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ON SEMI-LINEAR SECOND ORDER VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS IN HILBERT SPACE

Jin-soo Hwang and Shin-ichi Nakagiri*

Abstract. Existence, uniqueness and regularity of weak solutions of semilinear
second order Volterra integro-differential equations in Hilbert space are estab-
lished by the variational method. As an application we give a well-posedness
result for the semilinear viscoelastic equations with long memory.

1. INTRODUCTION

The dynamics of linear viscoelastic materials with long memory is decribed
by the following abstract second order Volterra integro-differential equations of the
form

¢
(1.1) v+ A(t)y —|—/0 K(t,s)y(s)ds = f,

where A(t) and K (t, s) are operators corresponding to instantaneous elastic effect
and memory effects of the material, respectively and f is the forcing function acting
on the material (cf. Dautray and Lions [1; Chapter 1A §3, Chapter XVIII §7]).
Under certain physical situations the forcing term f appears as a force depending
on the displacement and/or the velocity of the material, ie., f = f(t,y,7) is
considered as a nonlinear perturbation term. In this paper we study the second
order Volterra integro-differential equations of perturbed form

t
(12) y" + Alt)y +/0 K(t,s)y(s)ds = f(t,y,y') in (0,T),

Received March 24, 2006, accepted June 5, 2006.

Communicated by Sze-Bi Hsu.

2000 Mathematics Subject Classification: 35L70, 35L10, 35M99 .

Key words and phrases: Volterra integro-differential equation, Weak solution, Energy equality, Vis-
coelastic equation with long memory.

679



680 Jin-soo Hwang and Shin-ichi Nakagiri

where A(t), K(t, s) are time varying operators on a Hilbert space V' embedded in
a pivot Hilbert space H and f(t,vy,y’) is a nonlinear forcing function. The initial
condition attached to (1.2) is given by

(1.3) y(0) =y € V, y'(0)=uy1 € H.

For the linear case where f(t,y,y') = f(t), a quick proof of the existence and
uniqueness of weak solutions for the Cauchy problem (1.2), (1.3) is given in Dautray
and Lions [1; pp. 661-662]. However, in [1] the regularity of solutions is not proved
and the detailed analysis on the well-posedness of solutions has not given in spite
of the existence of Volterra integral terms. The regularity and the energy equality
play essential role in studying optimal control and identification problems for the
viscoelastic systems with long memory as in Lions [4]. Also we remark that our
analysis is influenced from the excellent books by Lions [3], Lions and Magenes [5],
Tanabe [6], Temam [7] and Showalter [8] both for linear and nonlinear equations
by the variational approach.

The purposes of this paper is to extend the well-posedness result of Dautray
and Lions [1] to our semilinear problem (1.2), (1.3) under the Lipschitz continuity
on f(t,y,y’) in y and v/, and to establish the regularity and the energy equality of
solutions. At the same time, this paper is intended to give a complete proof of the
regularity of solutions to linear equations.

We now explain the content of this paper. In the first part of Section 2, we give
a proof of the regularity and energy equality for the linear problem (1.2), (1.3) with
f(t,y,y") = f(t). The proof of regularity is carried over along the line of a proof in
Lions and Magenes [5] for our case of Volterra integro-differential equations. In the
rest part of Section 2, we state and prove the existence, uniqueness and regularity
of weak solutions for the problem (1.2), (1.3). The energy equality for the solution
is proved by using the regularization method in [5; p.276]. The key tool of our
analysis is the energy inequality and is essentially due to the energy equality for
linear equations. We suppose that (V, H, V’) is a Gelfand triple. It is assumed in
(1.2) that A(t) and K (¢, s) are operators defined through bilinear forms on V', and
the perturbation term f (¢, y, z) is Lipschitz continuous in y and z which maps V x H
into H. We remark that the monotonicity or the compactness of nonlinear term f
is not supposed and the Lipschitz continuity is sufficient to derive the pointwise
strong convergence of approximate solutions. The strong convergence argument is
a refinement of that in Ha and Nakagiri [2] which is based on that of [1; p. 567]
for linear equations, and the argument involves new calculations on Volterra integral
terms. In section 3 we give an application to viscoelastic equations of material with
fading memory with nonlinear perturbations.
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2. VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

Let H be a real pivot Hilbert space, and the inner product and the norm is
denoted by (+,-) and | - |, respectively. Let V' be a real separable Hilbert space with
the norm || - ||. Assume that each pair (V, H) is a Gelfand triple space and that V'
is continuously embedded in H. We are given a family of symmetric bilinear forms
a(t; ¢, p),t € [0,T] on V x V. We suppose that a(t; ¢, @) satisfies

a(t; ¢, ) = a(t; 1, ¢)and there exists ¢; > 0 such that
la(t; . 0)| < c1l|olll|l¢]l forall ¢,4» €V and t € [0,T],
and there exists o > 0 such that

a(t; ¢, ) > al|¢||?> forall ¢ €V and t € [0,T],

2.1)

the function ¢ — a(t; ¢, ) is continuously differentiable in [0, T']
(2.2) and there exists co > 0 such that
|a'(t; ¢, )| < e2|| @l lll| forall ¢,¢» €V and ¢ € [0,T],

where’ = %. Then we can define the operator A(t), A'(t) € L(V,V’) fort € [0, T]
deduced by the relation

a(t; ¢, 0) = (A(t)o, @)vrv for all ,p €V,
d'(t; 9, 0)=(A'(t)p, )v,v for all ¢, peV.

Next, we consider a family of bilinear forms k(t, s; ¢, ¢) over V x V defined over
[0,T] x [0, T] satisfying
2.3) there exists kg > 0 such that

T IR s:6,9)| < Kollélll|]l for all ¢, o € V and (£, 5) € [0, T] x [0, T,

the function ¢t — k(t, s; ¢, ¢) is partially differentiable for all ¢, p € V

2.4) and s € [0, 7] and there exists k1 > 0 such that

ok

5 (15:0:9) | < Kullglllloll for all ¢, €V and(t, s) € [0, T] x [0, T1.

This family k(t, s; ¢, ) defines a family of operators K (t,s) € L(V, V) by

k(t, s;0,0) = (K(t,5)0, @)y y -
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Also, the family %(t, s; ¢, ) defines a family of operators Ky (¢, s) € L(V, V) by

ok
E(tv S ¢7 QO) = <Kt(t7 8)¢7 QO>V/,V'

We impose the following assumptions on the nonlinear term f = f(¢,y, z) : [0, T] X
VxH-—H:

(A1) t — f(t,y, z) is strongly measurable in H for all (y,2) € V x H;

(A2) there existsa 3 € L?(0,T; R"), i = 1,2 such that

‘f(tv 517771) - f(tv 527772)‘ S /B(t)<H£1 - £2H + ‘771 - 772‘) ae te [OuT]
forall &, €eVandn, € H, 1 =1, 2,

(A3) there exists a v € L2(0,T; R") such that |f(¢,0,0)| < ~(t) ae.t <€ [0,T].

We consider the Cauchy problem for semilinear Volterra integro-differential
equations

t
2.5) y +A(t)y+/0 K(t,s)y(s)ds = f(t,y,y) in (0, T),
y(O) =w eV, y(0)=necH

where f(t,y,y') satisfies (A1)-(A3). The solution Hilbert space W (0,T') of (2.5)
is defined by

W(0,T) = {glg € L*(0,T;V),g € L*(0,T; H),g" € L*(0,T; V")},

endowed with the norm

-

3
lgllwo,r) = (HQH%Q(O,T;V) + Hg/H%Q(O,T;H) + Hg””%?(o,T;V/)) .

In what follows we write LP(0,T; V), LP(0,T; H) and LP(0,T; V") with p = 2, 00
by LP(V), LP(H) and LP(V’) for notational simplicity. We denote by 7/(0,7") the
space of distributions on (0,7"). A function y = y(+) is said to be a weak solution
of the problem (2.5) if y € W(0,T') and y satisfies

(y”(')v ¢)+a(7 y()v ¢) +/k(7 53 y(S), ¢)d$:(f(7 y()v y/())v ¢)

0
forall ¢ € V' in the sense of D’(0,7)

y(0)=y €V, y(0) € H.

(2.6)
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First we shall prove the energy equality and the regularity of weak solutions for
the linear problem (2.5) with f(¢,y,y’) = f(t). For this we need the following
lemmas. Lemma 2.1 is shown in Lions and Magenes [5].

Lemma 2.1. Let X,Y be two Banach spaces, X C Y with dense, and X
being reflexive. Set

C([0,T)Y) ={f € L=(0,T;Y)| Vo €Y', t — {f,d)vy
is continuous of [0,7] — R},

Then
LOO(Ov T X) N Cs([ov T]§ Y) = Cs([ov T]§ X)

Lemma 2.2. Assume that y is a weak solution of (2.5). Then we can assert
(after possibly a modification on a set of measure zero) that

y € Cs([0,T]; V), ¢ € Cs([0,T]; H).

Proof. The proof is quite similar to that given in [5; pp. 276], in which Lemma
2.1 is used for the case Y = V and X = H (see also Ha and Nakagiri [2; Lemma
4.2)).

Proposition 2.1. Assume that y is a weak solution of (2.5) with f(t,y,y’) =
f(t) € L3(H). Then, for each t € [0, T] we have the energy equality

a(t;y(t),y(t) + Iy ()?

— a(0: 0, 90) + [y 2 + /0 a5 9(s), y(s))ds

2.7) P /0 (F(5),5/(3))ds + 2 /0 K(s, 5:u(s), y(s))ds

w2 [ ([ G ol 0(6))dr — bt s:(s)w(0) )i

Proof. By Lemma 2.2 and the uniform boundedness theorem, y(¢) € V and
y'(t) € H for each t € [0,T]. Thus all functions in (2.7) has meaning for all
t € [0,T]. We shall show the energy equality (2.7). Let 6 > 0 and ¢ty € (0,7) be
fixed. We introduce a continuous function

in [(5, to — 5],
in [0, 9],

(2.8) O5(t) = O(t) =
(to — t) in [to — 5, to],

(e S S N S

otherwise



684 Jin-soo Hwang and Shin-ichi Nakagiri

and a step function

in [0
(2.9) Oo(t) :{ Lo

0 otherwise.

Let {p}2°, be a regularizing sequence of even functions such that / n(t)dt =1

and suppp, C (—— —) (cf. [5; pp.276-279]). We shall extend A(t), K (t, s) as well
as the derivatives A’(t), K(t, s) and f(t) for all ¢, s € R, with the same properties
on [0, T]. Especially we can suppose K (¢,s) = 0 for (¢,s) € (R\ [0,7]) x (R
[0,7]). In the same way we shall assume that y is defined on R, which is possible
by extension by reflection. For the notational simplicity we shall denote by [, ]
the scalar product of H or the anti duality between V and V', and we shall denote
by ((, )) the antiduality between L?(R; V) and L?(R; V') or the scalar product of
L?(R; H). We fix n and set p, = p. Let p * p be the convolution of p and p in
L*(R; H). At first we have

(A'(p = (Ooy), p* (Ooy))) + 2((p * (O Ay), p (Ooy')))
(2.10) + 2((A(p* (Ooy)) — p* (AOoy), p' *(Ooy)))
+ 2[(p xp % (00 Ay))(0), y(0)] =2[(p*p x(OoAy))(to), y(to)] =0.

The equality (2.10) is derived by direct differentiation of the equality

d
| SHAD o+ (O, px Oyt =0
R
and passage 0 — 0 as in Lions and Magenes [5, p. 277]. Next we shall prove

(o (O K (-, -)y), px (Ooy)))

* (0o [ Ki(-, s)y(s)ds), px (Ooy)))

(o OofK ,8)y(s)ds), px (Ooy')))

— [(Oo [ K(-, 5)y(s)ds)(to), p* p x (Ooy)(to)]

= [pxp* (0o fK 5 8)y(s)ds)(to), (Ooy)(to)] = 0,

where f means the integration over R and symbols Sy, [ K(, ds

J Ki(-, s)y(s)ds denote the functions K (¢,t)y(t), [g K(t,s)y(s)ds f
y(s )ds t € R belonging to L?(R; V'), respectlvely From the fact

(
+((p

(2.11) +

/R%[p*(O/K('vs)y(s)dé’),p*((’)y)]dt:0,
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we obtain by differentiating this directly that

(O [ K (-, s)y(s)ds), px (Oy)))

+(p+ (OK(, -)y(-)),p* (Oy)))

(2.12) + (p (O [ Kil-, s)y(s)ds), p (Oy)))

+ (o (O [ K(, 5)y(s)ds), px (O'y)))

+ (p* (O [ K(-,s)y(s)ds), p= (Oy'))) = 0.

Now we let § — 0 in (2.12). The first term of (2.12) may be written as
(O [ K (- s)y(s)ds), px ((O = Op)y)))

(p* (O [ K(, 5)y(s)ds), px (Ooy))).-

Since (O — Og)y — 0 in L2(R; V), we see p* (O — Op)y)) — 0 in L®(R; V).
Since [ |O'|dt = 2 and p x (O’ [ K(-, s)y(s)ds) is bounded in L'(R;V”), then
the first term of (2.13) goes to zero. The second term in (2.13) is equal to

(p=

(2.13)

/K s)ds), px p* (Ooy))),

which is also equal to

5/p>x<p>x<(’)0y /Kts s]dt

(2.14)
_5 - [p*p*((’)oy /Kts y(s)ds]dt.

Since the map
¢
t = lpeps O, [ K(ts)y(o)is
is continuous, so that the term (2.14) tends to

OO/K dS to) p*p*(OQy)(to)]

Here we note that
(©0 [ K(.s)yls)ds)(0) =0,

Similarily the fourth term in (2.12) tends to

o+ (O [ K, 5)y(5)ds) o), (O 1)
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Also by starting with

/R %(P «(0y'), px (Oy'))dt = 0,

we can prove the following equality
2((p* (Ooy"), p* (Ooy')))  +2[(p* p* (Ooy')(0),y'(0)]
—2[(p* p* (Ooy')(t0), y'(to)] = 0,

by letting 6 — 0 as in Lions and Magenes [5, p. 278]. Finally we add (2.10),
(2.15) and (2.11) multiplied by 2. Then by taking into account of the equality
y" = f(t) — A(t)y — [y K(t, s)y(s)ds, we obtain

(2.15)

(A"(p = (Ooy)), p* (Ooy))) + 2(p * (Oo(f), p* (Ooy')))
+ 2(((A(p * (Ooy)) — p = (AOoy))', p * Opy))
(p* (OoK (-, )y), px (Ooy)))
(p (Oo [ Ki(-, s)y(s)ds), px (Ooy))
= 2[(Oo [ K(-, 8)y(s)ds)(to), p * p* (Ooy)(to)]
= 2[p* px (O [ K(-,8)y(s)ds)(to), (Ooy)(to)]
+ 2[p* p# (O Ay)(0), y(0)] = 2[p * p* (OoAy)(to), y(to)]
+ 2[p* p* (Ooy')(0), y'(0)] = 2[p* p* (Ooy')(t0), ¥'(t0)] = 0.

We set p = p,, in (2.16) and let n — oco. Then from the vector Friedrichs’ Lemma,
the third term of (2.16) tends to 0. In (2.16), the first term tends to

+2
+2
(2.16)

(2.17) (A"Ooy, Ooy)) = /Oto a'(s;y(s), y(s))ds,

the second term tends to

@18) 2(00() O =2 | * (), o/ (5))ds,

and the fourth and fifth terms tend to

2(OuK (- )y, Ooy) + 2(O0 J Kr(- 5)y(s)ds, Ou)
(219) to to 8 Ok
—o /O K(s, 5 9(5), y(s))ds + 2 /O /O o (5, 059(0), y(s))dods.
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On the remainder part of (2.16), by setting v,, = pn, * pn, We have

—2(0% / K (-, 8)y(5)ds) (t0), 1 * (Ooy) (fo)
(2.20)

-~ " k(1o st (). y(t0)) ds.

(221) —2[y, * (O / K (-, 8)y(s)ds)(to), y(to)] —— /O Kt 51 y(s). y(t0))ds.

(2.22) 2[vn * (O Ay)(0), y(0)] — a(0;y(0),4(0)),
(2.23) —2[ym * (O Ay)(to), y(to)] — —alto; y(to), y(to)),
(2.24) 2[7n * (Ooy')(0),5/(0)] — |y,

(2.25) —2[7n * (Ooy') (to), ' (to)] — —1y/ (1) .

For sufficiently large n, we see

2[vn * (O Ay)(to), y(to)] = 2 /Oto Yn(t)[Ay(to —t), y(to)]dt.

to 1

Since 7, is even and

then we have

2[vn * (O Ay(to), y(to)] — [Ay(to), y(to)]
(2.26) to
— /O T (D)[(Ay) (to — £) — (Ay)(to), yto)]dt.

and the term (2.26) goes to 0 as n — oo. Combining the above convergences (2.17)-
(2.25) we have the energy equality (2.7) with ¢ = ¢3. The proof of Proposition 2.1
is completed.

The main purpose of this paper is to prove the following theorem on the exis-
tence, uniqueness and regularity of a weak solution of (2.5).

Theorem 2.1. Assume that a and k satisfy (2.1) — (2.2) and (2.3) — (2.4),
respectively and f satisfies (Al) — (A3). Then the problem (2.5) has a unique
weak solution y in W(0,T). Moreover, the solution y has the regularity

(2.27) y € C([0,T];V), ¢y € C([0,T); H)
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and satisfies the energy equality
alt;y(1), y(t) + |y ()2

— a(0: 0, 90) + [y 2 + /0 a5 9(s), y(s))ds

(2.28) t

2 /0 (s (), /(). o/ (5))ds + 2 /0 (s, 5 9(5), 4(s))ds

+ 2/0 ( 08 %(&U%y(g),y(s))da— k(t,s;y(s),y(t)))ds.

Remark 2.1. Definition 2.4. In Dautray and Lions [1; p.655] the differentiabil-
ity of k(t, s; ¢, p) with respect to s is assumed to prove the uniqueness of solutions
by the Ladyzenskaya’s method. However the differentiability is not necessary to
prove the uniqueness. We prove the uniqueness by the energy equality as shown in
the proof of Theorem 2.1.

Proof of Theorem 2.1. We divide the proof into five steps.

Step 1. Approximate solutions and a priori estimate.

We apply the Faedo-Galerkin procedure as in Dautray and Lions [1]. Since V
is separable, there exists a basis {w,, }5°_; in V' such that {w,,}>°_; is a complete
orthonomal system in H, and total and free in V. Let IN be the set of natural
numbers. For each m € N we define an approximate solution of the equation (2.5)
by

un®) =Y gim(B)u;

where v, (t) satisfies

2.29
(229) = (Pt yon (1), (), w05), £ € [0,T], 1< j <m,
ym(o) = Yom, y;’n(o) = Yim,
where
m
(230) Yom = 3 Enwi — yo in V,
=1

m
(2.31) Yim = &wi — 1 in H
=1
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for some real numbers &9, &1 i =1,---,m by the condition on {w,}. By stan-

dard manipulation the equation (2.29) induces the system of second order Volterra
integro-differential equations for g;,,(t) with initial conditions g j,,(0) = ij, 95 (0)

= jl»m, 7 =1,---,m. By (A1)-(A3) it is verified that the system admits a unique
solution (g;m(t);j = 1,---,m) over [0, T]. Hence we can construct the approx-

imate solution y,, (¢) of (2.29). Next we shall derive a priori estimates of v, ().
Multiply both sides of the equation (2.29) by g7,,(¢) and sum over j to have

W), y(1) + alt; ym (1), Y (1)) +/0 k(t, 53 ym(s), Y (1)) ds

= (f(t; ym (1), Ym(8)), Y (1)

(2.32)

Using

alts (1), (1)) = 5006 U (), (8)) = 506 5 (6, (1),

t d t
(2.33) /0 k(t, 53 ym(s), yp,(t))ds = i Jy k(t, 85 Ym(s), ym(t))ds

(0,00 (0) = [ G 05000 5) (),

(2.32) is rewritten as

[a(t; ym (1), Ym(t)) + [y ()]

DO | —
Sl

#2 [ K505 (D)5~ 3 50, 0
(.34 = (£t tm(8), (1)), 20 (8)

+k(t, 6 ym (1), Ym (1))

+ [ G5 () ()

We shall integrate the equality (2.34) on [0, ¢] and estimate it to obtain a priori
estimates of {y,,}. For this we estimate the nonlinear term in (2.34). From (A2)
and (A3) we obtain by the Schwartz inequality
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2 [ (5) 1)) |

= 2| [ (50 (5).0) = F(5.0,0)+ £(5,0,0) 41 (5))ds |
(2.35) 0

< Q/Otﬁ(s)mym(s)”+‘y;n(S)D\y;n(s)\ds—i-Q/Otfy(s)‘y;n(s)‘ds

< M0 rme) + /0 (1+ (5)* +28(5)) (1 () > + [y ()1 ) ds.

And from (2.3) we have

2| [ 553m(5). (05| < 2h0lln (O] 5 T (5) s
(2.36) 0

< ellym(®)]? + c(e) /0 lym(s)[2ds

for any € > 0 and some c(e) > 0. We can deduce from (2.3) and (2.4) that

(237) 2‘/0 /08 %(&U%ym(g)vym(s))dads‘ < 2k1</0 Hym(S)Hds)

2| [ K519, v ()ts| < 280 [ o) P

Therefore by using (2.1)-(2.4) and (2.35)-(2.37), we obtain the following inequality

95D + allym (N < a(0; Yoms Yom) + [y1m|* + €l|lym (1)

2

a3ty + (ear 20+ e(©) [ (o)l 2k ([ (o)1)

+ iz ramn /0 (1+5()2+26(5) (l1gm (5)[2+ |5/ (5)]) s

([ tontas)” <7 [ ueras,

2
Y (O + llym O < a(0; yom, yom) + y1ml* + €llym (D)

Since

(2.38) imlpies

2

t
(239)  + (cat 2o+ ce) + 20 T) /0 lym(s)|Pds

+ 220 7y + /0 (1+5()2+26(5) (I1gm ()| + |5/ (5)]) s
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If we put 31(s) = 2(ca + ko + c(€) + k1T + B(s)? + B(s) + 1) € L*(0, T; RY),
then we arrive at

(O + (@ = )lym @1 < Clllyol® + 9] + V220,28
(2.40) .
+/O B1(8) (lym ()7 + [y (5)[*)ds

for some constant C' > 0. By choosing ¢ = 5 and applying the Bellman-Gronwall’s
inequality to (2.40), we obtain the estimate

T
@41 [um @I + [ (t)2ds < Ca (0, 11.7) exp( /0 Bo(t)dt),

A

min{1, 5} € L'(0,T;R") and C] is a constant depending only on
)

where 35 =

Yo, y1 and .

Step 2. Weak convergence.

By (2.41) the sequences {y,,} and {y,,} remain in a bounded sets of L>°(V)
and L*°(H), respectively. It is readily verified by (A2) and (A3) that { f (-, Ym, ¥,,) }
is bounded in L?(H). Then by the extraction theorem of Rellich’s, we can extract
a subsequence {y,, } of {yn} and find z € L>®(V) with 2/ € L>®°(H) and F €
L*(H) such that

(2.42) (i) Ym, — 2 weakly-star in L°°(V), and weakly in L*(V'),
(2.43) (i) yy,, — 2 weakly-star in L°°(H) and weakly in L*(H),
(2.44) (iii) A()Ym, — A(-)z weakly in L*(V'),
(2.45) (iv) K(t,)ym, — K(t,-)z weakly in L*(0,t V"),
(246) (V) (s Ympr Ym,,) — F(-) weakly in L*(H)
as k — oo.
Let$ € D(0,T)and v € V be fixed. Then, there exists a sequence { v, }meN, Um €

Vi for all m such that v,,, — v strongly in V', where V,,, is the linear space spanned
by {wi, -, wy,}. We introduce the product functions

wm:¢®vmv
=0 Rv.

(2.47)
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Then we particularly have

Y — ¢ strongly in L2(V),
(2.48)
! — )’ strongly in L?(H).
From (2.32) we deduce

- [ bt + [ atsme) vm0)

(2.49) .

+/Ot k(tv‘g;ym(s)vwm(t))ds} dt :/0 (f(tv ymvy;n)vwm(t))dt'

By letting m = my — oo in (2.49) and using (2.42)-(2.48) we have

- [ o [ a0, v60)
(2.50) 0 0

+ [ klts s vo)as]ae = [P o)
Hence
- [ oo [ [(at 0.0
+f (e 5 2(5), 0)ds )(t) ] dt — | e vt
This shows that z satisfies for all v € V'

(2.51) ("), vy +al2(),v) + / k(5 2(s),v)ds = (F(-), v),

0

in the sense of D'(0,T). We already know that z € L*(V),2 € L?*(H). The
mapping

Y — (2" 0) = — /OT(Z'(t)Jﬂ'(t))dt
_ /O (F(1) ~ A=(0) - /0 K(t, s)z(s)ds,w(t)>v/’vdt

is continuous over D((0,T); V) equipped with the topology of L?*(V'). Therefore,
over L?(V) by density, we can know that 2" € L?(V’) and therefore z € W (0, T).
Let ¢ € C[0, T] such that ¢(0) # 0 and ¢ = 0 in a neighborhood of T'. For such
a ¢ we set

{ Ym =@ Qupy
(2.52)

Y=9®wv,



Second Order Volterra Integro-differential Equations 693

where v,,, € V,, is such that v,,, — v strongly in V. From (2.29), we have

[ w100t + [ altsyn ), (o)t
0 0

v ' / (55 () (1)l

= s () + [ (s un0) 9 0), ()

0

and by the passage of m = my — oo, we obtain

- [ oo+ /O alts 2(0), 0 (1)

(2.53) / / (t, 5 2(s), ¥(t))dsdt

<y1,w<0>>+/ (F(t),(t))dt.

0

Moreover from (2.51) we can deduce

- [ oo+ /O alts 2(0), 0 (1)

(2.54) / / (t, 5 2(s), ¥(t))dsdt

— ((0),(0)) + / (F(t), (t))dt,

0

From (2.53), (2.54) and ¢(0) = v, we have
(/(0),v) = (y1,v) forallv eV,
from which 2’(0) = y; follows. And we may have that

(2.55) /O (U (), (D))t = —(Yom: Ym(0)) — /O (U (£), 1 (0)) .

from which by tending m = my, — oo, it follows that

(2.56) /O (2'(6), ()t = — (30, 1(0)) - /O (2(8), ¥/(1) .
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Since

T T
(2.57) / (2(t), ¥ (t))dt = —(2(0),%(0)) - / (2(t),'(1))dt,
0 0
then by the comparison of (2.56) with (2.57) we can see
(2(0),v) = (yo,v) forallveV,

which implies z(0) = yo. This proves that z is a weak solution of (2.5) in which
f(t,y,y') is replaced by F(t). Hence z satisfies the energy equality (2.7) with

f(t) = F(t).

Step 3. Strong covergence.

In order to prove that z is a weak solution of (2.5) we have to prove F(-) =
f(,2(+),Z/(+)). The main difficulty exists in showing this equality. In the following
we set ¥, = ¥m again for simplicity. To overcome this difficulty we shall show
the strong convergences of {y,,} and {y/,,}. That is for all ¢ € [0, T'] we shall show
Ym(t) — z(t) strongly in V' and y,(t) — 2/(t) strongly in H. Let ¢t € [0,T] be
fixed. Integrating (2.32) on [0, ¢], we obtain

a(t; Y (t), Y (t)) + |y (D)

t
— (05 Yo, Yom) + [y1ml® + / & (51 ym(5), ym (5))ds
0
t

2.58) - 2/0 (t, 53 ym(5), ym (1)) ds + 2/0 k(3,55 Ym(5), ym(s))ds

t s ak
+ 2 _(370§ym(0)7ym(3))dads
t

2 /O (52 U (5), 5n(5)): 4.

Since z is a weak solution of (2.5) with f(t,y,y') = F(t), we can verify by
Proposition 2.1 the following energy equality

alt; 2(t), 2(8)) + |2/(8)
— (03 o, 90) + Il + /O ! (5; 2(s), 2(s))ds

2.59 t t
(2.59) - 2/0 k(t,s;z(s),z(t))ds+2/0 k(s, 5: 2(s), (s))ds

t s ak t ,
+2/0 /0 E(s,a;z(a),z(s))dads—i—Q/o (F(s), #/(s))ds.
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Moreover the following equalities hold true:

a(ts Ym, Ym) + alt; 2, 2) = a(t; Ym — 2, Ym — 2) + 2a(t; Y, 2);

a(0; Yom, Yom) + a(0; 90, ¥o0) = a(0; Yom — Y0, Yom — Yo) + 2a(0; Yom, Yo);

lyim|? + [911* = (Wam — Y1, Ym1 — 11) + 2(Y1m, 11);

lyn, (O + 12/ (D = (g3, (1) = 2/ (8), 47, (8) = 2'(8)) + 2(uy, (8), 2'(1));

a' (83 Yms Ym) + @'(53 2, 2) = d'(8;Ym — 2, Ym — 2) + 24/ (83 Ym, 2);

k(t, s ym(s), ym(t)) + k(t, 5; 2(s), 2(1))

= k(t, s;ym(s) — 2(s), ym(t) — 2(t))

+ k(L s;ym(s), 2(1) + k(2, 53 2(s), ym(1));

k(t, 5 ym(s), ym(s)) + k(t, s; 2(s), 2(s))

k(t, s5ym(s) — 2(s), ym(s) — 2(s))
)

+ k(t, s;ym(s), 2(s)) + k(t, s; 2(8), ym(s));

O (5,5 Un(0), yn()) + (5,33 2(0), 2(5))

= 25,05 um(0) — 2(0), ym(s) ~ =()
FOX (5,03 um(0),2(9) + 9 (5,05 ym(5), (0));
(F(t Yms Ym)s Ym) + (F (@), 2') = (F(t Ymy Y) — F(t,2,2), 95, — )
+ (f(t2,2) = F(t),yp, — ') + (F(t, Yms Ypn)s 2')
+ (F(1); ym)-
Adding (2.58) to (2.59) and using the above equalities, we have

(t' Ym (1) = 2(), ym(t) = 2(1)) + |y (t) — 2/ (D)

\_/\_/

Z@ ) + a(0; Yom — Y0, Yom — ¥0) + |Y1m — 1|2

T /O L 5n(5) = 20 o) = 2
(2.60) . /0 Kt 55 Ym(5) — 2(5), ym (1) — 2(1))ds
o /O K5, 55 U (5) — 2(5), () — 2(5))ds
+ 2/0 /0 %(s, o1 ym () — 2(0), ym(s) — 2(5))dods

+ 2/0 (f(5,ym(s), ym(5)) = (5, 2(5), 2'(3)), ym(s) — 2'(5))ds,
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where

O, (1) = 07, = 2a(0; Yom, Y0) + 2(Y1m, y1),
O (1) = —2a(t; ym(t), 2(t)) — 2(y}, (1), 2 (1)),

t
o3 (1) =2/ a (85 Ym. 2)ds,
0

B (1) = —Q/Otk(t,s;ym(s),z(t))ds—2/0 k(t, 5 2(5), ym(1))ds,

t

@W>2fws%m<»@m/Mmm%%@m,

0

PO (1) = 2/ / (s,0;ym(0), 2(s)) + gIZ(s 0;2(0),ym(s)))dods,
(1) = 2/0 (f(5,4m(3), ym(s)), 2'(5)) + (F(s), ypu(s)))ds

+ 2/ (f(s,2(s),2'()) = F(s), ypm(s) = 2(s))ds.
0
For simplicity we set
7
= )

By (2.42), (2.43) we have y,(t) — z(t) weakly in V and y/,, (t) — 2/(t) weakly in
H, so that

(2.61) B (t) — —2a(t; (1), 2(t)) — 2|2/ (1)
It is clear from (2.30) and (2.31) that
(2.62) ®;, — 2a(0; 30, 90) + 2|y >

From (2.42)-(2.46) it follows immediately that
t
(2.63) ®3 (1) — 2/ a'(s; 2, 2)ds,
0

(2.64) B (1) — —4 /0 k(t, 5 2(s), 2(1))ds.
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(2.65) B3 (1) — 4 /0 k(t, 5 2(s), 2(s))ds,
(2.66) B8 (1) — 4 /O /0 8%(3,0;ym(0),z(3))dads,
(2.67) T (1) — 4 /0 (F(s),2'(s))ds.

Hence by (2.61)-(2.67) and the energy equality (2.28) for z, we have
(2.68) O, (t) — 0 as m — oo.
From (2.60) we can derive the following estimation

(a = O)llym(t) = 2(0)1° + [y (t) — 2'(1)]?
(2.69) < (1) + collyom — voll* + [y1m — w1/

+/ h()(llym(s) = 2()I* + [y (s) = 2/ (5)[*)ds,
0

where h(s) = 2(ca + ko + k1T + B(s)2 + B(s) + 1+ "7y € L1(0,T;R*). We
divide (2.69) by a; = min{1,« — €} > 0 and if we set

(2.70) My (t) = [lym(t) = 2(0)|1* + |y (t) — 2'(£) ],
1
(2.71) \Pm(t) - a_l(bm(t)v
2.72) Zin = < 1y — 9012 + — [yt — 1%,
(65} (65}
1
(2.73) hi(s) = a—lh(s),

then we can have
t
(2.74) M, (t) < Zy + |90 (1) —|—/ hi(8) M (s)ds.
0

Applying the Bellmann Gronwall’s inequality to (2.74), we obtain

M () < Zon + [ (1)) + exp (/OT b (5)ds)

2.75) .
exp(/o b1 () (Zun + W) ).
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By the energy equality (2.7), we see ¥,,,(¢) — 0 and ¥,,(¢) is uniformly bounded.
And also we know that yo,,, — yo strongly in V, y1,,, — y1 strongly in H from
(2.30), (2.31). Therefore

(2.76) lim My, (t) = 0.

m—00

Hence from (2.74) and (2.76) we can deduce that

(2.77) Ym(t) — z(t) strongly in V,

(2.78) Y (t) — 2'(t) strongly in H.

Moreover with the condition (A2) and (2.46) it follows readily that
(2.79) F()=f(,2(),7().

Therefore we have proved the existence of a weak solution and strong convergence
of approximate solutions.

Step 4. Energy equality and regularity.

Since f(-,2(-), 2/(-)) € L?(H), we have by Proposition 2.1 that y = z satisfies
the energy equality (2.28). It is verified from the assumptions (A1)-(A3) and (2.1)-
(2.4) on a and k that the right hand side of (2.28) is continuous in {. Hence we
have that

t — a(t:y(1), y(0)+ ly(®)
is continuous on [0, T']. Therefore as in the proof of Lions and Magenes [5, p. 279]
we have the regularity

y € C([0,T);V) and 4 € C([0,T); H).
Step 5. Uniqueness.
The uniqueness of weak solutions follows directly from the energy equality

(2.28). Indeed, let y; and yo be the solutions of (2.5). Then by (2.1)-(2.4) and
(A1)-(A3), we can obtain the following inequality for z = y; — y»

2P +12 0
<& s+ [ |66
(2:80) (s, 2(5). (). 2 (5))|ds

< &1 [etsiiPas +C [ 56) (120601 +126)1) 2 0l

t 2 ! 2
SAh®W®HHHMM&
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where C; and Oy are some constants and h(s) = C; + Co + C23(5)% + Co3(s) €
LY(0,T;R*). Finally, applying the Gronwall’s inequality to (2.80), we have z = 0.
This completes the proof of Theorem 2.1.

3. AN APPLICATION TO VISCOELASTIC EQUATIONS
Let €2 be an open bounded set of R™ with a smooth boundary I' = 0€2. Let

Q=(0,T)xQand ¥ = (0,7) x I". We consider the following Dirichlet boundary
value problem for nonlinear perturbed viscoelastic equations with long memory.

0%y .9 Oy "Lt dy(s, x)
YN L (gt ) 2L (it — s, A
L ;mﬁﬂ%w+2/mh<$@wﬂs

J ij=1

dy

y=20 onE,
oy .
y(0.2) = yo(@), 5/ (0.2) =p(@) inQ,

where y denotes the displacement of the material, a;;(¢, ) are instantaneous elastic
coefficients and b;;(, x) are elastic coefficients taking into account of the effects of
memory of the material. We assume

a”ij:a'j’i V’Lujzlv"'vnv
n

> ki > of¢l’ Ja>0, Ve EER,
ij=1
aij € WHo(0, T; L2(Q)) Vi,j=1,---,n,

bij € Wh(0,T; L>(Q)) Vi, j=1,---,n

(3.2)

We take V = H}(Q) and H = L*(Q) and introduce two bilinear forms

alt; b, ¢ Z/aw (t,z) a¢ a‘Pd Vo, o € HE(Q)

i,7=1

and

8 5]
Kt 6, Z/ () 52 e, oo € HY(®),

i,7=1

The nonlinear forcing function f : [0,7] x R x R” x R — R is assumed to satisfy
the following conditions
(i) f(-,z,& n, () is measurable on [0, 7] for all £, € R and n € R",
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(i) thereisa (€ L2(0,T;L>(f)) such that for each t € [0, 7]

‘f('vxuglvnlv Cl) - f(',.’I,',fQ, 2, CQ)‘
< Bt )16 — &l + Im —n2| + |G — Cl),
V(1, G2 and V€1, & € R, Vi, 12 € R,

(iii) thereisa € L2(0,T;L>®(R)) such that

|f(t,2,0,0,0)| <~(t,xz), ae. t € [0,T].

It is verified that the nonlinear term f in (3.1) satisfies the assumption (A1)-(A3)

and
2.1,

a(t; , ), k(t, s;0,0) = k(t — s; ¢, ) satisfy (2.1)-(2.4). Hence by Theorem
for yo € V = H} () and y; € H = L?(2), there exists a unique y satisfying

(3.1) in the weak sense and y € C([0,T]; V) N C*([0,T]; H).
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