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ON MARRERO’S J,,,-HADAMARD MATRICES

Yaio-Zhern Shih and Eng-Tjioe Tan

Abstract. In this paper, generalizing Marrero’s construction, we introduce the
concept of J,,, —Hadamard matrices, and by allowing permutations, we con-
struct other 2"*m! — 1 J,,-Hadamard matrices from a given one of order mt;
previous construction generated only other 2" — 1 ones. We also generalize
Craigen’s construction of products of two Hadamard matrices to those of sev-
eral Hadamard matrices and a .J,,,-Hadamard matrix, yielding generalizations
of Craigen’s results. Furthermore, we introduce the J,,-class C'J,,, for m = 2
or 4k and study the partially ordered set 91 of J,,,—classes C'J,,,. Our main
result shows that C'Jg g CJy g CJs.

1. INTRODUCTION

The remained unsolved Hadamard Conjecture asserts the existence of Hadamard
matrices for all orders that are divisible by four. A step toward solving Hadamard
conjecture is to construct other Hadamard matrices from a given one. Here we
study two such constructions: Marrero’s construction and Craigen’s construction.
In a previous paper [5], we generalized Marrero’s construction of J,—Hadamard
matrices to J,,—Hadamard matrices, m = 2 or m = 4k, kK € N. A Marrero’s
Jo—Hadamard matrix (see [2]) is a normalized Hadamard matrix of order 2¢ of the

form
J J A
J —J B )’
where J € Myx1({1}) and A, B € My, (9—9)({£1}). By changing A into —A

or B into —B, he yielded other 22 — 1 Hadamard matrices from the given one. A
Jm—Hadamard matrix is an Hadamard matrix of order mt of the form
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Ay

Az
MedJ| .
Am
where M is an Hadamard matrix of order m, J € My ({1}),41, Ag,--- A, €
M (mt—m)({£1}), and @ is the Kronecker product (see [5], Definition 2.1). By
changing A; to +A;, we constructed other 27" — 1 Hadamard matrices ([5], Theorem
2.2).

In this paper, our main results will be stated in Sections 2, 3, 4, and 5. In Section
2, by revisiting and simplifying the proof of our previous result in [5], it turns out
that we can yield other 2"*m/! — 1 Hadamard matrices by allowing permutations on
{1,2,...,m} o € S,, (Theorem 2.1 and Remark below). In fact, if we transform A4;
mentioned above into +A,(;) for i = 1,2,...,m, where o is a permutation of the
set {1, 2, ..., m}, then the new matrices are still .J,,, —Hadamard matrices (Theorem
2.1). Thus we can construct other 2"m! — 1 Hadamard matrices from a given
Jm—Hadamard matrix.

In Section 3, we study the Kronecker product of several Hadamard matrices
and a J,,—Hadamard matrix. For a given Hadamard matrix of order 4k and a
J4n—Hadamard matrix, the Kronecker product enables us to yield a Ji g, —Hadamard
matrix (Proposition 3.3). Continuing this process, one easily gets a Jozn+2, gy ko h—
Hadamard matrix from given n Hadamard matrices of orders 4k, 4ko, ..., 4k, re-
spectively, and a Jy;,—Hadamard matrix. On the other hand, there is another tech-
nique due to Craigen to construct a J,i;, —Hadamard matrix with smaller 2-exponent
[ from the given Hadamard matrices: In Proposition 3.4, we use Craigen’s con-
struction (see [1], Theorem 1) to generate a Jgi,—Hadamard matrix from a given
Hadamard matrix of order 4k and a Jy;-Hadamard matrix. Moreover, our main re-
sult in this Section is Theorem 3.5 which generalizes Craigen’s result (see [1], Theo-
rem 3) to yield a Jysi—3,,,,), ..., _,~Hadamard matrix of order 23 mntpipe - - pr_ao
from a given Hadamard matrix of order 2m, a Jy:,,-Hadamard matrix of order 2'nt,
and | — 2 different pairs of DW (4p;) for i = 1,2, ...,1— 2. In particular, Craigen’s
Theorem 3 [1] is a Corollary of our Theorem 3.5 for [ = 2 and ¢ = 1, and Propo-
sition 3.4 is a Corollary of our Theorem 3.5 for [ = 2 and arbitrary ¢. Moreover,
the product construction in Theorem 3.5 can be applied to a general case of several
Hadamard matrices and a J,, —Hadamard matrix (Remark at the end of Section 3).

In Section 4, we introduce the concept of J,,, —classes, m = 2orm =4k, k € N,
denoted by C'J,,, which contains the equivalent class of .J,, —Hadamard matrices. By
Marrero’s approach, each Hadamard matrix belongs to C'.;. For a given Hadamard
matrix, it seems difficult to determine to which C'J,, it belongs. Nevertheless, we
can decide to which C'J,, it doesn’t belong. In Proposition 4.1 and Proposition 4.2
we show that an Hadamard matrix of order 12 or 20h doesn’t belong to CJyp.
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Our main result in Section 4 is Theorem 4.3 which asserts that C.Jg G CJy G C'Js.

In the last Section 5, we study the poset 9 of J,,—classes CJ,, : Firstly, 9
is not totally ordered (or a chain). We end this note by leaving the question open
whether for a given k, C'Jox C C'Jyn for some 1 # h < k.

2. FURTHER RESULTS ON J,,,-HADAMARD MATRICES

In our previous paper [5], Theorem 2.2, for a given J,,, —Hadamard matrix H as
+A;

. +A4,
in Introduction, we show that all the matrix of the form H = | M ® J

+A,,
are J,, —Hadamard matrices, generalizing Marrero’s result ([2], Proposition). In the
following, we will prove a stronger result where permutations are allowed:

Theorem 2.1. Let H be a J,,-Hadamard matrix of the form as above. Then

B
. By
H=|MpJ| .
By,
is also a Jy—Hadamard matrix, where B; = A, or Bi = —Ay ) for i =
1,2,...,mand o € Sp,.
Proof. We have:
My An M, Bn
M1 A12 Ml B12
M1 Alt Ml Blt
My A My  Boy
M2 A22 M2 B22
H = : : , and H= : : ,
My Ay My By
Mm Aml Mm Bml
My, Ane My, B2
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My Aj Bi

) ) Ms A B2

if we write M = . JA; = . and B; = . , where M;, A;i
My, At Bt

and B;j are the row vectors of M, A; and B;, respectively, for i = 1,2, ..., m and
k=1,2,..,t
Since H is an Hadamard matrix, then for 4,5 = 1,2,....mand k,l = 1,2, ..., ¢,

we have
mt, ifi=jand k=1,
MZMJT + AzkAﬁ = )
0, otherwise.

This implies

mt—m, ifi=jandk =1,
2.1 A Al = —m, ifi=jandk #1,
0, ifi#j.

It suffices to prove that M; M + By B}, =
0, otherwise.

{ mt, ifi=jandk =1,
Case 1. For i = jand k = I, ie. o(i) = o(j), Mi;M] + By.B], =
M;M} + ByB}, = m + By, B = Ma(i)MJT(i) + Aa(i)kAJT(i) . = mt, by (2.1).
Case 2. For i = jand k # I, M{M] + By.Bj, = M;M] + ByBj] =
MZMZT + A‘T(i)kAZ(i)l =m—+ (—m) =0, by (2.1).

Case 3. For i # j, ie. o(i) # o(j), then M;M] + ByBf; = M;M] +
Aa(i)kAJT(j)l =040 =0, by (2.1). This completes the proof. ]

Remark. It seems that one gets more Hadamard matrices from the .J,, —Hadamard
matrix above by also permuting rows inside each B;, ¢ = 1,2, ..., m. However, by
these permutations, one actually gets equivalent ones. Furthermore, it fails to pro-
duce Hadamard matrices if one permutes rows from different B;s.

By Theorem 2.1, we may produce 2"m! — 1 other Hadamard matrices from
a given J,,-Hadamard matrix. In passing, we note the following further charac-
terization of Hadamard matrices which will be useful in our discussion later on
Jm—classes (our last Section 5).

Corollary 2.2. Let H be a J,,-Hadamard matrix of the form as above. If M
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is a Ji-Hadamard matrix of the form

Cy
Cy
LeoJ| . |,
G
then
:I:C(;(l) :I:Ag(l)

+Csp) +A5(m)

is also a Ji-Hadamard matrix, where o € Sy, and § € S). In particular, H itself'is
a J;—Hadamard matrix.

:I:C(s(l)

:l:C(g(Q)

Proof. Let M=|LeJ . By Theorem 2.1, M is a J,—Hadamard

:IZC(S(Z)
matrix of order m and trivially H is an Hadamard matrix. It remains to prove that
H is evidently a J;—Hadamard matrix.
To this end, just put L ® (J' ® J) = L ® J”, where J' € My ({1}),J €
M1 ({1}) and J” € M1 ({1}), here t' = 7, then clearly,

:|:C(5(1) ®J :|:A0(1)

:I:CJ(Z) ®J ﬂ:AJ(m)

is a J;-Hadamard matrix and the proof follows. ]

3. A GENERALIZATION OF CRAIGEN’S RESULT TO J,,-HADAMARD MATRICES

In this section, our main purpose is to generalize a Craigen’s result (Theorem
3.1 below) to J,,—Hadamard matrix (Theorem 3.5). To this end, we first review
some pertinent definitions and results.

A pair (S, P), where S, P € Mypyxan({£1}), is an orthogonal pair, notation:
(S, P) is an OP(4h), if it satisfies

SST + PPT = 8hly, and SPT = PST = Oy,.
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In [1], using certain product construction, Craigen proved the following result (see
Theorem 3, [1]) on how to construct an Hadamard matrix from given two Hadamard
matrices.

Theorem 3.1. [(Craigen)] If there are Hadamard matrices of orders 4h and 4k,
then there is an OP(4hk) (S, P). Moreover, < ]S; ];, ) is an Hadamard matrix
of order 8hk.

A matrix M € My, xam ({0, £1}) is a weighing matrix of order 4m with weight
2m if MMT = 2mly,,. Two weighing matrices of order 4m, namely W = (w;;)
and U = (u;j;), are disjoint if w;ju;; = 0. For convenience, we say that (W, U) is
a pair of DW (4m) if W and U are two disjoint weighing matrices of order 4m
with weight 2m. Seberry and Zhang [4] proved the following result.

Lemma 3.2. [(Seberry and Zhang)] If there are two Hadamard matrices of
orders 4m and 4n, there exists a pair of DW (4mn).

We start with the Kronecker product of an Hadamard matrix K of order 4k, and
a Jyp,—Hadamard matrix H = (M ® J |A) of order 4ht. In our previous paper [5],
Theorem 2.5, using combinatorial arguments, we showed that K ® H is equivalent
to a Jiern—Hadamard matrix (K @ M @ J|K ® A). In the following, using only
matrix multiplications and Kronecker product (see e.g. Craigen’s paper [1], p. 57),
we reprove the result as follows.

Proposition 3.3. Let K be an Hadamard matrix of order m = 2 or 4k. If
H = (M®J|A) is a J,—Hadamard matrix of order nt, n = 2 or 4h, then
KH~(KQMaJ K®A)and K@M & J|K® A)isa Jy,—Hadamard
matrix of order mnt.

Proof Let H=(K®M ® J|K ® A). Then
HH" = KKT" @ MMT @ JJT + KKT @ AAT
= KK' @ (MM" @ JJ" + KKT @ AAT)
= 4kl @ 4htIny = 16khtIigne.

Since K ® M is an Hadamard matrix of order 16kh, hence Hisa Jiern-Hadamard
matrix. u

With the supposedly existing Hadamard matrices K and H as in Proposition 3.3,
using successively Sylvester’s constructions, we yield a Jyi14;;, —Hadamard matrix
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for [ > 0. Now, using Craigen’s technique, we shall obtain a Jyi+4;;, —Hadamard
matrix with [ = —1. In fact, we have the following result which is a generalization
of Craigen’s Theorem 1 in [1].

Proposition 3.4. [f there exist an Hadamard matrix K of order 4k and a
Jap—Hadamard matrix H of order 4ht, then there is a J g, —Hadamard matrix of
order 8kht.

Proof Write K = ( 1 ) and H= (( Hy Hy )®J| Ay As ), where

Ko
K; € Mogxar({£1}), Hi € Mapson({£1}), Ai € Mypsx(ant—on)({£1}) for i =

1,2, and J € M1 ({1}). Since K and H both are Hadamard matrices, we have
KK = KoK3 = kI, K1K5 = KK = Oqp,
(HiHT + HoHI) @ JJT + AL AT + A AT = dntIyy,.

As in Craigen’s constructions, put

1 1
S = §(K1 + Ky) ® Hy + §(K1 — K5) ® Hy,

P= (K + ) © Ay + 3 (Ky — K) ® Ay,
Let H= (S ®J| P ). Since by direct calculations,
HHAHT = 55T @ JJT + PPT = 8kht Iy,
we conclude that H is a Jsrn—Hadamard matrix. [ |

Now we are in a position to prove our main result and apply it to the Kronecker
product of several Hadamard matrices and a J,,, —Hadamard matrix.

Theorem 3.5. If there are an Hadamard matrix H of order 2'm, a Jo,,—
Hadamard matrix K of order 2'nt, and 1 — 2 different pairs of DW (4p;) for
i =1,2,...,0— 2, then there is a Jysi-3,,p p,..p,_, —Hadamard matrix of order

231_3mntp1p2...p1_2.
H,y
Hy
Proof. LetH= | .~ |andK = ((K1 Ky Ky )®J|A; Ay -+ Ay),

HQZ
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where H; € M, o1, ({£1}), Ki € Myup, ({£1}) 5 J € Misa ({1}), and
Ai € Mytyyseni—1)({£1}) fori = 1,2,...,2". Then

2lmI, ifi=j
3.1) mH = T o R
O, , otherwise,
2l
(3.2) > KK =2nly,.
i=1
and
2! 2!
(3.3) KK =Y KKl @ JJ" + Y AAT = 2'ntl,,,
=1 i=1

Let (X;,Y;) be | — 2 different pairs of DW (4p;) for i = 1,2,...,1 — 2, and set
F=A{Z1®2,0 - ®Z_9 | Zi=X;orY; fori =1,2,...,0 — 2}. Clearly, the
cardinal number of T is 272, and we have for F; € F, i = 1,2,...,2"7%

FF = (Z1®9 222 @ Z19)(Z1 @ Z2@ - @ Zj_2)"
= 217F 9 2,72 © ---© 721_»2F,
= 2p114p, @ 2polyp, @ - @ 2p_olyy, ,,

-2
= 2" pip2-- 'pl_214l_2p1p2"'171—2'

We define
2l—2

28 = > F, @ {(Hai-1 + Hz) ® Kyi -1 + (Hai1 — Hai) ® Ko},
=1

2P = Z F, @ {(Hayi149i-1 + Hyo149;) @ Koro19
i=1
+(Hyr249, 1 — Hoo149;) ® Kogio1p9:},

ol—2

2V = > F, @ {(Hai-1 + Hz) ® Agi-1 + (Haio1 — Hy) ® Ay},
=1

2U = Z F; @ {(Hai-149i-1 + Hyi-149;) @ Agi-149;4
=1
+(Hai-249; 1 — Hai-149;) ® Agi-149;},
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v-((3 D)l 8)

It suffices to show that < 5

and

P ]; ) is an Hadamard matrix of order 23— 3mnp,
pa---pi—o and W is an Hadamard matrix of order 23 3mntpips---pi_2. The
following algebraic calculation shows that (S, P) is an OP(23 " *mnpips - - - py_2).

In fact, first we calculate SS7 using Equation (3.1):
-2
ST = 130, FiFF @ {(Ha Hy_y + HoiHY) © Koi 1 K3,

+(H22‘_1H27;_1 + H2ZH27;) & K2iK%; )
by Equation (3.1),

ol—2

1 _
- Z Z 2! 2p1p2 o 'pl_2I4l_2p1p2"'Pz—2 ®2- QZm[m ® {K2i—1K%;—1 + KQZK%;}
=1

2l—2
- Z 221_3mp1p2 e 'pl—2I221_4mp1p2“'pl—2 ® {K%_IK%;_I + K2ZK%;}
i=1
Analogously,
2l—2
PPT = 22 S mpipy - proalys—tpmppypr s
i=1

T T
®{K21_1+2i—1K21—1+22‘_1 + K2l_1+2iK21—1+21‘}'

Using Equation (3.2), we get:

2l
SSt+ PPT = Z 221_3mp1p2 - 'pl_2[221_4mp1p2"'171—2 ® KZKZT
i=1
= 231_3mnp1p2 o 'pl—2I23l—4mnp1p2~"pz—2'

A direct calculation, using Equation (3.1), proves that SPT = PST = O931-41mmpy py--py_a-
This shows (.S, P) is an OP(23~*mnp1ps...p;2) and this orthogonal pair (S, P)

) P .
produces an Hadamard matrix <15; S) of order 231_3mnp1 P2 - - - Pi—9, by Craigen’s
Theorem 3.1.

Similarly,

ol
vVt +UUT = Z 221_3mp1p2 - 'pl_2[221_4mp1p2"'171—2 ® AiA?’ and
=1
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VUl =0vT = O931—41mmtpy po-pr_a-
Hence we obtain, by Equation (3.3),

(SST + PPTy @JJ" + (VVT +UUT)

(3.4)

= 253 mntp1pa -+ e Lys-tmntpy py-pro-
Clearly,
(3.5) (SPT +PST) @1J" + (VvUT +UVT)

- 0231_4mntp1p2"'171—2'

Finally, by definition of W and by Equations (3.4), (3.5), we show easily that

T _ 931-3
WW?= =2""mntpip2 - - Pi—212381-3mnipy py-py o

This completes the proof of the Theorem. ]

Theorem 3.1 is a Corollary of Theorem 3.5 whenever we choose [ = 2 and ¢t = 1.
On the other hand, if we take [ = 2 and arbitrary ¢, then we obtain Proposition 3.4.
To illustrate how Theorem 3.5 yields better result, we choose a special example of
four Hadamard matrices of orders 4my, 4mo, 4m3, 4my, and a Jy3,,, —Hadamard
matrix: Repeated Craigen’s construction yields a Jy7,,, 1m0 mgmy,ms —Hadamard ma-
trix. However, by Theorem 3.5, we can improve the 2-exponent 7 to 6.

Remark. The product construction in Theorem 3.5 can be applied to several
Hadamard matrices and a .J,, —Hadamard matrix as follows: Firstly, use Seberry-
Zhang’s construction to generate [ — 2 different pairs of DW (4p;),i = 1,2, ...,
I — 2, secondly, proceed with Craigen’s construction to generate an Hadamard
matrix of order 2'm’/, and next proceed with the product construction in Propo-
sition 3.4 to generate a J,,, —Hadamard matrix, then, using Theorem 3.5, we get a

J931-31/1p1 po--py_, —Hadamard matrix.

4. HADAMARD MATRICES BELONGING TO J,,, —CLASSES CJ,,

In this section, we are interested in the problem to which J,, —Hadamard matrix
does a given Hadamard matrix belong? For convenience, we define such family as
follows: The family of all Hadamard matrices equivalent to some .J,,, —Hadamard
matrix is called a J,,-class and denoted by CJ,,,.

By Marrero’s construction, each Hadamard matrix belongs to C'.h. For a given
Hadamard matrix, it seems difficult to determine to which C'J,,, it belongs. Never-
theless, for some particular Hadamard matrices, we can decide to which CJ,,, each
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of them doesn’t belong. The following two results supply us criteria for this purpose
which are generalizations of Example 3.1 and Example 3.2 in [5], respectively.

Proposition 4.1. [If H is an Hadamard matrix of order 12h, then H doesn’t
belong to C'Jyp,.

Proof. If H were equivalent to a Jy;-Hadamard matrix, then

Aq
Ao
H~ |MJ . , where M is an Hadamard matrix of order 4h, J €
Agn
Msyx1({1}) and A; € Msygp({£1}) for i = 1,2,...,4h. By multiplying rows or
Ay
Ag
columnsof | M ® J| . , M can be normalized. Hence H must be equivalent
Ay
to the Jy5,-Hadamard matrix of the form: "
——
4n 11 -+ 1
e . 11 1
Ay
Ay .
By eventually multiplying columns of . by —1, H can be normalized.
Ay

However, H is not an Hadamard matrix, since there are at least 4k ls at the same
positions between the second row and the third row contradicting to the fact that
there are exactly % Is at the same positions in both rows except the first one (see

[3], Theorem 10.9, p. 429). Thus H is not a Jy,-Hadamard matrix. [ |

Proposition 4.2. [If H is an Hadamard matrix of order 20h, then H doesn’t
belong to C'Jyp,.

Proof. Suppose that H is a normalized Joq,-Hadamard matrix of the form as in
Proposition 4.1 with J € Mj541({1}) and A; € M6, ({£1}) fori =1,2,...,4h.
We will use the same argument as above to derive a contradiction by counting the
number of 1s in the second, the third, the fourth and the fifth row. As before, we
know that there are exactly 10h 1s at each row and % Is at the same positions
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between any two different rows except the first one. By arranging the 1s as forward
as possible, so H, with the first five rows written down, is of the following form:

4h
H= J J - J A
4h h 5h 10h
11 1 11 -1 1 1 1 1 1 1
_ 11---1 11 -1 1 1 1 -1 -1 —1
11---1 11 -1 -1 -1 —1

Looking at the (10h+1)" column up to the (20h)" column , to fill in the 10 1s in
the third row, we need 5h positions in last 10h columns. With the same argument,
to fill in the 10Ah 1s in the fourth row, we need at least 4h positions in the last 10h
columns differ from the positions already taken in the third row. Finally, in the fifth
row, we need at least 3h positions in the last 10k columns differ from the positions
already taken in the third and the fourth rows. This means that we need in total at
least 5h + 4h + 3h = 12h positions to fill in the 1s in the last ten columns which
is impossible. Therefore, we conclude that every Hadamard matrix of order 20h is
not equivalent to a Jy,-Hadamard matrix. [ |

A natural question is whether C'Jor+1 € C'Jyr. Our initial contribution to this
question, using Proposition 3.3 and Proposition 4.1, is to show the following result;
this works in the special case of Hadamard matrices of order 8 which is known to
be unique up to equivalence.

Theorem 4.3. CJg ; CJ4 ; CJQ.

Proof. By Marrero’s construction and Example 3.1 in [5], we obtain C'Jy ;
CJ,. It remains to show that CJg & ClJy.

By the uniqueness of Hadamard matrices, every Js—Hadamard matrix of order
8t is equivalent to the following normalized Hadamard matrix (see e.g. [6])

11 1 1 1 1 1 1 A
1 1 1 1 -1 -1 -1 -1 Ay
1 1 -1 -1 1 1 -1 -1 As
1 1 -1 -1 -1 -1 1 1 Ay
1 -1 1 -1 1 -1 1 -1 |94
1 -1 1 -1 -1 1 -1 1 Ag
1 -1 -1 1 1 -1 -1 1 Ay
1 -1 -1 1 -1 1 1 -1 As
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1 1 1 1 Ay
-1 -1 -1 -1 Ay
1 1 1 1 1 1 -1 -1 A
B 1 1 -1 -1 ®<1> S S I g P
1 -1 1 -1 1 1 -1 1 -1 As
1 -1 -1 1 -1 1 -1 1 Ag
1 -1 -1 1 Az
-1 1 1 -1 As
J J J J A
-J —J —J —J A
1 1 1 1 J J —J —J As
_ 1 1 -1 -1 JN|-J =T J J A4
B ®<J> Jo—J T =] Ay |
1 -1 -1 1 -J J —=J J A
J —J —-J J A
-J J J —J As

where J € My ({1}) and A; € My, (gi—g)({£1}) for i = 1,2,..,8. This yields
CJg C CJy. Next, let H be an Hadamard matrix of order 12 of the form

<< 1 _11 ) ® JM)’ where J & Mgx1({1}) and A € Mizxio({£1}).

= (5 2 ) (14 )es|(h 2 )en)

By Proposition 3.3, H € CJy. Since H is an Hadamard matrix of order 24, by
Proposition 4.1, H doesn’t belong to CJg, and this gives C'Jg ; CJy. [

5. THE PARTIALLY ORDERED SET 9 OF J,,,—CLASSES C'J,,

In this section, we consider the poset MM = {CJ,,J|m =2 or m € 4k, k € N}
which is easily seen not to be a chain. To see this, we show the following non-
inclusions:

CJg g CJ12 g CJg.

In fact, let H be an Hadamard matrix of order 12. Then the Sylvester-Hadamard

. H H 1 1 .
matrix < I —H) ~ <H®< 1 )\H@( 1 )) € CJy2 which has order

24, hence by Proposition 4.2 it doesn’t belong to C'Jg. This shows the non-inclusion
CJy2 € CJs. To prove the other non-inclusion, we construct a Sylvester-Hadamard
matrix of order 16 which belongs to C'Jg and doesn’t belong to C'Ji5 because 16
is not a multiple of 12.
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As a consequence of our Corollary 2.2, a J,, —Hadamard matrix H is a J;—Hada-
mard matrix for some [ | m, where [ depends on m and H. In particular, if
m is a 2 power, then [ is also. So we are led to consider the smaller poset
My = {CJyk|k € N} and pose the following question: For a given k, does there
exista 1 # h < k such that C'J,. C CJyn? Another related question is whether
Mo is a lattice: Given h, k € N, whether C'J,» and C'Jox has a least upper bound
CJon V CJyr and a greatest lower bound C'Jon A C'Jor?
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