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SOME NEW SEQUENCE SPACES DEFINED BY A SEQUENCE OF
ORLICZ FUNCTIONS

Vatan Karakaya

Abstract. In this paper, we introduce some new sequence spaces combin-
ing lacunary sequence, invariant means and a sequence of Orlicz functions.
We discuss some topological properties and establish some inclusion rela-
tions between these spaces. Also we studied connections between lacunary
o—statistical convergence with these spaces.

1. INTRODUCTION

Let o be a mapping the set of positive integer into itself. A continuous linear
functional ¢ on /., ,the space of real bounded sequences, is said to be an invariant
mean o— mean if and only if i) ¢ (x) > 0 when the sequence = = (z) has z; > 0
for all n, ii) ¢ (e) = 1, where e = (1,1,1,...) and , iii) ¢ (z,(n)) = ¢ () for all
T € lo.

If £ = (z,), write Tz = T'z,, = (,(,). It can be shown (Schaefer[16]) that

V, = {x c fooililgnt/m (z) = ¢, uniformly inn, £ =0 — limx} ,

where
Ty + Tl (n) + ...+ Lok (n)

k+1

In the case o is the translation mapping n — n + 1, c—mean is often called a
Banach limit and V,,, the set of bounded sequences all of whose invariant means
are equal, is the set of almost convergent sequence, (see, Lorentz [8]).

By a lacunary sequence 6 = (k.) where ko = 0, we shall mean an increasing
sequence of non-negative integers with k. — k.1 — oo as » — oo. The intervals

ten (1‘) =
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determined by 6 will be denoted by I, = (k,—1, k.]. We write h, = k, — k,_;1.
The ratio —1— will be denoted by ¢,.. The space of lacunary strongly convergent
sequence Was 'defined by Freedman et al. [3].

An Orlicz function is a function M : [0,00) — [0, 00) which is continuous,
non-decreasing and convex with M (0) = 0, M (z) > 0 for x > 0 and M (z) —
oo as x — oo (see,Kamthan and Gupta [5]). If convexity of M is replaced by
subadditivity, then this function is called a modulus function, (see, Ruckle [12]).

Let w be the spaces of all real or complex sequence = = (x) . Lindentrauss
and Tzafirir [7] used the idea of Orlicz function to defined the following sequence
spaces:

ly = {x: ZM(%) < oo, for somep>0}
=1

which is called an Orlicz sequence spaces and £, is a Banach space with the norm,

[ —1nf{p>0 ZM(‘”‘) 31}.

k=1 P

Parashar and Chaudhary [10] have introduced and examined some properties of
four sequence spaces defined by using an Orlicz function M, which generalized
the well-known Orlicz sequence spaces [c, 1,p],, [c,1,p] and [c,1,p],. It may
be noted here that the spaces of strongly summable sequences were discussed by
Maddox [9].

Quite recently, in [15], Savas and Rhoades introduced some new sequence spaces
which were defined by combining the concept of an Orlicz function, invariant mean
and lacunary convergence.

The main purpose of this paper is to give a generalization of sequence spaces,
defined by [15], using a sequence of Orlicz functions and to examine inclusion
relations among these spaces. Also, we shall give the connections between lacunary
o—statistical convergence with following sequence spaces.

Now we introduce the following sequence spaces:

Definition 1.  Let M = (M}) be a sequence of Orlicz function and p = (px)
be any sequence of strictly positive real numbers. We have

0 .1 [tk (2)]\ 17* . .
Wy [My,plg =< @ : ,,1520 = Z M, T =0,p >0, uniformly inn ;|

" keI,

1 n (2 — P . .
We [Mg,ply = {x : ,1520 = Z [Mk (Mpmﬂ =0, p > 0, uniformly in n} ,

" keI,
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1 t Pk
& [My,plyg = Qz :sup— > [Mk (W)] < oo, for some p > 0

rn Ty kel

When (M) = M for aII k, the spaces wQ [My, ply, we [Mg, pl, and w® [My, pl,
reduce to the spaces w? [M, pl,, wey [M, p] and wg° [M, pl,, respectively. When
My (x) = « for all k, then erte respectively the spaces w% (p), wqg (p) and
w3 (p) in place of the spaces w? [M, ply, wo [Mg, ply and wS® [My, ply. 1fpr = 1
for all k, wd [My, ply, we [Mg, ply and w® [My, p], reduce to w [My]y, we [Mgl,
and w° [Mk]

2. INcLUSION THEOREMS

Theorem 1. Let M = (M) be a sequence of OrIicz functions and a bounded
sequence p = (px) of strictly positive real numbers. w9 [Mj, ply, we [M, p], and
wg® [My, pl, linear spaces over the set of complex numbers.

Proof. We have

(2.1) |k + yn ™ < K (Joel™ + Jyel™)
where K = max (1,2771), H = supp,. We shall prove the result only for
w? [My, pl,. The others can be treated similarly. Let z,y € w9 [My,pl, and

a, 3 € C. In order to prove the result we need to find some ps such that

1 P . .
lim — )" [Mk (MH = 0, uniformly in n.
hr kel, P3

Since z,y € wd [My, pl, , there exists positive p1, p2 such that

1 [ t 1P* : :
lim — | M <M> = 0, uniformly in n
P1 i

and

1 [ t 1Pk : :

lim — | My (M) = 0, uniformly in n.

T el L P2 ]

Define p3 = max (2 || p1, 2 |5] p2) - Since (M) is non-decreasing and convex

_,; [ (map%ﬁy”ﬂ %]g [Mk<|tknp(jx)|+|tknp(35y)|>]m
hy ;; o [ (ltkzl(x)|>+<|tk,,;)2(y)|>]m,

_k;[ (ltkn |>+<|tk22(y)|>]pk

I /\

| N
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w20
o (5]

" kel,

— 0 as r — oo,uniformly in n. So that az + By € w9 [My, pl, . This completes the
proof. ]

Theorem 2. Let M = (M) be a sequence of Orlicz functions and a bounded
sequence p = (py) of strictly positive real numbers. Then w9 [Mj, p], is a topo-
logical linear spaces, totally paranormed

: e [ 1 [trn ()] \ 17
g (z)=inf { p'# : h—z [Mk <7 <1, r=1,2,.., n=1,2, ...

T kel p

where H = max (1, sup p) .
The proof of the theorem 1 can be carried out by using similar technical in [15].

Theorem 3. Let M = (Mj,) be e sequence of Orlicz functions. If sup,, [M}, (¢)]"*
< oo for all £ > 0, then

Wo [Mk‘vp]e C wg'o [Mk‘vp]e .

Proof. Let x € w, [My, ply. By using (2.1), we have

s e ()] = e () [ GO

" kel, P " kel, T kel,

Since supy, [My, (t)]P* < oo, we can take that supy, [M}, (¢)]’* = T. Hence we
get x € wy® [My, pl,. This completes the proof. ]

Definition 2. An Orlicz function M is said to satisfy the As—condition for all
values of w, if there exists a constant L > 0 such that M (2u) < LM (u), u > 0.

It is also easy to see that always L > 2. The As—condition equivalent to the
satisfaction of inequality M (lu) < LulM (u) for all values of » and for all [ > 1,
(see, Krasnoselskii and Rutitsky [6]).

Theorem 4. For a sequence of Orlicz function M = (M) which satisfies
Ao —condition for all k,
Wog (p) C o [My,ply -
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Proof. Let z € wyp (p). Then we have

1
= > Jten (z = OFPF — 0
kel

as r — oo uniformly in n, for some ¢. Let € > 0 and choose ¢ with 0 < § < 1
such that M, (t) < e for 0 <t < ¢ and all k. We can write

%Z[Mk@mn(i—e)\)rk:hi i [Mk<\tkn<a;—e>\)rk

" kel, r kel,
[trn (2—£)| <0

T ey

" kel
[thn (z—£)|>0

1
For the first summation above, we immediately write >~ < ¢ by using continuity
of M, for all k. For the second summation, we will make following procedure. We

have
[tkn (= 0)]
5 :
Since Mj, is non-decreasing and convex for all &, it follows that

[tkn (x — 0)] <14

My ([tkn (z = £)]) < My (1 + M) < %Mk (2)+%Mk (2@) .

Since M, satisfies As—condition for all &, we can write

My (i (e — 1)) < 22l Oy ) L e (=B )

In this way, we write

hi Z [Mk (M)]pk < e 4 [max (1, LMy, (2)) 0] 7,.

" kel,

Letting » — oo, it follows that = € w, [M}, p], This completes the proof. ]
After this step of paper, different inclusion relations among these sequence
spaces are going to be studied. Now we have

Theorem 5. Let M = (M) be a sequence of Orlicz functions. Then the
following statements are equivalent.
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(1) w3y (p) C wg® [My,ply,
(i) wga (p) C w® [My, ply,

(idi) supyq- > [My (£)P* < oo for all £ > 0.
kel

Proof. (i) = (ii): Let (i) hold. To verify (i), it is enough to show w?, (p) C
w9 (p). Let x € wY, (p). Then there exist r > rq, for € > 0, such that

— Z |tn (2)|P* < €.

ke[r
Hence there exists H > 0 such that
sup = 3 ftn (@)% < H

h,
rn kel,

for all n and . So we get « € w35 (p).
(éi) = (¢i7): Let (i7) hold. Suppose that (iii) does not hold. Then for some
t>0
Sgph—lr D [My (1) = o0
kel
and therefore we can find a subinterval I..(,,,) of the set of interval I, such that

(2.2) - 1 > [Mk (%)]pk >m,m=1,2,...

r(m) ke]r(m)

Let us define z = (x) as follows. 1z = H if k € Iy and zx = 0 if
k & I(m)-Then z € wl, (p) but by (2.2), z ¢ w3® [My, p], , which contradicts (ii).
Hence (iii) must hold.

(i) = (¢):Let(iii) hold and that = € wgy (p). Suppose that x & wg® [My, ply.Then
for 2 € wiy (p) ,we can write

1 [tkn (2)[\]™
(2.3) s:%) = Z [Mk <T = 00.
’ kel
Let t = |t (z)| for each k and fixed n.Then, by(2.3)

sup Z M (¢ = 00
hr kel

which contradicts (iii). Hence (i) must hold. ]

Theorem 6. Let M = (M) be a sequence of Orlicz functions. Then the
following statements are equivalent.
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(i) wg [My, ply C wgy (),
(id) w§ [M, ply € w3 (p),

(iid) inf.7= > [My ()]P* > 0 for all t > 0.
kel

Proof. (i) = (ii): It is obvious.

(7i) = (44) : Let (4¢) hold. Suppose that (ii7) does not hold. Then
mfrhir k; [Mj, (£)]P* = 0 for some ¢ > 0,
and we can find a subinterval I,,, of the set of interval I, such that
1
hr(m)

1
Z M (m)P* < —, m=1,2,...
ke]r(m)

(2.4)

Let us define 2 = m if k € I,y and o = 0 if k & I,(). Thus, by (2.4),
z € wl [My, pl, but z ¢ w5 (p) which contradicts (i¢). Hence (4ii) must hold.
(idi) = (i) : Let (444) hold. Suppose that = € w9 [M, p],. Therefore

N

as r — oo uniformly in n. Again suppose that = ¢ w?, (p) for some number € > 0
and a subinterval I,(,, of the set of interval I, we have [ty (x)["* > ¢ for all n
and for all 1,.(,,,y. Then, from properties of the Orlicz function, we have

o (5)]" < s (=2

Consequently, by (2.5) ,we have

1 c Pk
lim — M | — =0
oo T Z[ k(ﬂ)]

" kel,

uniformly in n which contradicts (¢iz) . Hence (i) must hold. ]

Theorem 7. Let M = (M},) be a sequence of Orlicz functions. wg° [My, pl,
c w, (p) if and only if

(2.6) rli)rgo hi Z [M; (8)]P* = 0o



624 Vatan Karakaya

Proof. Let w3 [My,pl, C wl, (p). Suppose that (2.6) does not hold. There-
fore there is a subinterval 7,,,, of the set of interval 7, and a number t, > 0, where
to = |tgn (x)| for all k£ and n,such that

1

(2.7) > IMi (o)) <M <oo,m=1,2,...

r(m) kel

r(m)

Let us define z = to if k € I,y and x, = 0 if k ¢ I,(y). Then, by (2.7),
z € wP [My, pl,. But z ¢ w, (p). Hence (2.6) must hold.

Conversely, suppose that (2.6) hold and that = € w3° [Mj, pl,. Then for each
rand n

(2.8) hi Z [Mk (Mﬂpk <M < .

T el p

Now suppose that z ¢ w?, (p). Then for some number £ > 0 and for a subinterval
I,, of the set of interval I,., there is k¢ such that |tk (z)["* > e for k > ky. From
the properties of sequence of Orlicz functions, we obtain

o ("< (=]

which contradict (2.7), by using (2.8). This completes the proof. [ ]

3. Some CONNECTIONS BETWEEN Stg, AND w, [My],

In this section, we introduce natural relationship between lacunary strong con-
vergence with respect to a sequence Orlicz functions and lacunary o —statistical
convergence.

In [2], Fast introduced the idea of statistical convergence. These idea were
studied later in Connor [1], Freedman and Sember [4], Salat [13], Savas and Nuray
[14], Pehlivan and Fisher [11], and other authors independently.

A complex number sequence = = (x) is said to be statistically convergent to
the number ¢ if for every £ > 0

1
lim E\{kﬁn: |z, — 4] > €} =0

n—oo

The set of statistically convergent sequences is denoted by s.

Definition 3. Let # = (k,) be lacunary sequence. A sequence z = (xy) is said
to be lacunary strong o— statistically convergent if for every ¢ > 0

1 . .
lim . HEk € L0 |ten (x — 0)] > €}| = 0, uniformly in n.
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The set of all lacunary strong o— statistically convergent sequences is denoted
by Stg,. If £ =0, write StJ_ in place of Sty .
We now establish inclusion relations between Stg, and w [My],.

Theorem 8. Let M = (Mj) be a sequence of Orlicz functions. Then
w? [My], C StY, if and only if

inf My (|t («)]) > 0 for all n.

Proof. If infy, My (|tg, (x)|) > 0, then there exists a number 5 > 0 such that
My, (Jtgn (z)]) > B for all n and k. Let x € wQ [My],. For given e >0

1 1
X Mi(lten (@)) == > Mi(lte (@)) + 5~ > My (Jtea (2)])
kel her kel h kel
[thn ()| 2e [thn (@)|<e

1

> LS Mt @)
" kel
|tkn(9¢)|ZE

> ﬁhi (k€ L [t ()] > £}

It follows that = € St))_.

The reverse of this theorem will be shown by an example function. Let M}, (x) =
xPk [log z|** where 1 < p < oo and 1 < «aj < oo. Therefore it is a sequence
of Orlicz functions. Now let us define sequence x = (xj) as following =3 = 1 if
keI, and z; = 0 if k ¢ I,.. Then there exists |tx, (x)| > e > 0 for all k£ and n,
such that M, (|tg, (z)]) = 0 for all every k € I.. From here, it can be seen that
z € wd [My], but x ¢ St9 . |

Theorem 9. StJ C wl [Mj], if and only if

sup My, ([tgn (z)|) < oo for all n.
k

Proof. We suppose that R = supy, sup,, My, (|tk, (z)|) and = € St),. Since
My, (|tkn (z)]) < R for all k£ and n, we

1 1
X Mi(lten (@))) == > Mi(lte (@)) + 5~ > My (Jtea (2)])
kel her kel h kel
[tn (2)|2e [thn ()| <e

1
<2R— k€ L |ten ()] 2 <}
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Taking the limit as » — oo uniformly in n, it follows that z € w9 [My],.

Conversely suppose that supy, sup,, My (|tgn (z)]) = oo. Then we have 0 <
tin < ton < ... <tgn < ... Such that My, (|tx,n (x)|) > h, for r > 1. We define
the sequence = (z) by x; =1 ifi =k € I, for some r =1,2,3,...and 2; =0
for i # k € I,. Then we have

[ |
||

1
—sup\{k € Ir: ’tlm( )‘ > 5}‘

1
hr k 11« Zsupxaz(n) .

Since sup,, Z,i(,) = 1 for i =k, for some r = 1,2, 3, ..., we have

[

lim ———— = 0.
rovoo [ [ + 1

So, it follows that z € StJ,_. Now , since Mj, (|tk,.n (z)|) > hy, we have

o) Ly g (o)) ),

" kel

Since (3.1) tends infinity as r — oo, we get that ¢ w9 [My],. This completes
the proof. [ |
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