(·) are the
sums of powers or derivatives of Dirac measure. Without loss of generality suppose
that, V (·) = δ(·), µ(·) = δ(·).

3. BASIC SPACES

For general theory of Colombeau’s generalized functions cf. [6, 7, 1, 16, 10].
We recall construction of the Colombeau’s algebras Gp,q(Ω), (Ω is an open set),

1 ≤ p, q ≤ ∞, from [4].
Let Ω ⊂ Rn be an open set, m ∈ Z, 1 ≤ p ≤ ∞. W∞,p(Ω) = ∩mW

m,p(Ω),
W−∞,p(Ω) = ∪mW

−m,p(Ω), where Wm,p(Ω) is usual Sobolev space whose all
derivatives up to the order m are finite in corresponding norm. Define

E(Ω) = {u; (0,∞)× Ω → R, s.t. uε(·) is C∞ in x ∈ Ω, ∀ε > 0}
Ep(Ω) = {u ∈ E(Ω); s.t. uε ∈W∞,p(Ω), ∀ε > 0}

EM,p(Ω) = {u ∈ Ep(Ω); ∀α ∈ Nn
0∃N ∈ N, s.t. ||∂αuε(·)||p = O(ε−N ), ε→ 0}

Np,q(Ω) = {u ∈ EM,p(Ω) ∩ Eq(Ω); ∀α ∈ Nn∀M ∈ N, s.t. ||∂αuε(·)||q
= O(εM ), ε→ 0},

where || · ||p denotes Lp-norm, and ∂α = ∂α1
x1
...∂αn

xn
for α = (α1, ..., αn) ∈ Nn

0 .

Colombeau’s space Gp,q(Ω), 1 ≤ p, q ≤ ∞, is the factor set Gp,q(Ω) =
EM,p(Ω)/Np,q (Ω). For structural properties of these spaces cf. [4].

Recall the definition of Gs,g(Rn) algebras from [8]. Let Ω ∈ Rn be open and Ω̄
be its closure. Let D(Ω) be the space of all smooth functions on Rn with bounded
derivatives. Subspace of these functions with compact support in Ω̄ is denoted by
D(Ω̄). Es,g(Ω̄) is the algebra of all maps from (0,∞) into DL∞(Ω̄) whose elements
are sequences (uε)ε>0 of bounded smooth functions.

EM,s,g(Ω̄) = {(uε)ε>0 ∈ Es,g(Ω̄); ∀α ∈ Nn
0∃p > 0, s.t.||∂αuε(·)||L∞(Ω̄)

= O(ε−p), ε→ 0},
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Ns,g(Ω̄) = {(uε)ε ∈ Es,g(Ω̄); ∀α ∈ Nn
0 ∀a > 0, s.t. ||∂αuε(·)||L∞(Ω̄)

= O(εa), ε→ 0}.

The space Gs,g(Ω̄) is defined as the factor set Gs,g(Ω̄) = EM,s,g(Ω̄)/Ns,g (Ω̄). The
space D′

L∞(Rn), is the space of bounded distributions. The space of finite sums of
derivatives of bounded functions can be imbedded into Gs,g(Rn) by convolution with
delta sequence. Let φ ∈ D(Rn),

∫
φ(·)dx = 1,

∫
xαφ(·)dx = 0, ∀α ∈ Nn

0 , |α| ≥
1, and mollifier φε(·) = ε−nφ(·/ε). For all w ∈ D′

L∞(Rn) by w → [(κεw∗φε)ε>0]
where κε is the characteristic function of the corresponding set, ([·] denotes the
class of equivalence), is obtained an injective map: D′

L∞(Rn) → Gs,g(Rn). By
Taylor expansion, for every f ∈ DL∞(Rn), (κεf ∗ φε − f)ε>0 ∈ Ns,g(Rn). Thus,
DL∞(Rn) is faithful algebra. The derivatives on Gs,g(Rn) induce the usual once
on D′

L∞(Rn) and DL∞(Rn).
Let r ∈ [1,∞] and g ∈ Lr

loc(Ω). Then G ∈ Gp,q(Ω), 1 ≤ p, q ≤ ∞, is Lr -
associated to g if ||g − Gε||Lr(ω) → 0, as ε → 0, for every ω ⊂⊂ Ω and every
representative Gε of G.

We take Ω = ([0, T )× Rn).

4. REGULARIZATION

We shall use three type of regularization to control the singularities: 1. delta
sequences for initial data ; 2. the cut-off for nonlinear term; 3. function kφ,ε(t, τ)
for the heat kernel.

The initial data
Let µ ∈ D′(Ω), Ω be an open set in Rn, then we set µε = (κεµ) ∗ φε where

κε ∈ C∞
0 (Ω) and κε =

{
1 on Ω2ε

0 on Ω \ Ω1ε
, where Ω2ε = {x; d(x, compl.(Ω)} >

2ε}.
We use the mollifier φε(·) = h(ε)nφ(·h(ε)), φ ∈ C∞

0 (Rn),
∫
φ(·)dx =

1 and φ(·) ≥ 0, x ∈ Rn, h(ε) → ∞, as ε → 0. We put h(ε) = |lnε|a,
a > 0. Suppose that µ = δ(k), k ∈ N. Then, µε(·) = |lnε|an+kφ(k)(·|lnε|)
and ||µε(·)||Lp ≤ C|lnε|n(1−1/p)+k, k ≥ 0, 1 ≤ p ≤ ∞. When µ = Dkψ,
ψ ∈ Lp(Rn), D = (−�)1/2, we have µε(·) = Dkψ ∗φε(·) = ψ ∗Dkφε(·) = ψ(·)∗
|lnε|an+k/2φk/2(·|lnε|). In Lp-norm we obtain ||µε(·)||Lp ≤ C|lnε|n(a−1/p)+k/2, 1 ≤
p ≤ ∞, k ≥ 0. The similar holds for the sums of derivatives of delta functions
and its powers. In general, ||µε(·)||Lp ≤ C|lnε|βn+γ , β, γ > 0. Without loss of
generality suppose

(4) µε(·) = δε(·) = |lnε|anφ(·|lnε|), a > 0,
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where φ(·) > 0, φ(·) ∈ C∞
0 (Rn),

∫
φ(·)dx = 1.

The diagonal t = τ.
Due to the estimate (cf. [3]),

||tk/2+n/2(1−1/r)∂α
xEn(t, ·)||Lr <∞, |α| ≤ k, 1 ≤ r ≤ ∞,

whereEn(t, ·) is the heat kernel,En(t, ·) = (4πt)−n/2e−|·|2/(4t), and ∂α
x = ∂α1

x1
...∂αn

xn
,

|α| = α1 + ...+αn, |α| ≥ 0, we have ||∂α
xEn(t, ·)||Lr < Ct−(k/2+n/2(1−1/r)). The

αth-derivative of the heat kernel, where α ≥ 2 in the equations (11) and (13) and
the αth-derivative, α ≥ 1, in the equation (12) lead to the divergent integrals. To
avoid the singularity over the diagonal t = τ we use the regularization with the
function kφ,ε(t, τ), (cf. [18]). We set

kφ,ε(t, τ) = 1 − ψ0(h(ε)(t− τ)), t, τ ∈ R,

where ψ0 ∈ C∞
0 (R), ψ0(·) ≤ 1 − 1

ln|lnε| , when | · | ≤ 1/4, ψ0(·) = 0 when

| · | > 1/2. Then,

(5) kφ,ε(t, τ) =




1 |t− τ | ≥ 1/(2h(ε))
C

ln|lnε| |t− τ | ≤ 1/(4h(ε)), t, τ ∈ R.

We employ the following regularization for the heat kernel

(6)

Enε(t, ·) = kφ,ε(t, τ)En(t, ·)

=




1 |t− τ | ≥ 1/(2h(ε))
C

ln|lnε| |t− τ | ≤ 1/(4h(ε)) En(t, ·), t, τ ∈ R.

Since for |α| ≤ k,

||∂α
xEnε(t, ·)||Lp ≤ Ckφ,ε(t, τ)|t− τ |−(k/2+n/2(1−1/p)), α ≥ 0,

we have

||∂α
xEnε(t, ·)||Lp ≤




Ch(ε)k/2+n/2(1−1/p) |t− τ | ≥ 1/(2h(ε))
C

ln|lnε|h(ε)
α/2+n/2(1−1/p) |t− τ | ≤ 1/(4h(ε)).

In particular, in L1-norm,

(7) ||∂α
xEnε(t, ·)||L1 ≤




C

ln|lnε|h(ε)
α/2 |t− τ | ≤ 1/(4h(ε))

Ch(ε)α/2 |t− τ | ≥ 1/(2h(ε)).
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We put

(8) h(ε) = O(|lnε|2/(α+4)), α ≥ 0, (resp. O(ln|lnε|)),
to handle problem (1) and (2). For the problem (3) we use

(9) h(ε) = O(|lnε|2/(α+5)), α ≥ 0, (resp. O(ln|lnε|)).
Cut-off method

Cut-off method is introduced in [8, 9] to compensate the growth of f ∈ C∞(Rn)
and its derivatives at infinity. It gives global solutions for equations without Lips-
chitz’s condition for the main term, (cf. [17]). We apply it for nonlinear term g(u)
to avoid non-Lipschitz’s nonlinearity and obtain global solutions (cf. [18]).

Let Bh(ε) = {(t, x), t, x ∈ wh(ε)}, where wh(ε)(s) = {s ∈ I, |s| ≤ h(ε),
d(s, compl.I) ≥ 1/h(ε)} where I is the n-dimensional interval around zero in a
case of x and in a case of t the interval is 1-dimensional; h(ε) is a scaling function,
h(ε) → ∞, as ε → 0, and will be determined to follow the singularities of the
problem under consideration.

Let
ḡε(u) =

{
g(u), u ∈ Bh(ε), and |gε(u)| ≤ h(ε)
0 otherwise

for ε ∈ (0, 1). Set

gε(u) = ḡε(·) ∗ (h(ε)Θ(h(ε)·))(u) = h(ε)m+n+1

∫
Bh(ε)×Rm

ḡε(ξ, η, τ)

Θ(h(ε)(u− ξ), h(ε)(x− η), h(ε)(t− τ))dξdηdτ, u ∈ Rm,

where Θ ∈ C∞
0 (Rm+n+1), such that Θ =

{
1 on {x||x| ≤ 1/2}
0 on {x||x| ≥ 1} and

∫
Θ(·)dx =

1. We have
∣∣ ∂
∂u
gε(u)| = |ḡε(·) ∗ ∂

∂u
(h(ε)Θ(h(ε)·))(u)|

= | ∂
∂u

∫
Bh(ε)×Rm

h(ε)m+n+1 ḡε(ξ, η, τ)Θ(h(ε)(u− ξ),

h(ε)(x− η), h(ε)(t− τ))dξdηdτ |

= |
∫
Rm

h(ε)m+n+1 ḡε(ξ, η, τ)
∂

∂u
Θ(h(ε)(u− ξ),

h(ε)(x− η), h(ε)(t− τ))dξdηdτ |

= |h(ε)
∫
Rm

ḡε(u− ξ/h(ε), x− η/h(ε), t− τ/h(ε))

∂

∂u
Θ(ξ, η, τ)dξdηdτ | ≤ h(ε)2.
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Thus,

(10) |g(u)| ≤ Ch(ε), |∇g(u)| ≤ Ch(ε)2.

In integral form for the full regularization we use for (1), (2), (3), respectively:

(11)

uε(t, ·) = (Enε(t, ·) ∗ µε(·))(x)

+
∫ t

0

∫
Rn

Enε(t− τ, x− ·)gε(uε(τ, ·))dydτ +Nε(t, ·)
u0ε(0, ·) = µε(·) +N0ε(·),

(12)

uε(t, ·) = (Enε(t, ·) ∗ µε(·))(x)

+
∫ t

0

∫
Rn

∇Enε(t− τ, x− ·)gε(uε(τ, ·))dydτ +Nε(t, ·)

u0ε(0, ·) = µε(·) +N0ε(·),

(13)

uε(t, ·) = (Enε(t, ·) ∗ µε(·))(x)

+
∫ t

0

∫
Rn

Enε(t− τ, x− ·)Vε(·)uε(τ, ·)dydτ

+
∫ t

0

∫
Rn

Enε(t− τ, x− ·)gε(uε(τ, ·))dydτ,

u0ε(0, ·) = µε(·) +N0ε(·),

where the regularization for the heat kernel, initial data and nonlinear term gε(uε)
is given by (6), (4) and (10) respectively. Selection of good mollifiers depends on
the problem under consideration.

In Colombeau’s setting we have, for the equation (11)

[uε(t, ·)] = [(Snε(t, ·) ∗ µε(·))(x)] + [
∫ t

0
(Snε(t− τ, ·) ∗ gε(uε(τ, ·)))(x)dτ ]

where [·] denotes the equivalence class. The similar holds for (12) and (13).

5. EXISTENCE-UNIQUENESS THEOREMS

5.1. The equation (1)
We shall use the following Lemma 1 for the proof of the existence-uniqueness

theorem.



70 Mirjana Stojanović

Lemma 1. (a) Let uε ∈ EM,p([0,∞)×Rn). Then, ∀α ∈ Nn
0 , x ∈ Rn, ε < ε0,

t ∈ [0, T ),

[0,∞)�t �→
∫ t

0
(∂α

xEnε(t−τ, ·)∗gε(uε(τ, ·)))(x)dτ∈EM,p([0,∞)×Rn), 1≤p≤∞;

(b) Let uε, ũε ∈ EM,p([0, T ) × Rn) such that uε − ũε ∈ Np,q([0,∞) × Rn),
1 ≤ p, q ≤ ∞. Then

[0,∞)�t �→
∫ t

0
(∂α

xEnε(t−τ, ·)∗(gε(uε(τ, ·))−gε(ũε(τ, ·))))(x)dτ∈Np,q([0,∞)×Rn),

1 ≤ p, q ≤ ∞.

Proof. Let ε < ε0, D
j
1 =

∂j

∂tj
∂α

xEn(t, ·) and

(14)
Tε(t) =

∫ t

0
(∂α

xEnε(t− τ, ·) ∗ gε(uε(τ, ·)))(x)dτ,

t ∈ [0,∞), x ∈ Rn, ε < ε0.

Then ∀j ∈ N0, ε < ε0 we obtain, since ∂α
xE(0, ·) = 0, ∀α ∈ Nn

0 , and kφ,ε(t, t) ≈
0,

dj

dt
Tε(t) =

∫ t

0
(Dj

1(∂
α
xEnε(t− τ, ·)) ∗ gε(uε(τ, ·)))(x)dτ.

Then, ∃C > 0, ∃d0 ∈ R such that

|| d
j

dtj
Tε(t)||Lp ≤

∫ t

0
||Dj

1(∂
α
xEnε(t− τ, ·))||L1||gε(uε(τ, ·))||Lpdτ.

By Leibnitz rule

≤ C

∫ t

0
||

j∑
k=0

(
j

k

)
kφ,ε(t, τ)(k)∂α

xEn(t− τ, ·)(j−k)||L1||gε(uε(τ, ·))||Lpdτ

≤ Ckφ,ε(t, τ)h(ε)j+α/2

∫ t

0
||gε(uε(τ, ·))||Lpdτ,

where kφ,ε(t, τ) is given with (5). For 0 < θ < 1, since g(0) = 0, we have

||gε(uε(τ, ·))||Lp = ||gε(0) + uε(τ, ·)∇ugε(θuε(τ, ·))||Lp

= ||uε(τ, ·) · ∇ugε(θuε(τ, ·))||Lp

≤ h(ε)2||uε(τ, ·)||Lp.
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Due to uε ∈ EM,p([0, T )× Rn), we have ||uε(τ, ·)||Lp ≤ Cε−N , ∃N ∈ N and

|| d
j

dtj
Tε(t)||Lp ≤ CTkφ,ε(t, τ)h(ε)j+α/2ε−N ≤ Cε−N , ∃N > 0.

Note that for |t− τ | ≤ C/(4|lnε|),

|| d
j

dtj
Tε(t)||Lp ≤ CT/(ln|lnε|)h(ε)j+α/2ε−N ≤ Cε−N , ∃N > 0.

Thus, Tε(t) ∈ EM,p([0, T )× Rn).

(b) Let j ∈ N and T̃ε(t) =
∫ t
0 (∂α

xEnε(t − τ, ·) ∗ gε(ũε(τ, ·)))(x)dτ, ε < ε0,

and Aj
ε = || dj

dtj
(Tε(t) − T̃ε(t))||Lp. Let Bε(t, ·) = gε(uε(t, ·))− gε(ũε(t, ·)). Then,

Aj
ε ≤

∫ t

0
||(Dj

1(∂
α
xEnε(t− τ, ·)) ∗Bε(τ, ·))(x)||Lpdτ

≤
∫ t

0

||
j∑

k=0

(
j

k

)
kφ,ε(t, τ)(k)∂α

xEn(t− τ, ·)(j−k)||L1||Bε(τ, ·)||Lpdτ

≤
∫ t

0

Ckφ,ε(t, τ)h(ε)j+α/2||Bε(τ, ·)||Lpdτ.

By mean value theorem we have

Aj
ε ≤ Ckφ,ε(t, τ)h(ε)j+α/2

∫ t

0
||(uε(τ, ·)− ũε(τ, ·)) · (∇gε(θuε(τ, ·)

+(1 − θ)ũε(τ, ·))||Lpdτ

≤ Ckφ,ε(t, τ)h(ε)j+α/2+2||uε(t, ·)− ũε(t, ·)||Lp ≤ Cεa, ∀a ∈ R.

Since (uε−ũε)(t, ·) ∈ Np,q([0,∞)×Rn), 1 ≤ p, q ≤ ∞, Aj
ε ≤ Ch(ε)j+2εa. Thus,

Aj
ε = O(εa) for ∀a > 0.

Theorem 1. Let the equation (1) where

(1) g ∈ L∞
loc(R

n) is meant to be composed with a real-valued function u on
([0, T )×Rn), g(u) is not of Lipschitz class;

(2) µ(·) = δ(·), (resp. µ ∈ D′
L∞

loc
(Rn)),

have the regularized integral form (11) where the regularization for ε-subscript
terms are given by (10), (6), (4) and h(ε) is from (8). Then, there exists an unique
solution in the Colombeau’s spaces [u ε] ∈ Gp,q([0, T )× Rn), 1 ≤ p, q ≤ ∞ (resp.
in Gs,g([0, T )×Rn)).
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Proof. We prove the estimate in L∞-norm. The same holds for Lp-norm where
1 ≤ p, q ≤ ∞. Consider the equation (11). By Young’s inequality and the first
approximation for gε(uε), since g(0) = 0,

||uε(t, ·)||L∞ ≤ ||Enε(t, ·)||L1||µε(·)||L∞

+
∫ t

0
||Enε(t− τ, x− ·)||L1||∇gεuε(τ, ·)||L∞ ||uε(τ, ·)||L∞dτ.

Since (7) and (4) hold, applying Gronwall inequality we obtain

||u(t, ·)||L∞ ≤ Ckφ,ε(t, τ)|lnε|an exp (CTkφ,ε(t, τ)h(ε)2) ≤ Cε−N ,

∃N > 0, ε ∈ (0, 1), x ∈ Rn, t ∈ [0, T ), where h(ε) is given by (8), α ≥ 0.
When |t − τ | ≥ C/(2h(ε)), kφ,ε(t, τ) = 1 and the moderateness holds. When
|t− τ | ≤ C/(4h(ε)), we have

||u(t, ·)||L∞ ≤ C
|lnε|an

ln|lnε| exp (CT/(ln|lnε|)h(ε)2) ≤ Cε−N ,

∃N > 0, ε ∈ (0, 1), x ∈ Rn, t ∈ [0, T ), where h(ε) is given by (8), α ≥ 0, a > 0.
Consider αth-derivative, α ∈ Nn

0 , α ≥ 1,

∂α
xuε(t, ·) = (∂α

xEnε(t, ·) ∗ µε(·))(x)

+
∫ t

0

∫
Rn

∂α
xEnε(t− τ, x− ·)∇gε(θuε(τ, ·))uε(τ, ·)dydτ.

Then,

||∂α
xuε(t, ·)||L∞ ≤ ||∂α

xEnε(t, ·)||L1||µε(·)||L∞ +
∫ t

0
||∂α

xEnε(t− τ, x− ·)||L1

||∇gε(θuε(τ, ·))||L∞||uε(τ, ·)||L∞dτ.

We have

||∂α
xuε(t, ·)||L∞ ≤ Ckφ,ε(t, τ)h(ε)α/2 +

∫ t

0
Ckφ,ε(t, τ)h(ε)α/2+2||uε(τ, ·)||L∞dτ.

By the first step of the induction we obtain

||∂α
xuε(t, ·)||L∞ ≤ Ckφ,ε(t, τ)h(ε)α/2 + CTkφ,ε(t, τ)h(ε)α/2+2ε−N ≤ Cε−N ,

since kφ,ε(t, τ) is given with (5), h(ε) is defined in (8), ∃N > 0, t ∈ [0, T ), T > 0,
x ∈ Rn, ε < ε0, α ≥ 0, a > 0.
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Estimate (w.r.) to t, as well as, the estimate for mixed derivatives we obtain from
the equation (1) using the results of Lemma 1. We give the proof for αβth-derivative
α ∈ Nn

0 , β ∈ N0 (w.r.) to t for the equation (11).
Suppose that β ∈ N, α ∈ Nn

0 . We have proved for α = β = 0 that uε is
moderate, by Gronwall inequality. Then, ∀β ∈ N0 ∀α ∈ Nn

0 ,

∂β
t ∂

α
xuε(t, ·) = (∂β

t ∂
α
xEnε(t, ·)∗µε(·))(x)+ dβ

dtβ
Tε(t), x ∈ Rn, ε < ε0, t ∈ [0, T ),

where Tε(t) is given by (14). By Lemma 1 we obtain

||∂β
t ∂

α
x uε(t, ·)||L∞ ≤ ||∂β

t ∂
α
xEnε(t, ·)||L1||µε(·)||L∞ + Cε−N .

Then, ∀β ∈ N0∀α ∈ Nn
0 , ε < ε0, x ∈ Rn, when |t− τ | ≥ C/(2h(ε)),

||∂β
t ∂

α
x uε(t, ·)||L∞ ≤ h(ε)β/2+α/2|lnε|an +Cε−N ≤ Cε−N ,

∃N > 0, t ∈ [0, T ), x ∈ Rn, ε < ε0, h(ε) is from (8), α ≥ 0.
For |t− τ | ≤ C/(4|lnε|) we have

||∂β
t ∂

α
x uε(t, ·)||L∞ ≤ h(ε)β/2+α/2 |lnε|an

ln|lnε| +Cε−N ≤ Cε−N ,

∃N > 0, t ∈ [0, T ), x ∈ Rn, ε < ε0, h(ε) is from (8), α ≥ 0.
Follows, uε ∈ EM,∞([0, T )× Rn).
Concerning the uniqueness, suppose that u1ε, u2ε are two solutions to the equa-

tion (1). Denote their difference by wε(t, ·) = u1ε(t, ·)− u2ε(t, ·). Then, we have
in integral form

wε(t, ·) = (Enε(t, ·) ∗N0ε(·))(x) +
∫ t

0

∫
Rn

Enε(t− τ, x− ·)Wε(τ, ·)wε(τ, ·)dydτ

+
∫ t

0

∫
Rn

Enε(t− τ, x− ·)Nε(τ, ·)dydτ,

where N0ε(·) ∈ N∞,q(Rn), 1 ≤ q ≤ ∞, Nε(t, ·) ∈ N∞,q([0, T ) × Rn) and
Wε(t, ·) =

∫ t
0 ∇gε(σu1ε + (1 − σ)u2ε)dσ. Then,

||wε(t, ·)||Lq ≤ ||Enε(t, ·)||L1||N0ε(·)||Lq +
∫ t

0
||Enε(t− τ, x−·)||L1||Wε(τ, ·)||L∞

||wε(τ, ·)||Lqdτ +
∫ t

0
||Enε(t− τ, x− ·)||L1||Nε(τ, ·)||Lqdτ,

and

||wε(t, ·)||Lq ≤ Ckφ,ε(t, τ)εa +
∫ t

0
Ckφ,ε(t, τ)h(ε)2||wε(τ, ·)||Lqdτ + CTεa.
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By Gronwall inequality we obtain

||wε(t, ·)||Lq ≤ Ckφ,ε(t, τ)εa exp (CTkφ,ε(t, τ)h(ε)2) ≤ Cεa,

∀a ∈ R, t ∈ [0, T ), x ∈ Rn, ε < ε0, where kφ,ε(t, τ) is given with (5), h(ε) with
(8), α ≥ 0. This is sufficient for the negligibility (w.r.) to x (cf. [10]).

Estimate (w.r.) to t we obtain from the equation (1). We use part (b) from
Lemma 1 to prove the uniqueness (w.r.) to t for mixed derivatives. We prove that
∀β ∈ N0∀α ∈ Nn

0∀a ∈ R, 1 ≤ q ≤ ∞,

||∂β
t ∂

α
xwε(t, ·)||Lq ≤ Cεa, x ∈ Rn, t ∈ [0, T ), ε < ε0, α ≥ 0.

Follows, wε(t, ·) ∈ N∞,q([0, T )×Rn), 1 ≤ q ≤ ∞, i.e. ||∂α
x (u1ε(t, ·)− u2ε(t, ·))

||L∞ = O(εa), ∀a ∈ R. The same holds for every 1 ≤ p, q ≤ ∞. Thus, the solution
is unique in the spaces Gp,q([0, T )×Rn), 1 ≤ p, q ≤ ∞ (resp. for p = q = ∞ we
have existence-uniqueness result in the space Gs,g([0, T )× Rn)).

5.2. The equation (2)
To handle this problem we use (9) for h(ε). We prove the first an axillary result

useful in the proof of moderatness and uniqueness of the mixed derivatives and
derivatives (w.r.) to t.

Lemma 2. (a) Let uε ∈ EM,p([0,∞)× Rn), 1 ≤ p ≤ ∞. Then,

[0,∞) � t �→
∫ t

0
(∂α

x∇Enε(t− τ, ·) ∗ gε(uε(τ, ·)))(x)dτ ∈ EM,p([0,∞)×Rn);

(b) Let uε, ũε ∈ Np,q([0,∞)× Rn), 1 ≤ p, q ≤ ∞. Then,

[0,∞) � t �→ ∫ t
0 (∂α

x∇Enε(t− τ, ·) ∗ (g(u(τ, ·))

−gε(ũε(τ, ·))))(x)dτ ∈ Np,q([0,∞)× Rn).

Proof. (a)

||
∫ t

0
(∂α

x∇Enε(t− τ, ·) ∗ gε(uε(τ, ·)))(x)dτ ||Lp

≤
∫ t

0
||∂α

x∇Enε(t− τ, ·)||L1||gε(uε(τ, ·))||Lpdτ ≤ C

∫ t

0
|t−τ |−(α+1)/2||gε(uε(τ, ·))||Lpdτ≤CTkφ,ε(t, τ)h(ε)(α+1)/2+2||uε(t, ·)||Lp

≤ Cε−N , ∃N > 0, x ∈ Rn, t ∈ [0, T ), ε < ε0, 1 ≤ p ≤ ∞.



Regularization for Heat Kernel 75

We set (7), and for h(ε) we use (9), α ≥ 0, and for kφ,ε(t, τ), we use (5). For the
derivatives of integral (w.r.) to t cf. Lemma 1. Similarly we prove (b).

Theorem 2. (a) Let in the equation (2)

(1) µ(·) = δ(·);
(2) g ∈ L∞

loc(R
n) is meant to be composed with a real-valued function u on

([0, T )×Rn), g(u) is not of Lipschitz class;

and the equation (12) stands for its regularized integral form, where the regular-
ization for ε-subscript terms are given by (4), (6) and (10). Then, there exists an
unique global solution [u ε] ∈ Gp,q([0, T )×Rn), 1 ≤ p, q ≤ ∞.

(b) If µ ∈ D′
L∞

loc
(Rn), the solution to the equation (2) is unique in [u ε] ∈

Gs,g([0, T )× Rn).

Proof. (a) We shall give a proof by induction. We have from (12) for every
1 ≤ p ≤ ∞,

||uε(t, ·)||Lp ≤ ||Enε(t, ·)||L1||µε(·)||Lp+
∫ t

0
||∇Enε(t−τ, x−·)||L1||gε(uε(τ, ·))||Lpdτ.

By (7), ||∇Enε(t− τ, ·)||L1 ≤ Ckφ,ε(t, τ)h(ε)1/2, where kφ,ε(t, τ) is defined with
(5) and by the first approximation of g, since (10) holds we obtain

||uε(t, ·)||Lp ≤ Ckφ,ε(t, τ)||µε(·)||Lp +
∫ t

0
kφ,ε(t, τ)h(ε)1/2+2||uε(τ, ·)||Lpdτ.

By Gronwall inequality

||uε(t, ·)||Lp ≤ Ckφ,ε|lnε|n(a−1/p) exp (CTkφ,ε(t, τ)h(ε)1/2+2) ≤ Cε−N ,

∃N > 0, t ∈ [0, T ), T > 0, x ∈ Rn, ε < ε0, h(ε) is given with (9), α ≥ 0,
kφ,ε(t, τ) is determined in (5).

Suppose that α ∈ Nn
0 , α ≥ 1. Then,

∂α
x uε(t, ·) = (∂α

xEnε(t, ·) ∗ µε(·))(x) +
∫ t

0
(∂α

x∇Enε(t− τ, ·) ∗ gε(uε(τ, ·)))(x)dτ.

Since from (7), ||∂α
x∇Enε(t− τ, ·)||L1 ≤ Ckφ,ε(t, τ)h(ε)(α+1)/2, we have

||∂α
xuε(t, ·)||Lp ≤ Ckφ,ε(t, τ)h(ε)α/2||µε(·)||Lp

+
∫ t

0
kφ,ε(t, τ)h(ε)(α+1)/2||∇gε(θuε(τ, ·))||L∞||uε(τ, ·)||Lpdτ.
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Due to moderateness of uε(t, ·) and (10), we obtain,

||∂α
xuε(t, ·)||Lp≤Ckφ,ε(t, τ)h(ε)α/2|lnε|n(a−1/p)+(CTkφ,ε(t, τ)|lnε|)ε−N ≤Cε−N ,

∃N > 0, t ∈ [0, T ), x ∈ Rn, ε < ε0, since h(ε) is given with (9), kφ,ε(t, τ) is
from (5), α ≥ 0.

The proof for moderateness of derivatives (w.r.) to t and mixed derivatives
follows from (2) and Lemma 2.

Thus, uε ∈ EM,p([0, T )×Rn) when 1 ≤ p ≤ ∞.
Let us prove the uniqueness. Let uε, ũε be two solutions to the equation (12)

with different Nε(t, ·). Denote their difference with wε(t, ·). Then, we must solve
the equation

(15)

wε(t, ·) = (Enε(t, ·) ∗N0ε(·))(x)

+
∫ t

0

∫
Rn

∇Enε(t− τ, x− ·)wε(τ, ·)Wε(τ, ·)dydτ

+
∫ t

0

∫
Rn

∇Enε(t− τ, x− ·)Nε(τ, ·)dy,

where N0ε(·) ∈ Np,q(Rn), Nε(t, ·) ∈ Np,q([0, T )×Rn), 1 ≤ p, q ≤ ∞, wε(t, ·) =∫ 1
0 ∇gε(σu1ε + (1− σ)u2ε)dσ. We have in Lq-norm, 1 ≤ q ≤ ∞,

||wε(t, ·)||Lq ≤ Ckφ,ε(t, τ)εa

+C
∫ t
0 kφ,ε(t, τ)h(ε)1/2+2||wε(τ, ·)||Lqdτ +Ckφ,ε(t, τ)h(ε)1/2εa.

By Gronwall inequality

||wε(t, ·)||Lq ≤ Ckφ,ε(t, τ)εa(1 + h(ε)1/2) exp (CTkφ,ε(t, τ)h(ε)1/2+2) ≤ Cεa,

∀a ∈ R, t ∈ [0, T ), T > 0, ε < ε0, h(ε) is from (9). Follows, according to [10]
that this is sufficient for the negligibility.

Thus, the solution is unique in [uε] ∈ Gp,q([0, T )× Rn), 1 ≤ p, q ≤ ∞.
(b) Consider the case p, q = ∞. Using (13) we obtain

||uε(t, ·)||L∞ ≤ ||Enε(t, ·)||L1||µε(·)||L∞

+
∫ t

0
||∇Enε(t− τ, x− ·)||L1||∇gε(θuε(τ, ·))||L∞||uε(τ, ·)||L∞dτ.

We have from (7) and (10) that

||uε(t, ·)||L∞ ≤ Ckφ,ε(t, τ)||µε(·)||L∞ + C

∫ t

0
kφ,ε(t, τ)h(ε)1/2+2||uε(τ, ·)||L∞dτ.
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By Gronwall inequality ||uε(t, ·)||L∞ ≤ Cε−N , ∃N > 0, t ∈ [0, T ), x ∈ Rn,

ε < ε0, where h(ε) is given with (9), kφ,ε(t, τ) with (5).
Suppose that α ∈ Nn

0 , α ≥ 1. We have for 0 < θ < 1,

∂α
x uε(t, ·) = (∂α

xEn(t, ·) ∗µε(·))(x) +
∫ t

0
(∂α

x∇Enε(t− τ, x− ·)

∗∇gε(θuε(τ, ·))uε(τ, ·))(x)dτ.

Then,
||∂α

xuε(t, ·)||L∞ ≤ Ckφ,ε(t, τ)h(ε)α/2||µε(·)||L∞

+C
∫ t

0

kφ,ε(t, τ)h(ε)(α+1)/2+2||uε(τ, ·)||L∞dτ.

By the first step we obtain, since h(ε) is given with (9),

||∂α
xuε(t, ·)||L∞ ≤ Ckφ,ε(t, τ)h(ε)α/2|lnε|an + Ckφ,ε(t, τ)|lnε|ε−N ≤ Cε−N ,

∃N ∈ N, ε < ε0, t ∈ [0, T ), x ∈ Rn, α ≥ 0. Thus, uε ∈ EM,∞([0, T )×Rn).
The uniqueness holds as follows. Suppose that u1ε, u2ε are two solutions to

the equation (12). Then, we should solve the equation (15), where wε(t, ·) =
u1ε(t, ·)−u2ε(t, ·), N0ε(·) ∈ N∞,q(Rn), Nε(t, ·) ∈ N∞,q([0, T )×Rn), 1 ≤ q ≤ ∞,

Wε(t, ·) =
∫ 1
0 ∇gε(σu1ε + (1 − σ)u2ε)dσ. Then, we have, by Gronwall inequality

||wε(t, ·)||Lq ≤ Ckφ,ε(t, τ)εa exp (CTkφ,ε(t, τ)h(ε)1/2+2) ≤ Cεa,

∀a ∈ R, t ∈ [0, T ), x ∈ Rn, ε < ε0, h(ε) is given with (9), kφ,ε(t, τ) with (5),
α ≥ 0.

Thus, wε(t, ·) ∈ N∞,q([0, T )× Rn). The solution is unique in G∞,q([0, T )×
Rn), 1 ≤ q ≤ ∞. When q = ∞ we deal with the space Gs,g([0, T )× Rn).

5.3. The equation (3)
We set in the equation (13): Vε(·) = δε(·) = h(ε)2φ(·h(ε)2), where h(ε) is

given with (8), µε(·) is from (4), g ∈ L∞
loc(R

n) is meant to be composed with a
real-valued function u, g(u) is non-Lipschitz’s and regularized by cut-off such that
(10) holds.

Theorem 3. Let the equation (3), where

(1) V (·) = δ(·), µ(·) = δ(·);
(2) L∞

loc(R
n) is meant to be composed with a real-valued function u on ([0, T )×

Rn), g(u) is not of Lipschitz class;
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have the regularized integral form (13) where the regularization with ε-subscript
terms are given by (6), (4) and (10). Then, there exists an unique solution [u ε] ∈
Gp,q([0, T ) ×Rn), 1 ≤ p, q ≤ ∞.

Proof. From (13) we have for 1 ≤ p ≤ ∞, due to ||Enε(t, ·)||L1 ≤ C and (10)
holds, that

||uε(t, ·)||Lp ≤ Ckφ,ε(t, τ)|lnε|n(a−1/p) +C

∫ t

0

kφ,ε(t, τ)h(ε)2||uε(τ, ·)||Lpdτ

+
∫ t

0
Ckφ,ε(t, τ)h(ε)2||uε(τ, ·)||Lpdτ.

By Gronwall inequality

||uε(t, ·)||Lp ≤ Ckφ,ε(t, τ)|lnε|n(a−1/p) exp (CTkφ,ε(t, τ)(h(ε)2 + h(ε)2)) ≤ Cε−N ,

∃N > 0, x ∈ Rn, t ∈ [0, T ), ε < ε0, h(ε) is given with (8) and kφ,ε(t, τ) is given
with (5). It can be seen that the singularities of the potential and nonlinearity of
g(u) should be at the same level.

Suppose that α ∈ Nn
0 , α ≥ 1. We have

∂α
xuε(t, ·) = (∂α

xEnε(t, ·) ∗ µε(·))(x)

+
∫ t

0

∫
Rn

∂α
xEnε(t− τ, x− ·)Vε(·)uε(τ, ·)dydτ

+
∫ t

0

∫
Rn

∂α
xEnε(t− τ, x− ·)gε(uε(τ, ·))dydτ.

Due to (7) and (10)

||∂α
xuε(t, ·)||Lp ≤ Ckφ,ε(t, τ)h(ε)α/2|lnε|n(a−1/p)

+
∫ t

0
Ckφ,ε(t, τ)h(ε)α/2+2||uε(τ, ·)||Lpdτ

+
∫ t

0
Ckφ,ε(t, τ)h(ε)α/2+2||uε(τ, ·)||Lpdτ.

By Gronwall inequality

||∂α
xuε(t, ·)||Lp ≤ Ckφ,ε(t, τ)h(ε)α/2|lnε|n(a−1/p)

exp (CTkφ,ε(t, τ)(h(ε)α/2+2 + h(ε)α/2+2)) ≤ Cε−N ,

∃N > 0, x ∈ Rn, t ∈ [0, T ), ε < ε0. For h(ε) and kφ,ε(t, τ), we use (8) and (5)
respectively.
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Let us see the uniqueness. Suppose that u1ε(t, ·) and u2ε(t, ·) are two solutions
to the equation (13) and denote their difference with wε(t, ·). Then, we must solve
the equation

wε(t, ·) = (Enε(t, ·) ∗N0ε(·))(x)

+
∫ t

0

∫
Rn

Enε(t− τ, x− ·)Vε(·)wε(τ, ·)dydτ

+
∫ t

0

∫
Rn

Enε(t− τ, x− ·)Wε(τ, ·)wε(τ, ·)dydτ

+
∫ t

0

∫
Rn

Enε(t− τ, x− ·)Nε(τ, ·)dydτ,

where Wε(t, ·) =
∫ 1
0 ∇gε(t, θu1ε + (1 − θ)u2ε)dθ, wε(0, ·) = N0ε(·) ∈ Np,q(Rn),

Nε(t, ·) ∈ Np,q([0, T )× Rn), 1 ≤ p, q ≤ ∞. We have

||wε(t, ·)||Lq ≤ Ckφ,ε(t, τ)εa

+
∫ t

0
Ckφ,ε(t, τ)h(ε)2||wε(τ, ·)||Lqdτ

+
∫ t

0
Ckφ,ε(t, τ)h(ε)2||wε(τ, ·)||Lqdτ

+
∫ t

0
Ckφ,ε(t, τ)εadτ.

By Gronwall inequality

||wε(t, ·)||Lq ≤ Ckφ,ε(t, τ)εa exp (CTkφ,ε(t, τ)h(ε)2) ≤ Cεa,

∀a > 0, t ∈ [0, T ), x ∈ Rn, ε < ε0, h(ε) and kφ,ε(t, τ) is given with (8) and
(5) respectively.

Follows, wε(t, ·) ∈ NLp ,Lq([0, T )× Rn), 1 ≤ p, q ≤ ∞. Thus, the solution is
unique in the spaces [uε] ∈ Gp,q([0, T )× Rn), 1 ≤ p, q ≤ ∞.

6. CONSISTENCY WITH CLASSICAL RESULTS

We shall give proofs when |t− τ | ≥ 1/(2h(ε)). When |t− τ | ≤ 1/(4h(ε))we
consider kφ,ε(t, τ) as zero in limiting case when ε → 0. We have kφ,ε(t, τ) ≈ 0,
i.e. kφ,ε(t, τ) is associated to zero due to the definition (5).

Proposition 1. (a) Let u be the classical solution to the equation (1), where g ∈
L∞

loc(R
n) is meant to be composed with a real-valued function u on ([0, T )×R n),
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µ ∈ Lp(Rn). Then, u is Lp-associated to the solution to the equation (11), where
regularization for g(u) is given with (10), heat kernel is regularized with (6) and
µ and µε are Lp-associated.

(b) If µ ∈ D′
L∞(Rn), the solutions are L∞-associated in Gs,g([0, T ) × Rn)

space.

Proof. (a) Subtracting integral forms for the classical equation (1) and regu-
larized one (11), we obtain

u(t, ·)− uε(t, ·) = (En(t, ·) ∗ µ(·)−Enε(t, ·) ∗ µε(·))(x)

+
∫ t

0
(En(t− τ, ·) ∗ g(u(τ, ·))−Enε(t− τ, ·) ∗ gε(uε(τ, ·)))(x)dτ.

By adding ±(En(t, ·) ∗ µε(·))(x) to the first row of the above expression we obtain
(En(t, ·) ∗ (µε(·)− µ(·)))(x)+ µε(En(t, ·)−Enε(t, ·)). Since (1− kφ,ε(t, τ)) = 0
when |t− τ | ≥ 1/(2h(ε)) it remains to estimate (En(t, ·) ∗ (µε(·)− µ(·)))(x).

We add in integrand: ±(En(t− τ, ·) ∗ (gε(uε(τ, ·))))(x). We have

(En(t−τ, ·)∗g(u(τ, ·))−gε(uε(τ, ·)))(x)+(1−kφ,ε(t, τ))(En(t−τ, ·)∗gε(uε(τ, ·)))(x).
Since (kφ,ε(t, τ)−1) = 0 when |t− τ | ≥ 1/(2h(ε)) we shall estimate only the first
part of the last expression. We have

||u(t, ·)− uε(t, ·)||Lp ≤ ||En(t, ·)||L1||(µ− µε)(·)||Lp

+
∫ t

0
||En(t− τ, ·)||L1||(g(u)− gε(u))(τ, ·)||Lpdτ ≤ C||(µ− µε)(·)||Lp

+C
∫ t

0
||(g(u)− gε(u))(τ, ·)||Lpdτ.

Denote by I1 =
∫ t
0 ||(g(u)− gε(uε))(τ, ·)||Lpdτ. We add ±gε(u). By Minkowsky

inequality

I1 ≤
∫ t

0

(||g(u)− gε(u)||Lp + ||gε(u) − gε(uε)||Lp)dτ.

Due to the regularization ||g(u)− gε(u)||Lp = O(εa), ∀a ∈ R. Thus, we have

||u(t, ·)− uε(t, ·)||Lp ≤ C||(µ− µε)(·)||Lp +CTεa+1

+
∫ t

0
||∇gε(θu + (1 − θ)uε)||L∞||u(τ, ·)− uε(τ, ·)||Lpdτ.

By Gronwall inequality, due to (10), we obtain

||u(t, ·)− uε(t, ·)||Lp ≤ (C||(µ− µε)(·)||Lp +Cεa+1) exp (CTh(ε)2), α ≥ 0,
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h(ε) is given with (8). Since ||(µ− µε)(·)||Lp ≤ Cεa for every a ∈ R, we obtain
||(u(t, ·)−uε(t, ·))(x)||Lp ≤ Cεa, ∀a > 0, i.e. u(t, ·) and uε(t, ·) are Lp-associated
(resp. L∞-associated when p = ∞ in case (b)).

Proposition 2. (a) Let in (1), g ∈ C1(R) and allows composition with a
real-valued function u(t, ·) on (I × Ω), I ⊂ [0, T ), Ω ⊂ Rn and µ ∈ C(Ω). Then,
∃T > 0 such that the solution [u ε] to the equation (11) is L∞-associated with the
classical solution u in C(I × Ω) to the equation (1).

(b) Let g ∈ C1(R), and there exists a composition with u on (I×Ω), I ⊂ [0, T ),
Ω ⊂ Rn such that

sup
t∈[0,T )

x∈Rn

{|g(u)|}<∞, sup
t∈[0,∞)

x∈Rn

{|∇ug(u)|}<∞

and µ ∈ Lp(Ω), 1 ≤ p ≤ ∞. Then, ∃T > 0 such that the solution [uε] to regularized
equation (11) is Lp-associated with the classical solution u to the equation (1).

Proof. (a) ∃C > 0, such that ||((κεµ) ∗ φε)(·)||L∞(Ω) ≤ C, ε ∈ (0, 1), x ∈
Ω, Ω ⊂ Rn. There exists, by classical theory, T > 0 and a family of smooth
functions on [0, T ) to the equation

uε(t, ·) = ((κεµ)∗φε)(x)+
∫ t

0

(En(t−τ, ·)∗g(uε(τ, ·)))(x)dτ, x ∈ Ω, t ∈ [0, T ).

Let Uε be the family of regularized solutions to (11). Since g ∈ C1 by fixed point
theorem ∃T > 0, such that {Uε(t, ·); t ∈ [0, T ), ε ∈ (0, 1)} is bounded. For x ∈ Ω

|Uε(t, ·)− u(t, ·)| ≤ |Uε(t, ·)− uε(t, ·)|+ |uε(t, ·)− u(t, ·)|.
Since g ∈ C1, |uε(t, ·)− u(t, ·)| → 0, as ε→ 0, we obtain

Uε(t, ·)−uε(t, ·) =
∫ t

0

((Enε(t−τ, ·)∗gε(Uε(τ, ·)))−(En(t−τ, ·)∗g(uε(τ, ·))))(x)dτ.

We add : ±(En(t− τ, ·) ∗ gε(Uε(τ, ·)))(x). We have

Uε(t, ·)− uε(t, ·) =
∫ t

0
(((kφ,ε(t, τ)− 1)En(t− τ, ·) ∗ gε(Uε(τ, ·)) +En(t− τ, ·)

∗(g(uε(τ, ·)−gε(Uε(τ, ·))))(x)dτ ≤
∫ t

0
(En(t−τ, ·)∗(g(uε(τ, ·)−gε(Uε(τ, ·)))(x)dτ,

since (kφ,ε(t, τ)−1) = 0 when |t−τ | ≥ 1/(2h(ε)). Then, we should estimate only
the last term. We have

||Uε(t, ·)−uε(t, ·)||L∞ ≤
∫ t

0
||(En(t−τ, ·)∗(gε(Uε(τ, ·))−g(uε(τ, ·)))||L∞)(x)dτ.
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By adding ±g(Uε) we obtain

||Uε(t, ·)− uε(t, ·)||L∞ ≤ C||gε(Uε(τ, ·))− g(Uε(τ, ·))||L∞

+||g(Uε(τ, ·))− g(uε(τ, ·))||L∞

≤ CTO(1/h(ε)) +
∫ t

0
||Uε(τ, ·)− uε(τ, ·)||L∞||∇g(θUε + (1− θ)uε)||L∞dτ.

Since g is of Lipschitz’s class, ||∇g||L∞ ≤ C. Thus,

||Uε(t, ·)− uε(t, ·)||L∞ ≤ CO(1/h(ε)) +C

∫ t

0
||Uε(τ, ·)− uε(τ, ·)||L∞dτ.

By Gronwall inequality

||Uε(t, ·)− uε(t, ·)||L∞ ≤ CO(1/h(ε)) expCT → 0, as ε→ 0.

(b) ∃T > 0 and the unique solution in Lp(I × Ω), I ⊂ [0, T ), Ω ⊂ Rn by
classical results (cf. [2]). Let Uε(t, ·) be the regularized solution, t ∈ [0, T ),
x ∈ Rn, ε ∈ (0, 1). Then,

||Uε(t, ·)− u(t, ·)||Lp ≤ ||(µε − µ)(·)||Lp

+
∫ t

0
||(En(t− τ, ·) ∗ (gε(Uε(τ, ·)− g(u(τ, ·))))(x)||Lpdτ

≤ ||(µε − µ)(·)||Lp +
∫ t

0
C||gε(Uε(τ, ·))− g(u(τ, ·))||Lpdτ.

We add ±g(Uε) and denote by

A =
∫ t

0

||gε(Uε) − g(Uε)||Lpdτ, B =
∫ t

0

||g(Uε)− g(u)||Lpdτ.

We have

B =
∫ t

0
||Uε − u||Lp||∇g(θUε + (1− θ)u)||L∞dτ ≤ C

∫ t

0
||Uε − u||L∞dτ

since g is of Lipschitz’s class. By mean value theorem and boundeddness of ∇g

A=
∫ t

0
||gε(U)−g(Uε)||Lpdτ =

∫ t

0

∫
Rn

(g(U− ξ

h(ε)
)−g(Uε))θ(ξ)dξdτ ≤ C/h(ε).

Thus,

||Uε(t, ·)−u(t, ·)||Lp≤||(µε−µ)(·)||Lp+C(1/h(ε))+C
∫ t

0
||Uε(τ, ·)−u(τ, ·)||Lpdτ.
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Gronwall inequality implies

||Uε(t, ·)− u(t, ·)||Lp ≤ (||(µε − µ)(·)||Lp +O(1/h(ε))) expC → 0, as ε→ 0,

what proves the assertion.

Proposition 3. Assume that g ∈ C1(R) and allows composition with a real
valued function u on (I×D), I ⊂ [0, T ),Ω ⊂ Rn, such that sup{|g(u)|, |∇ug(u)|}
<∞ and µ ∈ Lp(Ω), 1 ≤ p ≤ ∞, Ω ⊂ Rn. Then, there exists T > 0, such that the
unique classical solution u to the equation (2) is L p-associated with the solution
to the equation (12) i.e. ||uε(t, ·)− u(t, ·)||Lp(0,T ) → 0, as ε→ 0.

Proof. The existence of the classical solution under above conditions for ε fixed
follows by results of [3]. Let uε be the regularized solution and u be the classical
one. Let ε < ε0. We have,

||uε(t, ·)− u(t, ·)||Lp ≤ ||(Enε(t, ·) ∗ µε − En(t, ·) ∗ µ)(x)||Lp

+
∫ t

0
||(∇Enε(t− τ, ·) ∗ gε(uε(τ, ·))

−∇En(t− τ, ·) ∗ g(u(τ, ·)))(x)||Lpdτ,

and since (kφ,ε(t, τ)− 1) = 0 when |t− τ | ≥ 1/(2h(ε)), then

(16)

||uε(t, ·)− u(t, ·)||Lp ≤ C||(µε − µ)(·)||Lp

+
∫ t

0
||(∇Enε(t− τ, ·)) ∗ gε(uε(τ, ·)))(x)||Lp

−||(∇En(t− τ, ·) ∗ g(u(τ, ·)))(x)||Lpdτ.

Denote the integrand by

I = (∇Enε(t− τ, ·) ∗ gε(uε(τ, ·)))(x)− (∇En(t− τ, ·) ∗ g(u(τ, ·)))(x).

We add ±((∇Enε(t− τ, ·)) ∗ g(u(τ, ·)))(x). Then, we have

I = (∇Enε(t− τ, ·) ∗ g(uε(τ, ·)))(x)− (∇Enε(t− τ, ·) ∗ g(u(τ, ·)))(x)

+(∇Enε(t− τ, ·) ∗ g(u(τ, ·)))(x)− (∇En(t− τ, ·) ∗ g(u(τ, ·)))(x)

= (∇Enε(t− τ, ·) ∗ (g(uε(τ, ·))− g(u(τ, ·))))(x)

+(kφ,ε(t, τ)− 1)(∇En(t− τ, ·) ∗ g(u(τ, ·)))(x) = I1 + I2.
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Since (kφ,ε(t, τ)−1) = 0 when |t−τ | ≥ 1/(2h(ε)) then I2 equals zero. We obtain
by Young’s inequality and mean value theorem that

||I ||Lp ≤ ||∇Enε(t− τ, ·)||L1||(uε(τ, ·)− u(τ, ·))∇g(θuε + (1 − θ)u)||Lp

≤ Ch(ε)(α+1)/2+2||uε(τ, ·)− u(τ, ·)||Lp.

Putting this in (16) we obtain

||uε(t, ·)− u(t, ·)||Lp ≤ C||(µε − µ)(·)||Lp

+C
∫ t

0
h(ε)(α+1)/2+2||uε(τ, ·)− u(τ, ·)||Lpdτ.

By Gronwall inequality we have

||uε(t, ·)− u(t, ·)||Lp ≤ C||(µε − µ)(·)||Lp exp (Ch(ε)(α+1)/2+2).

Since h(ε) is given with (9) we obtain

||uε(t, ·)−u(t, ·)||Lp≤C||(µε−µ)(·)||Lp exp (CT | log ε|)≤C(||(µε−µ)(·)||Lpε−N ).

Because µε and µ are Lp-associated, i.e. ||(µε −µ)(·)||Lp → 0, as ε→ 0, the same
holds for uε and u. Thus, ||uε(t, ·)− u(t, ·)||Lp(0,T ) → 0, as ε→ 0.

Proposition 4. Let u be the solution to the equation (2), where g ∈ C 1(R)
and allows composition with a real valued function u on (I × D), I ⊂ [0, T ),
Ω ⊂ Rn, µ(·) ∈ C(Ω). Assume that for every compact set Ω ⊂⊂ D, D ⊂⊂ Rn,

(17) sup
t∈[0,∞)

x∈D

{|∇g(u(t, ·))|}<∞.

Then, there exists T > 0, such that the unique solution [u ε] to the equation (12) is
C(0, T )-associated to u, i.e. ||uε(t, ·)− u(t, ·)||C(0,T ) → 0, as ε→ 0.

Proof. Let the initial data µ ∈ C(Ω). Then ||(κεµ∗φε)(·)||L∞ ≤ C, ε ∈ (0, 1)
where κε ∈ C∞

0 (I). Since g satisfies (17), ∃T > 0 such that

uε(t, ·) = ((κεµ ∗ φε) ∗ En(t, ·))(x)+
∫ t

0
(∇En(t− τ, ·) ∗ g(uε(τ, ·)))(x)dτ,

t ∈ [0, T ), ε ∈ (0, 1), has a family of solutions which are bounded and unique.
Let Uε(t, ·) be a family of unique solutions to regularized equation (12). This
family is bounded in C([0, T ) × Ω) and by regularization Uε = uε, ε < ε0, since
g(uε) = gε(Uε) on bounded set ε < ε0, and (kφ,ε−1) = 0 when |t−τ | ≥ 1/(2h(ε)).
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For x ∈ Ω ⊂ Rn, ε ∈ (0, 1) and u is a classical solution, we have

(18) ||Uε(t, ·)− u(t, ·)||L∞ ≤ ||Uε(t, ·)− uε(t, ·)||L∞ + ||uε(t, ·)− u(t, ·)||L∞.

Let us see the first part of the above inequality.

||Uε(t, ·)−uε(t, ·)||L∞

≤
∫ t

0
||(∇Enε(t−τ, ·) ∗ g(Uε(τ, ·))−∇En(t−τ, ·) ∗ g(uε(τ, ·)))(x)||L∞dτ

+
∫ t

0

||(∇En(t−τ, ·) ∗ g(uε(τ, ·))−∇En(t−τ, ·) ∗ g(u(τ, ·)))(x)||L∞dτ=A+B.

Consider the part A. We add ±(∇Enε(t− τ, ·) ∗ g(uε(τ, ·)))(x). We have

A ≤
∫ t

0

||∇Enε(t− τ, ·)||L1||gε(Uε(τ, ·))− g(uε(τ, ·))||L∞

+(kφ,ε(t, τ)− 1)||∇En(t− τ, ·)||L1||g(uε(τ, ·))||L∞dτ.

Since (kφ,ε(t, τ) − 1) = 0 when |t − τ | ≥ 1/(2h(ε)), and by regularization, we
obtain that part A is negligible. Part B is negligible due to cut-off. We must
estimate only the second part in (18). We have

||uε(t, ·)− u(t, ·)||L∞ ≤ ||(En(t, ·) ∗ (κεµ(·) ∗ φε(·)− µ(·)))(x)||L∞

+
∫ t

0

||(∇En(t− τ, ·) ∗ (g(uε(τ, ·))− g(u(τ, ·))))(x)||L∞dτ,

≤ C||(µε − µ)(·)||L∞ + C

∫ t

0

1√
t− τ

||g(uε(τ, ·))− g(u(τ, ·))||L∞dτ.

Because of g ∈ C1(Ω), and (17) holds, we obtain by Gronwall inequality

||uε(t, ·)− u(t, ·)||L∞ ≤ ||(µε − µ)(·)||L∞ exp (CT ).

Since ||(µε−µ)(·)||L∞ → 0 as ε→ 0, the same holds for ||uε(t, ·)−u(t, ·)||L∞ → 0
as ε→ 0. Setting this in (18) we obtain ||Uε(t, ·)− u(t, ·)||L∞ → 0, as ε→ 0, i.e.
the solutions of regularized and classical equations are L∞-associated.

Proposition 5. Let µ ∈ C(Ω), Ω ⊂ Rn, g ∈ C1(R) and allows composition
with a real valued function u on (I ×D), I ⊂ [0, T ), D ⊂ Rn and satisfies Lip-
schitz’s condition. Assume that (2) is globally L∞-well-posed. Then, the solution
[uε] to regularized equation (12) is L∞-associated with continuous solution u to
(2) on each [0, T ], T > 0.
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Proof. Let u be a continuous solution to the equation (12), where µ ∈
C(Ω), Ω ⊂ Rn, is an open set. Let Ũ ∈ C∞(Ω) be the solution to integral form of
the equation (2) on [0, T ), T > 0, µε = µ ∗ φε. Due to (2) is well-posed, Ũε → u,

as ε→ 0. Follows, (cf. [13]), ∃CŨ > 0 such that ||Ũ(t, ·)||L∞(0,T ) ≤ CŨ , ε < ε0.

Let {ε < min (εi0 , ε0)}, then {Ũ |t ∈ [0, T ), |Ũ | ≤ CŨ} ⊂ Bi0 . Because of the
cut-off we have g(Ũε) = gε(Ũε), Ũε is also the solution to

Ũε(t, ·) = µε(·) +
∫ t

0

(∇En(t− τ, ·) ∗ gε(Ũε(τ, ·)))(x)dτ

in [0, T ) and follows Ũε ≈ Uε, where Uε is the solution to regularized equation

Uε(t, ·) = µε(·) +
∫ t

0
(∇Enε(t− τ, ·) ∗ gε(Uε(τ, ·)))(x)dτ.

Consequently, Uε ≈ u.
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