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LOCAL C-COSINE FAMILIES AND N-TIMES INTEGRATED LOCAL
COSINE FAMILIES

T. Takenaka and S. Piskarev

Abstract. This paper is concerned with local C-cosine families and local n-
times integrated cosine families. The characterization of each cosine families is
mentioned through their infinitesimal generators. The relationship among local
C-cosine families, local integrated cosine families and the abstract Cauchy
problem is also mentioned.

1. INTRODUCTION

This paper is concerned with a local C-cosine families and local n-times inte-
grated cosine families in a Banach space X. Here C is a bounded linear operator
in X and R(C) = X.

We first mention the recent development of theories of exponentially bounded
C-cosine families and n-times integrated cosine families. In the first order case
in time, they have being studied as C-semigroups and n-times integrated semi-
groups. Many authors gave characterizations of the complete infinitesimal genera-
tor of exponentially bounded C-semigroups (for example [2,3,4,9]). On the other
hand the characterizations of exponentially bounded n-times integrated semigroups
were given (see [1,4,10]). In Tanaka and Okazawa [16], the theories of local C-
semigroups and local n-times integrated semigroups were established. In the second
order case in time, C'-cosine families and n-times integrated cosine family were also
studied and the analogous results were given. In [8] and [12] Y.-C Li and S.-Y
Shaw gave characterization of the generator of an exponentially bounded integrated
C-cosine family. Local integrated cosine family was studied by Tingwen [17]. In
his paper, it was shown that there exists integrated cosine family which are not
defined on all R = (—o0,00). Thus, our first purpose is to establish the theory
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of C-cosine families which are neither exponentially bounded nor defined on R
(local C-cosine families). In [7] F. Huang and T. Huang gave a characterization of
the complete infinitesimal generator in terms of the asymptotic C-resolvent. They
showed the similar theorem to our theorem (Theorem 3.2). In the mean time their
paper appeared in the same time as this paper was written independently. But their
theorem had an extra condition, which is not necessary to be mentioned. Such an
extra condition is technical and it appears if one used reduction of the second order
equation to the system with matrix operator. Also we do not give here our original
proof of Theorem 5.2 and just quote [7].

The second purpose is to develop the theory of local n-times integrated cosine
families, by which we mean that they are neither exponentially bounded nor defined
on R. Here we use the different definition of n-times integrated cosine families
from ones defined by other authors (Definition 4.1). We investigate basic properties
of the complete infinitesimal generator of a local n-times integrated cosine family
(Proposition 5.4). Next, we clarify the relationship between local C-cosine families
and local n-times integrated cosine families (Theorem 5.9).

In Section 2 we introduce the notion of local C-cosine families of bounded linear
operators on a Banach space and derive some properties of the complete infinitesimal
generator of a local C-cosine family. We also deal with a characterization of the
complete infinitesimal generator of a local C-cosine family in terms of its asymptotic
C-resolvent. In Section 3 we give a generation theorem of local C-cosine families.
In Section 4 we introduce the notion of a local n-times integrated cosine family. We
also investigate properties of a local n-times integrated cosine family. In Section
5 we shall show that the abstract Cauchy problem, formulated for the complete
infinitesimal generator, is given by an n-times integrated cosine family. We shall
also state the relationships among a local n-times integrated cosine family, a local
C-cosine family and the abstract Cauchy problem.

2. PRELIMINARIES

Let X be a Banach space. We denote by B(X) the set of all bounded linear
operators on X and by N = {1, 2, 3, ...} the set of natural numbers. Let C € B(X).

Definition 2.1. A family of bounded operators {C(¢t) : |t| < T'} is called a
local C-cosine family on X

(i) [C(t+ s) + C(t — s)]C =2C(t)C(s) for any t,s,t +s e (-T,T),
(i) C(0) =C,
(iii) C(-) is strongly continuous on (—7',T).
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We recall that a local C-cosine family called nondegenerate if condition C(¢)x =
0 for any ¢ € (0,7/2) implies z = 0.
The following proposition is well-known for the long time.

Proposition 2.2. ([12,19]) A local C-cosine family is nondegenerate iff C' is
an injective operator.

Starting from now we will consider only the case of C' € B(X), which is an
injective operator such that R(C') is dense in X, i.e. R(C) = X.

Remark 2.3. A local C-cosine family on X has the following properties:

19 C(—s)=C(s) and 2°. C(s)C = CC(s).

Indeed, setting ¢ = 0 in condition (i) of Definition 2.1 we have

[C(s) + C(—s)]C = 20C(s),

The assertion 2° follows from 1° and (i)

which implies 1°. In fact, CC(—s) = 1]
(s

C(s)] = 0, which implies C(—s) = C
of Definition 2.1.

C(—5)+C(s)]C = CC(s), i.e. C[C(—s)—
).

Definition 2.4.  The infinitesimal generator of {C(¢) : |¢| < T} is defined
as the limit

2
(2.1) Gox = hlir& E[C_IC(h):v —z|,z € D(G)y)

with a natural domain D(Go) := {z € R(C) : Ilimj,o1 7[C*C(h)z — 2]}.

Remark 2.5. There are some other possibilities to define infinitesimal gener-
ator. For example, in [19] they define

Az = C7! lim 2h7?(C(h)z — Cxz).

-1
h—0+

In such a situation A is closed and satisfied C ' AC = A.
Proposition 2.6. The operator G is closable and D(G)) is dense in X.

Proof. For any x € X we define

h
ah = %/a (h — s)C(s) xds.

Then in the same way as in Fattorini [5] one obtains
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2 h+T1
c™t C(h)-DNr™= —— h —s)C d
(0 o) = D=z [ (7 = 9)C(oads
) T—h 4 T
—1-2—h2 T—h—sCsxds — 2h2/ (1 —s)C(s) zds

) 7’+h 9 h
= - h—s)C ds — ——= h—s)C d
T2h2/T (T+ s)C(s) zds TQhQ/O (T + s)C(s) xzds

2 T 2 0
~ =573 /T_h(T_h_S)C( ) xds + =y / (1 —h —s)C(s) xds.
Thus 2 € D(Gy) with

Goz" = = (C(h) — C)z.

h2
It is clear that 2" — Cz as h — 0, so it means that D(Gy) is dense in X. To show
that G is closable we note that C(s)C(t) = C(¢)C(s) for all s, ¢ and hence

2 2

w2 (C7LC(h) — I)C(t)x = C(t)— 2 (Cc7c(h) — Dz
for h > 0. So for any = € D(Gp) one gets
(2.2) G()C(t):E = C(t)GoIL‘
and moreover,
7_2 7_2
(2.3) 3(Gox)7 = EGoxT = (C(r) — O)x.

Now, let {x,} be a sequence in D(G) such that x,, — 0 and Gyx,, — v. To prove
the closability we are going to show that v = 0. Since v™ = 0 for any 7 one obtains
vT - Cv=0forT —0,ie v=0. ]

Definition 2.4. The operator G = G| is said to be the complete infinitesimal
generator of a local C-cosine family C(-).

Now we have
G/ (t —s)C(s) zds = C(t)z — Clz,
t
zeX,G t—s C(s)xds-/(t—s)C(s)G:):ds, x € D(G).
0

Hence C(-)x for = € D(G) is twice continuously differentiable in ¢ with |t| < T
and

(2.5) C’(t)x = C(t)Gz = GC(t)z, z € D(Q).
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We associate with C(-) the local C-sine family by the formula

(2.6) S(t)x = /Ot C(s)xds, z € X.

Proposition 2.8. The following relations hold for ¢, ,t + h € (=T, T):
(i) (S(t +h) +S(t — h))c — 25(1)C(h),

(il) S(t + h)C = S(t)C(h) + S(h)C(1),

(iii) (C(t +h)—C(t— h))c — 2GS(1)S(h),

(iv) C'(t)z = S()Gz = GS(t)z  for any = € D(G),

(v) C"(t)x = C()Gz = GC(t)x  for any = € D(G),

(i) §"(t)x = S(t)Gz = GS(t)z  for any z € D(G).

Proof. Integrating (i) of Definition 2.1 in ¢ one gets

(/OtC(s + h)ds + /OtC(s — h)ds)c = 25(¢)C(h).

Hence

t+h t—h h 0
( C(n)dn + C(n)dn + / C(n)dn — / C(n)dn)C = 25(t)C(h).
h —h 0 —h

From this (i) follows. Now we can add (S(t+ h) + S(h — )) C = 25(h)C(¢) to
(i) and obtain (ii). To prove (iii) take z = foh Jo C(w)C(v)xdudv, where x € X.
We are going to show that z € D(G) and 2Gz = (C(h +s)—C(h — s))Cx. To
do this we can write

2071C(t)z = 2C~ //C v)xdudy

t+s
/ / C(t+pu)+C(t— ) :vdudu—/ / v)xdndy.
t

It is clear that
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h
26’_1%C(t)z - /O (Clt+5) + Clt — ) Cv)r
_é/Oh(C<t+s+u>+c<t+s—v>—C(t—s+v>—c<t—8—”>>c’fd”
1 t+s+h t—s+h
Hence
40—15_:2 (t)z = <C(t+h+s)—C(t+s—h)—C(t—s+h)+C(t—s—h))Cw,

which means, using (2.5) at ¢t = 0, that
2G2 = (C(h +5)—C(h— 3))0:):.
To obtain (iv) just take derivatives of (2.4). Statement (v) follows from (2.5) and

(vi) follows from (2.6) taking two derivatives and using (iv). ]
Next, let 7 € (0,7"). Put

(2.7) LNz :—/ e MS(tadt, z € X,
0

this is so-called the ”local Laplace transform” of S(-).

Proposition 2.9. Let G be the complete infinitesimal generator of C(-) and
L.(\) be a local Laplace transform of S(-). Then

(2.8) AL (N) = /T e MC(t)xdt — e M S(1)x
0
and L.(A\)z € D(G) with

(2.9) (A2 — G)L,(\)z = Cx — =" (C(T):c + AS(T).?C) for A > 0and z € X.

Proof. Equality (2.8) follows from (2.7) by using integration by parts . One
more integration by parts gives

(2.10) N2L.(\)z— / MC (H)adt—ATS(r) 34 Cr—e N C(r)z, 3 € D(G).
0
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Hence from Proposition 2.8 (iv) it follows (2.9). ]
Setting V,(\)z := —e™ 7 (C(T):E + )\S(T)x>, we have for A > 0

d" n,—AT n n— —AT
T Vr(Ne = —(=7)"eC(r)a — (A=) + n(=)" e S(r)e,

and

[y
d\"
where M, := supy<;<, [[C(?)].

Vel < Me((n+ D)7 + A7) e o]

Proposition 2.10. The following estimates hold for A > 0 and x € X:

” (n+1)!

Leal) < M, 5 B

d\™

12 AL () | < M

x + Tn+16_>‘7—)HIL’H.

An+1

Proof. In fact, we have from (2.7) and (2.8) for any A > 0
d?’L

L (Ve = /0 C(ComeMS (1),

dd:n[AL (A)2] = /O e MC(wdt — (—r) e TS(r)r.  m

The proof of the next Proposition is exactly the same as in Okazawa [11].
Proposition 2.11.  CD(G) is a core for G, i.e. Glcpe) = G-

Remark 2.12. An asymptotic C-resolvent L,(\) is compact for some A (and
then for any A large enough) iff S(-) is compact. Indeed, if S(-) is compact then
by (2.7) it follows that L,()\) is compact. Conversely, taking derivative of L. ()
in 7 and using the fact that S(-) is uniformly continuous in ¢ we have that S(-) is
compact as the uniform limit of compact operators.

3. GENERATION THEOREM

Let us denote by C*°((a, c0); X ) the set of functions which are infinitely many
times differentiable.

Definition 3.1. Let A be a closed linear operator in X. Leta € Rand 7 €
(0, 7). A family of operators {L-(\) : A > a} C B(X) is called the asymptotic
C-resolvent of A if the following conditions are satisfied:
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() L:()z € C®((a,00); X)  forany z € X,

(“) LT()\)LT(:U’) - LT(IU/)LT()\)?
(iii) L-(\)z € D(A)  forany z € X and

(3.1) (N = AL, Nz = Czx + Vy(\)a,
where V.(\) € C*((a, 0); X), and

d" n —AT
(3.2 | Vel £ MoAT™ 167

(iv) AL;(M)x = L.(A\)Az  forany z € D(A).

Theorem 3.2.  (Generation Theorem) Let A be a closed linear operator
in X. Then A is the complete infinitesimal generator of a local C-cosine family
{C(¢t) : |t| < T} on X iff

(i) D(A) is dense in X,

(ii) for any 7 € (0,T) there is the asymptotic C-resolvent L -(\) of operator A
such that

(3.3) | AL (Walll < M

with 0 <n/A <7, A >a, ne NU{0},

n!
Wﬂxﬂa reX,
(iii) CD(A) is a core for A.

Before proving this theorem, let us introduce the following notions:
FP o= (d/d\)"L,(Ne,  GYa = (d/d)\)" [ALT(A):):]
Lamma 3.3. Let A be a closed linear operator in X satisfying conditions (i)
and (ii) in Theorem 3.2. Then the following hold:

(3.4) AFY +nF{ ' =GY

(3.5) AGh , +nGhTH = AFL + VM (),
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)\n 1 )\n—f—l dn— 1
(3.6) |
n

) = e e L) < M

with 0 <n/XA <7,A>a,ne NU{0}.

Proof.  Differentiating n times both sides of (3.1) in A we have (3.5). We
prove (3.6) by induction with respect to n. In the case of n = 1 estimate (3.6) is
clear from (3.3). Assume that (3.6) is valid for n < k — 2. By (3.4) we have

k1 - Y k-1 \F ke

A k-1,
(3.7) e 7= O kEo(k—1) A7
Hence we have for n =k — 1

)\+1 1 k-1

15 s () M = M .

Lemma 3.4. Let A be as in Lemma 3.3. Then the following hold:

(3.8) Cz € D(A) and ACx = CAx  for x € D(A);
(3.9) L;(A\)Cx=CL:(N)x forz e X and A > 0;
(3.10) Jim g)\”HFj\lTx =0 forany n € N;
—o0 N! ’
. (_1)n n+1,n
(3.11) lim ——\"""GY .« =Cz foranyn e N.
A—oo Nl T

Proof. Let us prove first (3.8) and (3.9). By (3.1) and (3.2) we obtain that
(3.12) [IN2Lr(Nz—Ca|| <[ Ly (M) Az [+ V- (V)| < < 5 | Az +M-ATe? |12
for 2 € D(A) and A > max(a, ). Hence hm,\_,oo ML, (Nz = Cx forz € D(A).
Since ||A\2L.(\)]| < M, for A > max(a, ) and D(A) is dense in X, one gets

(3.13) Jim ML, (Nz = Cx forany = € X.

By definition we have A()\QLT()\):):) = A2L,(\)Ax for z € D(A). Hence we see
from (3.12) and the closedness of A that (3.8) holds. In the same way (3.9) follows
from (ii) of Definition 3.1 and (3.13). We are going to prove (3.10) and (3.11) by
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induction. Since D(A) is dense in X, we obtain (3.10) and (3.11) in the case of
n = 0. Assume that (3.10) and (3.11) are valid for n < k& — 1. By (3.5) we have

(_kll)k)\k+1Gl>€\,Tx = ((k)l) )\kG]; 7'1

(3.14)

+ GENAFE o+ GV (V).

The first term on the right hand side is converges to Cx as A\ — oo by the induction
hypotheses. From (3.6) for z € D(A) we have

1)FAk k+1
1 B ) < 3,208 ) < b 41/l 0

From (3.2) one obtains

)\k—l—l,]_k—f—l
k!

Therefore the second and third terms in (3.14) converge to 0 as A — oo. Since
D(A) is dense in X and (3.3) is valid, (3.11) is true for any =z € X.
Next, (3.4) yields

DXy el < 2.

(D" i DM (DR

TA FY o= = 1)!)\ N+ TA G

The first term on the right-hand side is convergent to 0 by the induction hypotheses
and moreover, from (3.3) it follows that

RN ol < M .

Hence (3.10) is valid. [ |

Proof of Theorem 3.2.  Noting that n < A7 the “only if” part follows from
Propositions 2.9, 2.10 and 2.11. We are going to prove ”if” part. The prove is
divided into several steps. The general idea is the same as in Takenaka-Okazawa
and Tanaka-Okazawa [13,16].

Step 1. Fix 7 € (0,T) arbitrarily. Then define C,, ,(-) by putting

(_1)n—1 dn—l ‘
" L X
(D1 T [A T(A)x} renget TS

(315)  Ch,(tx =

where 0 < ¢t = n/A < 7. We will prove that A is the complete infinitesimal
generator of the local C-cosine family C(-) on X given by

C(t)x = lim C, ,(t)z forany t € [0, 7).
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Define also
—1)"
(3.16) Spr(t)z = ( ') (n/t)”“Fj]/th for 0 <t <,
n:
1 n+1
(3.17) Whr(t)z = ((n i 0 (n /t)”“GZ}Ltl for 0<t <.

For t = 0, we set C,, (0)x = W), -(0)z = Cz and S, -(0)xz = 0. By virtue of
Lemma 3.4, we get limy_,o4 Cy - (t)x = Cp - (0)z, limy_o4 Sy (t)z = Sy - (0)x
and limy_.o4 Wy, -(t)x = W, .(0)x, respectively. Therefore C, ;(-), Sn-(-) and
W,,.-(-) are strongly continuous on [0, 7] and for 0 < ¢ < 7 we have

(3.18) |Cor (B < M,
1

(3.19) IS (8)] < M, ",

(3.20) [Wor (8)] < M.

Differentiating C,, - (-)z, and Sy, -(-)z in ¢ we see from (3.5) and (3.4) that for any
x € D(A)

(3.21) %C”’T(t)x - (_nl!)n(”/t)nﬂ[ nGa+ (n/H)G ), .

=AS, -(t)x + P, - (t)x = Sp - (t) Az + P, - (1),
where P, ,(t)z = S (n/t) 1V (n/t)a and

d _ (=Dt 1)
%Snﬂ'(t)x - n(n+ 1)'

(3.22) (n/H)" 2G5 — nTHWm(t):r.

TL/tT

Moreover, the following equality holds:
(-1
(n+1)!

+(_n¥(”/t)”[(n/t) e+ G }

Wir ()2 — Cpr(t)a = (n /1)1 [(n/t)GnH T+ (n+ 1), }

n/t,T

:ﬂ(n/t)”“AF”H +Las (t)x+Qn-(t)x
(n+1)' TL/tT n n,T n,T Y

where Q, - (t)r = T (n/0m VI (/) S5 (n/ty VI (n )z, We
have

1P (@)l < Z 25Ty o]
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and
1 nT 1 nT
nT - nT -,
o < MT n—+2 t P \n+1 t
|Qn ()l < Me sy () —(ED)te ¢l
1 nTt "lT
< oM, — 2o
< M () e
forn >0andt € (0, RLHT]. Therefore we have by (3.6) and (3.2)
2n+3
[War (B2 = Cor (2] < My (54 | Aa]
(3.23) +2MT(n+1)!( ) e

22 3 1 nr nr
<1+ —)M,||A oM, ——— 2=
< S (U g My [ Aa] +2Mr s (50 Il
forO0<t<r.

Step 2. To prove that C,, -(t)z and S,, - (t)x converge as n — oo we are going
to show that C,, ()« is the Cauchy sequence. Let e > 0 and = € D(A). It follows
from (3.21) and (3.22) that

Crnr(€)Cpr(t —€)x — Cpy 2 (t — €)Cp r(€)x
+Sm - (€)Snr(t —€)Ax — Sy +(t — €) Sy - (€) Ax

t—e d t—e d
- / T-[Com 7 (t = 5)Cn 7 (s)2]ds + / 75 Om,r(t = 5)Snr(s)2] Awds

_/:‘E[CM §) A+ ()2 — Sy (t — 5)ACy 1 (s)2

o (t = 8) P (8)2 = P (t = )Cr ()2 ds

t—e 1 1
+/ [”Z Somr(t — 8) AW (5 )x—%WmT(t—s)Asm() ds.

Letting ¢ — 0 we obtain that
Ch, 7(t)Cx — Cpy +(t)Cx

/ S ( Wi (8) — Cm(s)} Axds

T /O [cm,Tu s>—wm,7<t—s>}sn,7<s>x4xds
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t 1 1
—I—/O [EvaT(t - S)qu—(S) - EWm,T(t - S)STL,T(S)} Axds

t
+/ |:Cm,7'(t - S)Pnﬂ'(s)x - Pmﬂ'(t - S)Cnﬂ'(s)x} ds.
0
We note that
t t d
/ (n7/s)"2e " /3ds = / ()" /s —(e/%)ds
0 0 ds

t 2t2
= (nT)”H/t”e_”T/t + n/ (nT/s)”He_”T/Sds < —(n7/t)”+2e_”7/t
0 T

because the estimate
(n,]_/s)n+le—n7'/s < (n,]_/t)n+le—n7'/t
for 0 <s <t <57 Let0 < < 7. Then for n,m > [a|7 it follows

(3.24)

1 1
sup [|Cp (1) C — Cry 7 (8)Cix|| < MZSY (= + —)[|A%2]|
0<t<p nm

1 1
+MZ B (— + —) || x|

n m
e e (e g
(n+1)!"p (m+ 1" B
2

207 (L T ynr2 —nr/s | L (M ymt2 e/

F2M2 5 ()2 g (e

for z € D(A?). We know that

)n+2e—n7'/,8 +

3
csa2 (
-

(3.25) U = i(%

— =0
m)

)m+2e—m7'/,8

as m — oo, because

lim 2 = fim Zem/B(1 4 1 /m)m? = %61—7//@ <1

if 3 < 7. So from (3.24) it follows that for = € CD(A?) and for ¢ € [0, 7), the
function C,, - (t)z converges as n — oo and the convergence is uniform on every
bounded subinterval of [0, 7). Since CD(A) is a core of A one has CD(A?) is
dense in X and it follows from (3.18), (3.24) and the continuity of C,, () att =0
that lim,, o, Cp - (t)x = C-(t)x for z € X and t € [0, 7). The convergence is
uniform on every bounded subinterval of [0, 7). Therefore the function C.(-)z is
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continuous on [0, 7) for any « € X. Moreover, we see from (3.23) that W, -(-)z
converges too. Since

t
1
Sm(t):):—/ nt W (8)xds,
0 n

then S,, -(¢)x also converges uniformly on every bounded subinterval of [0, 7).

Step 3. For z € X we define
Cr(t)xr = lim C, -(t)x = lim W, -(t)z,
t
Sr(t)r = lim S, -(t)z = lim Ch.r(8)xds

n—oo n—oo 0

for t € [0, 7). We can extend C(t)z and S (t)z for —7 < ¢t < 0 as follows. For
t >0 weput C (—t) = Cr(t)x and S;(—t) = —S;(t)x. We denote the extensions
again by C-(-) and S-(-). Then C-(-)z and S;(-)z satisfy

1G] < Mr|lzll, [[S7(t)z] < Mc[t][l«]]  forany |¢| <.

From (3.21) and (3.22) we have

Crr(t)=Czx+ /Ot [SW(S)A:): + anT(s):):} ds

1 t U t
=Czx + nt / / Wi+ (s)Azxdsdu + / P, (s)xds
n 0o Jo 0
1 t t
=Cz+ n j; / (t —s)Wyr(s)Axds + / P, +(s)xds.
0 0

Passing to the limit as n — oo, we have
t
(3.26) Cr(t)x =Cz + / (t — s)Cr(s)Axds.
0

Therefore we infer that C(¢)x is twice continuously differentiable in ¢ for x €
D(A). Noting that AC), -(s)z = C, -(s)Ax for x € D(A) and A is closed, we see
that

(3.27) Cr(t)xr € D(A) and AC.(t)x = C-(t)Ax
for x € D(A) and |t| < 7. Moreover we obtain

d d?

(3.28) %CT(t):): = S:(t) Az, ECT(t):): = AC;(t)x = Cr(t) Az
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for x € D(A) and we have
t
(3.29) S.(t)z € D(A) and A / S (s)zds = Cr(t)z — C
0

for x € X. Hence we have
(3.30) Cr(0)z = Cx for x € X and CL(0)z = AS-(0)z =0
for z € D(A).
Step 4. We are going to show that
[Cr(t + 5) + Cr(t — $)|C = 20+ ()Cr(s)

for any t,s,t £ s € (—7, 7). Noting that CC; (t)z = C;(t)Cx, we set

vr(t) = [Cr(t + s) + Cr(t — s)]Cx — 2C;(t)Cr(s)x
for x € D(A). We see that v (t) € D(A) for x € D(A) and v,.(0) = 0,v.(0) =

CL(s)Cx+CL(—s)Cx = 0and v/ (t) = Av,(t). Now, integrating by parts one gets
from one side

[ acue=syuntsiis = [ ctte—spons = [ crte— oo

and from other side

t t t
/ Co(t — ) Avs (s)ds — / i (t — s)o! (s)ds = C'(£) + / C(t — s)ol.(s)ds.
0 0 0

Therefore, Cvl.(s) = 0 for |s| < 7 and Cv,(-) must be constant. But v,-(0) = 0
and hence Cv,(t) = 0 for any |t| < 7. Since C is injective, v.(t) = 0 for any
|t| < 7. From the density of D(A) we have

Cr(t+ 8)Cx 4+ C-(t — 5)Cx = 20, (t)Cr(s)x
for x € X, and, moreover, C.(-) is strongly continuous in (—7, 7).

Step 5. We shall define a local C-cosine family and prove that A is the
complete infinitesimal generator of this local C-cosine family. We define C(t)x =
Cr(t)x for |t| < 7,7 € (0,T7) and =z € X. Then C(-) is well-defined and it is
clearly a local C-cosine family. Indeed, by (3.27) and (3.28) we have that

() [Cnt = )Cry(3) + 51, (0 — )50, () A
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=-S5t —5)AC.,(s)x + Cr (t — s)AS,,(s)z
—Cr (t —8)Sr,(s)Ax + Sy (t — s)Cry(s)Ax =0

for z € X and for any t,s,t £ s € (—min(m,m2), min(ri,m2)). Therefore if
71 < T2, then Cp, (t)z = C,,(t)z for |t| < 7 and = € X. This implies that C(-) is
well-defined.

Now, let 7 < T and Gq be the infinitesimal generator of C(-). We are going
to prove that the operator A is the complete infinitesimal generator of C(-), that is
G = A. To thisend, let z € CD(A) and x = Cy for some y € D(A). Then by
(3.26) and (3.27)

2 2

(C Ic(h) =z — Az = —(C(h) Cy — Ax

//C YAy duds — Ax = — // u)Ay — Az) duds.

Therefore we have

7€) — ) — A < sup [Clu) Ay — A

This implies as h — 0 that Gox = CAy = Ax from (3.8). Thus x € D(Gy)
and Gor = Az, which means that A|cpa) = Golcpay € G. Therefore A C G
because of Theorem 3.2 (iii). Conversely, to prove that G C A, let x € D(G).
Then there exists a sequence {x,,} in D(G) such that z,, — z and Gox,, — Gz as
n — oo. Since z, € D(Gy) C R(C), we have by (3.9) that L, (\)z,, € R(C) and

2 2
h? h?

as h — 0. Thus we see that L. (\)x, € D(Go) and GoL,(N)xy, = L (A)Goxy,.
Letting n — oo in the above equality yields that L. (\)z € D(G) and

(c 1C(h)L (A)xn—LT(A)xn> = L.(\) = (C1C(h) — I)zn — L-(\)Gon

(3.31) GL;(N)z = L.(\)Gx for z € D(G).

But since L.(A)x € D(A) for z € X (by (3.1)) and A C G it follows that
AL;(X)z = L;(\)Gx for z € D(G). Combining this with (2.10) we have that

NL,( NGz = GINL,(N)z) = ANL.(\)x)

for x € D(G). Since A is closed, (3.13) implies that Cx € D(A) and ACx =
CGx = GOz for x € D(G). This means that G|cpe) = Alepe) € A. Since
CD(Q) is a core for G, we obtain G C A. [
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4, LocAL INTEGRATED COSINE FAMILIES

In this section we introduce integrated cosine family and clarify the relationship
of local integrated cosine families with local C-cosine families and the abstract
Cauchy problem ACP.

Definition 4.1. Letn > 1 and T € (0,00]. A family of operators {U(¢) :
|t| < T} in B(X) is called a local n-times integrated (nondegenerate) cosine
family on X if

(4.1) U(-)x: (=T,T) — X is continuous for any z € X;
t+s
W)U (s)z = ﬁ [ /t (t+ 5 — )" LU (r)adr
s B (_1)n t—s —
(4.2) —/0 (t+s—r) lU(r):):dr}—l—(n_l)![/t (t—s—r)"" U (r)zdr

—/ (t—s—r)”_lU(r):):dr}
0
for |t],|s|, |t + s|, |t — s| < T and U(0) = 0;
(4.3) U(t)xr =0fort e (—-T,T) impliesz = 0.
The Definition 4.1 is slightly different from the definitions introduced by Tingwen

[17] and Li-Shaw [8,12]. By (4.2) we have U(t)U(—s)xz = (—1)"U(t)U(s)z.
Moreover, we obtain

/:_t(s—t—r)”_lU(r):):dr — /O_t(s—t—r)”_lU(r)dr

(-1 /t_s(t—s—r)”_lU(—r):):dr _(—1ym /Ot(t—s—r)”_lU(—r):):dr

—S

_ /t T s U () — /0 s U ()

This means that U(¢)U(s)z = U(s)U(t)x. The local C-sine family satisfies (4.2)
with n = 1.

Let us denote C"(6) = {z € X : U(-)x : (—9,9) — X is n-times continuously
differentiable}.

Lemma 4.2. Let U(-) be a local n-times integrated cosine family, |t| < T
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and z € C*(6) (1 <k <n—1and§ > 0). Then the following hold:

2U (H)U®) (s)z

1

t+s
= CECESY)] [/t (t4s— )" * U (r)adr

— /S(t +5— r)”_k_lU(r):):dr}
0

(4.4) (—)k o
+(n—(k+1))![/t (t=s=r)" U lr)adr

— /_S(t—s—r)”_k_lU(r)xdr}
0

tn—i

k
_ Z ) (U(k—z‘)(s)x + (_1)n—kU(k_i)(_8)x>
i=1 :

for |s| < min(0,T — |t]);
(4.5) Ut) U™ (0)z = 0 and hence U™ (0)z = 0.
Proof. Let |t| € (0,T) and = € C'(§). Then taking derivative of (4.2) in

s one gets (4.4) with & = 1. In the same way one can prove that (4.5) holds for
k = 1. Therefore the conclusion can be proved by induction with respectto k. m

Lemma 4.3. Let U(-) be a local n-times integrated cosine family, |t| < T
and x € C™(d) (6 > 0). Then the following hold:
WU (s)x =U(t+s)x+ Ut — s)x

(4.6) ¢k

S (e 0 e
k=1 ’

for |s| < min(0,T — |t]);

U)U™(0)z = U(t)z and hence U™ (0)z = =.

Proof. For k =n—1 we have n — k — 1 = 0, so the conclusion follows from
(4.4).

Lemma 44. Let|t| < T and 2 € C*) (1 < k < nand § > 0).
Then U(t)z € C*(min(5,T — |t|)) and U(t)U®) (s)z = UK (s)U(t)x for |s| <
min(6, T — |t]).
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The proof of the above lemma is similar to the proof of Lemma 4.4 of Tanaka-
Okazawa [16].

Lemma 4.5. (Travis-Webb [18].) Let u(:) : R — X be continuous function.
Then w(-) is twice continuously differentiable iff

lim % (e + h) — 2u(t) + u(t — 1))

exists uniformly on any compact subsets of R. If the limit exists uniformly on
compact subsets of R, then it equals to d?u(t)/dt>.

Definition 4.6.  The infinitesimal generator A, of a local n-times integrated
cosine family U(-) is defined as the limit:

(4.7) Apz = lim 2h2 (U™ (h)a — x)  for z € D(A)
with domain
D(4p) = n(8) : lim 2h2(UM™g — ists 1.
(Ag) ={ze |J C™) lim 252U — ) exists }

0<o<T

Proposition 4.7. Let Ao be the infinitesimal generator of local n-times
integrated cosine family U(-) on X. Then the following hold:

(4.8) U(t)xr € D(Ap) and AgU(t)x = U(t)Apx for |t| < T and z € D(Ay);

d2 tn—2
(49) @U(t)x = U(t)A()Qi‘ + mﬂ? for ‘t‘ <Tand xz € l)(z‘lo)7
the operator Ay is closable;
(4.10) if C"™(T') is dense in X, then D(Ag) is dense in X.

Proof. By the definition of A, there exists § € (0,T") such that x € C"(9)
and
Aoz = lim 2h2 (U™ (h)x — ).

Choose h such that |h| < min(o, T — |t|). Then we see by Lemma 4.4 that U (t)x €
Uo<s<rC™(0) and U™ (R)U (t)z = U(t)U™(h)z and hence for h — 0

2

= (U(”)(h)U(t) - U(t)):): - U(t)%(U(”)(h)x — &) — U(t) Aga.
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This means that (4.8) holds. Next we will show (4.9). We note that U(s)z =
(—=1)"U(—s)z and hence U %) (s)z = (=1)*U"F) (—s)z. Therefore, if k =
2m, then

UP=R) ($)z + UPF) (—g)z = 20 F)(s),

and if £ =2m — 1, then
UP=R) () + UMF) (—s)z = 0.
Moreover, we have by (4.6)

h12 (U(t +R) —2U(t) + U(t - h)):):

(4.11) = %(U(t)U(”)(h) - U(t))rr
_ Ny ﬂ (U(” 2K) (h)x — U™=2k) () )
2 (n —2Kk)! b ! A

where we use U2 (0)z = 0 for & < m and [n/2] = m. Noting that by Lemma
45 witht =0

2 _ n— n—

ﬁ(U(n 2) (h)z — U 2k)(0)x> — U242 ()
for 1 <k <mand z € C"(0). So as h — 0 we have the right hand side of (4.11)

tends to
n—2

t
(n)
U(t)Aox + (e 2)!U (0)z.
Hence (4.9) holds. To prove the next statement we twice integrate (4.9)
n t
(4.12) Ut)r = i + / (t —s)U(s)Apzds
0

for z € D(Ap) and |t| < T. Let {z1} be a sequence in D(Ay) such that z, — 0
and Agzr — y as k — oo. Putting £ — oo in (4.12) with z replaced by x, we see
that [} (t — s)U(s)yds = 0 for || < T and hence U(t)y = 0 for |t| < T. By (4.3)
we have y = 0. Finally, we will show that (4.10) holds. Let z € C™(T'). Then by
(4.5)
t
/ (t — UM (s)ads = UMD )z — UPD (0)g = U2 (1)z.

0

Using (4.4) with £ = n — 2 we have that for |s|, |t| < T'/2

st ¢
2U (s)U2)(t)z = / (t+s— r)U(’r):):d’r—/O (t+s—r)U(r)zdr

s—t —t
—t— _ _ (n—2i—2)
—I-/S (s—t—rU(r)xdr /0 (s—t—r)U(r)zdr—2 Z o —U (t)x,
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where [n/2] = m. Therefore, [;(t — s)U(s)zds € C"(T/2) and
(4.13)

t
U™ () / (t = U™ (s)zds = UMD (h+ 1)z — 2002 (g + U= (h — bz
0

for x € C™(T') and [t], |h| < T'/2. It follows that

(v /O (t — U™ ()ads — /0 (t— U (s)ads)
_ % (U024 t)e — 2002 (1) + U (1~ h)e)

1
—— (U(”_Q)(h):): + UMD (—p)g — 2U(”_2)(0):):> S UMtz —
as h — 0 because U™~ (t)z = U2 (—t)z. Thus [, (t—s)U™ (s)zds € D(Ao)
for z € C"(T) and [t| < T/2. Since z = limy_g 2 [, (t—s)U™ (s)ads, it follows

that C™(T") C D(Ayp), which prove (4.10). [ ]

5. THE ABSTRACT CAUCHY PROBLEM

Let A be a linear operator in a Banach space X, C as before, 7" € (0, oo] and
x,y € X. We consider the abstract Cauchy problem on (=7, T') in the form (ACP;
Tz,y):

d2
(E)u(t) = Au(t), |t| < T,u(0) = z,u'(0) = y.
A function u(-) is called a solution to (ACP; T,z,y) if
(a) wu(-) is twice continuously differentiable in ¢t € (=7, T), for any |t| < T,
(b) wu(t) € D(A) for any |t| < T and u(-) satisfies (ACP; T,z, ).
We denote also (ACP; T,z,y) with z,y € CD(A) as (ACP;T,CD(A)).

Definition 5.1.  The Cauchy problem (ACP;T,CD(A)) is said to be well-
posed if for every z, y € C'D(A) thereis a unique solution u(t; z, y) to (ACP; T, z,y)
such that ||u(t; z, )| < M(t)(||C~ x|+ ||C~ y||) for |[t| < T and z,y € CD(A),
where the function M (¢) is bounded on every compact subinterval of (—7°,7") and
independent of = and y.

Theorem 5.2.  (Huang-Huang [7].)Let A be a densely defined closed linear
operator in X satisfying

(i) Cx e D(A) and ACx = CAx for x € D(A),
(if) CD(A) is a core for A.
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Then the following are equivalent :

(1) The operator A is the complete infinitesimal generator of a local C-cosine
family C(-);
(I (ACP;T,CD(A)) is well-posed.

In this case u(t; z,y) = C~1C(t)z + C~'S(t)y, t € (=T, T), is a unigue solution
for every initial values z,y € CD(A).

In this section we investigate some properties of the complete infinitesimal gen-
erator of an n-times integrated local cosine family U(-) and consider the abstract
Cauchy problem ACP. Let us denote the resolvent set of operator A as p(A).

Definition 5.3.  The operator A = A is said to be the complete infinitesimal
generator of a local n-times integrated cosine family U(-).

Proposition 5.4.  Let A be the complete infinitesimal generator of a local
n-times integrated cosine family {U(¢) : |t| < T'} on X. Then the following hold:

(5.1)  U(t)xr € D(A) and U(t)Ax = AU (t)x for |t| < T and x € D(A);

n

(5.2) Ult)r = —x + /Ot(t —s)U(s)Azds for x € D(A) and |t| < T;

n:

If D(A) is dense in X, then [/(t — s)U(s)zds € D(A) and

n

(5.3) A /0 (b $)U(s)ads = U(t)z — Lo

forxz € X and |t| < T}

(5.4) If D(A)=X, then there is a real number w such that (w,00) C g(A);
(5.5) D(A) is dense in X iff C"(T) is dense in X.

Proof.  Proposition 4.7 deduces (5.1),(5.2) and (5.3). The assertion (5.4) can
be proved in the same way as in Tingwen [17, Proposition 2.2]. We show the only
if” part of (5.5). Since D(A) is dense in X by (5.4) one gets that p(A) # 0. If
A € p(A), then D(A) = R((A—A)~1) is dense in X, s0 D(A™) = R((A—A)™™)
is dense in X for m = 1,2, - -- . This implies that D(A["2"]) is dense in X. Using
this fact and (5.2) we see that C"(T)(> D(A"27))) is dense in X. The "if” part
of (5.5) follows from (4.10). ]
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Proposition 5.5 If A is complete infinitesimal generator of an n-times inte-
grated local cosine family U(-) and [(n 4 1)/2] = m, then (ACP; T, D(A™*1))
is well-posed in the following sense: for every x,y € D(A™T!) there is a unique
solution u(t; z,y) of ACP such that

[ult; 2, y) [ < M@)([[2]lm + [[yllm)

for |t| < T and =,y € D(A™T!), where M(t) is bounded function on every
compact subinterval of (—7',T) and ||z|| ., = >, | A%z for z € D(A™).

Proof. Let A be the complete infinitesimal generator of an n-times integrated
local cosine family U(-). Let kK € N with 1 < k < [n/2]. Then we have

tn—?’i

Ak f T D(A").
(n—20)] x for [t| < T and x € D(A")

k
(5.6) U (t)r =Ut) A+
=1

Indeed, it is easily get (5.6) for £ = 1. Assume that (5.6) holds for k = {. Then by
(5.2) and (5.6)

d2 tn—2i

n t !
UCRH2) () = (7) (HA%: + /O (t —s)U(s) A xds + Zl m/xl—ix)
_ 2 Al L gl I—i I+1
RCED :):—I-Zm/l z+U@)A ™
Bl 02 -

=2 oA e U@ AT
=1 ’

So (5.6) holds. Moreover, by (5.2) the same way

(2-1) k gn—2i+1 s ¢ i
U= (t)x = — A" U(s)A%xd
(t)x 2 =21 :):—I—/O (s)A%xds

for 1 < k < [n/2]. Now, let z,y € D(A"*1). Then if n = 2m

m—1 t2k‘
U™ () = (%),A% +U(t)A™,
k=0 )
(n—1) m—1 £2k+1 N t
Ur Dy =y ———A U(t)A™yd
=Y G+ | vOAmyas

k=0
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and if n = 2m — 1, then (5.6) and (5.7) give

t

U2ty = > ———Aky + Ut)A™ 1y,

(t)y 2 G y+U() y

(2m—1) e k ! m
U (t)yx = Az + [ U(s)AMzds
— (2k)! 0
Noting that

tn_l t tn_2
. "B = ——— A ") = U(t)A
(5.8) Utz (n_l)!x+/0 U Asds, U'(t)e = oo + V() As

for z,y € D(A™*!) with n = 2m one obtains

d? ) (¢ — k+1 +1
azl 0= ) T e U4
k=0 '
2 d m—1 t2k+1 t
—U(2m_1)(t)y _ —U(2m)(t)y _ 7Ak+1y + / U(S)Am+1yd8.
12 dt P (2k +1)! 0

In the case of n = 2m — 1, we also have

& om-1) d 172 (ST ' +1

“ m— _ m) A AT

dt2U (t)x pn kzo kT 1) :L’—I—/O U(s) xds,
& (o2 d  rem-1 = k+1
@U( m_)(t)y:EU( "D (t)y = m Hy+U1A

These imply that u(¢; x, y) is a solution of (ACP;T,z, y), where we denoted u(t; z, y) =
U™ (t)z + U™ (t)y. To check the uniqueness of solution to (ACP T:): ,y), let

v(t;z,y) be any solution of (ACP; Tx,y). We set W (¢ fo s)xds for
z,y € D(A™1) and |t| < T. Then by (5.2) we have

d

- [U(t — s)u(s;a,y) + W(t — s)v/(s; y)}

= —U'(t—s)v(s;z,y)+U (t—s)v'(s; 2, y)—U(t—8)v'(s; 2, y)+ W (t—s)v" (s; 2, 9),
and using (5.8) one obtains

%[U(t —s)u(s;x,y) + W(t —s)v'(s;2,y)| = —

(t—s)n 1

W’U(s;x,y)
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for |t], |s|, |t — s|, |t + s| < T. Integrating this from 0 to ¢ yields that

Ut)x + W(t)y = /t M’U(S' x,y)ds
x Yy = 0 (n _ 1)' 3L, Y .
Now, taking n derivatives we get u(t; z,y) = v(t; x, y) for [t| < T. ]

Remark 5.6. If n = 2m—1, then for z € D(A™*!) and y € D(A™) we have
a unique solution to ACP. The conclusion follows from the proof of Proposition 5.5.

Now we clarify the relationship between local C'-cosine family and an integrated
local cosine family. We set j,(¢) := %, t > 0.

Lemma5.7. Let C(-) be a local C-cosine family on X and let n € N. Define

(jn * C)(t) = /0 t /0 /0 Clta)adty ..y

forx € X and 0 < |t| < T. Then

Sl [ e e

2(jn * C) () (jin * C)(s) = CES

— /Os(s—l—t—r)”_l(jn * C)(r)C:Bdr)
(5.9)

+(?(z_—1 )171)! [/t _S(t_s_"”)n_l(jn + C)(r)Cadr

—/ (t—s—r)”_l(jn*C)(r)C:vdr}
0
for [t], |s|, [t —s|, [t + s| < T.

Proof. To prove (5.9) it suffices to show that
2(jn *CXt)jn * C)(5) = (jan * C)t+5)Cx+(—1)"(jan * C)(t — 5)C

n—1
(5.10) - ZO

i

45 ((an-i 2 ©(5)C + (1) (Gan-s * ©)(—5)C)

s+ (_,L.l!)n(_s)z (J2n—i ¥ C)()C

for |t|,|s|, |t — s|,|t +s| < T and x € X. Indeed, in the same way as in Tanaka-
Okazawa [16, Lemma 4.8] we have

(="
(n—1)!

[/ot_s(t—S—?”)”_l (jn * C)(r)Cadr — /Ot(t—S—"”)n_l(jn * C)(r)Cadr
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— /_S(t—s—r)”_l(jn * C)(r)C:Bdr}
0

= (fz_—l);)! [/0 _S(t—s—r)”_Q(jnH*C)(T)C:rdr—/o (t=5—1)""%(jp41%C) (r)Cxdr
—s —s n—1
- [ s s Qo] - (" i < O 0)C
n—1
—(—1)”ﬁ(jn+1 % C)(—s)Cl,

and also

t+s "
(n _ 1)! (/0 (S—Hf—'r)”_l(jn * C)(T’)C:Ud’r’ — /0 (3_|_t_,r)n—1(jn « C)(T’)C:Ud’r’
- / (st s C)(r)Cadr)
0
t+s
1 )! [/0 (t+5—71)""2(jns+1 x C)(r)Cadr

- (n—1

— /0 (t+5—1)""2(jpy1 * C)(r)Cadr

-5 —5 n—1
_/ (t+ 5 = 1) (jusa + C)(r) Cxdr _(_1)n( _) I (Jnt1 % C)(t)Cx
0 (n—1)!
n—1
_(_1)nﬁ(jn+1 * C)(—s)Cx.

Thus repeating the above equalities one more time, we get the right-hand side of
(5.10).

Now we will prove (5.10) by induction with respect to n. In the case of n =1,
changing variables a few times, we have

201+ QYO+ O = [ [ (Cte+mCa-+ (e~ m)Ca) g

_ /Ot ((jl «C)(€+35)Cx — (ji *C)(f—s)C:E)df

= (jo*x C)(t+ s)Cx — (jo * C)(t — 8)Cz — (j2 * C)(s)Cx + (j2 * C)(—s)Cx.

This means that (5.10) holds for n = 1. Assume that (5.10) holds for n = k. Then
by the induction hypothesis and by changing of variables we obtain that
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i1 * C) (1) (s * O)(s)z = /0 /0 (i * ©)(€) Uik * ) () dde

= | (Goksa =C)(E +5)C = Gk * CYEC = (<1 (s + (€ = 5)Ca

z+1 _|_ )k+1( s)z‘+1
(i+1)!

(=) (jags1 # C)(€)Ca )t — Z (jers1- % C) (1)

t’i-}—l

ey (Uare £ C)6) + (-1 (s O) (=) ) | O

Changing variables yields that

[ (Gaens = )€+ 900 + (0" s+ O = )
~(jaks1 * €)Y ()0 = (~1)* (jarsr  C)()C ) dg
= (jors2 *C)(t + 5)Cx + (—1)" ! (jopi2 x C)(t — 5)Ca
~((Gars2 % ©) ()0 + (~1)* (jaky2 * O)(~3)Cr)

(14 (=1)¥1) (G2 + ©)(€)C.

Noting that
k-1 gl k 8‘
Z j (20411 * C)( Z = (o) * C) (1) O,
we see that (5.10) holds for n = k + 1. [ |

Next lemma was proved in Tanaka-Miyadera [15, Lemma] in the first order case
in time, but the same result is valid in the second order case.

Lemma5.8. Let A be the complete infinitesimal generator of a local C-cosine
family C(-) with C = R(c; A)™ := (¢ —A)~™, where ¢ € p(A) and m is a positive

integer. Define
t rt tom—1
V, (t){l?—/ / / C(tQW)IL‘dtQm_l...dtl
0 Jo 0

for z € X and |t| < T. Then we have for m € N,z € X and [t| < T
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(i) Vin(t)x € B(X) and // )" 1Vm_1('r):):d'rds € D(A);

(i) (c—A)™Vp()z: ) — X is continuous;
(ifi) (¢~ A)"Viu(t) € < >and

(¢ = A)"Vin(t) = c(c — A" V(1)
—(c— A" Wi (8) + (22772 (2m — 2)!) (¢ — A)™1C.

Proof. By (2.4) we have A [} (t—s)C(s)zds = C(t)z —Ca and hence (i)-(iii)
hold for m = 1. The conclusion follows by induction with respect m. |

Theorem 5.9. Let A be a densely defined closed linear operator in X with
p(A) # 0 and m € N. Let ¢ € p(A),T € (0,00]. Then the following four
conditions are equivalent:

(i) A is the complete infinitesimal generator of an 2m-times integrated local
cosine family U (+);
(ii) A is the complete infinitesimal generator of a local C-cosine family C(-) with
C = R(c; A)™,
(iii) p(A) contains a half line {\ € R : A > w} for some w > 0, and for every
7 € (0,T) there exists a constant M. > 0, depending on 7, such that for
x € D(A™),
)\k dk—l
| (k — 1)l d\k—1
forO0<k/A<7T,A>wkeN,
(iv) (ACP;T, D(A™Y)) is well-posed.
In this case

(5.11) U(t){l? = (c — A)m /Ot /Ot1 /OtQm_1 C(t2m){l?dt2m_1...dt1

forx e X and |t| < T.

(AR(A2 ):):)H < M ||@]|m,

Proof. In view of Proposition 5.5 we see that (i) implies (iv). The step from
(iv) to (iii) was proved by Takenaka-Okazawa [14, Theorem 3.3]. To prove that
(iii) implies (ii) we can apply Theorem 3.2 with C' = R(c¢; A)™ and L.(\)z =
R(A% A)R(c; A)™x for z € X, \ > w and 7 € (0,T). To show that (ii) implies
(1), let A be the complete infinitesimal generator of a local C-cosine family C(-)
with C' = R(c; A)™. Define U(-) by

t t1 tom—1
Utz = (c— A" / / / Cltam)2dtom 1...dtx
0o JO 0
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for x € X. By Lemma 5.8 for z € X it follows that U(t)x is well-defined and
U(t) € B(X) for |t| < T. Moreover, U(-) satisfies (4.1) and (4.3). By (5.9) we
obtain that

2U(t)R(c; A)"U(s)R(c; A)"x

t+s
= m ( /t (t+s—r)>"LU(r)R(c; A)™Cxdr

_ /S(t + 5 — )™ U @) R(c A)mde’r>
0

_1\2m t—s

_ /_S(t — s — 7)™ U R(c; A)mder}.
0

This implies that U(-) is 2m-times integrated local cosine family. We will prove
that A is a complete infinitesimal generator of U(-). To this end, let 4, and
G be the operator defined by (4.7) and (2.1), respectively. Then A = G,. Let
x € D(Go) (C R(C)). Then by (5.11)

2 2
w2 (U(Qm)(h):): — :):) =72 (C c(h)x — :E) — Gox
as h — 0, since z € C*™(T) and U™ (h)z = (¢ — A)™C(h)z IC(h)x. It

Then by the definition of A, there exists 6 € (0,7) such that 2 € C*™(5) and
Aoz = limp_g —(U<2m>(h)g: - g:) Since by (5.11) C(h)a=R(c; A)™U™) (h)x
for z € C?™(§) and we see that

)
means that z € D(Ag) and Agz = Gox. Hence A = G C Ag. Next, Ietx € D(Ay).

)

)

2 (C(h)x — Cz) = Re; A)™

72 (U(Qm)(h):): — :):)

h2
for x € C?™(§) and the right-hand side tends to R(c; A)™Agx € R(C) as h — 0.
To prove Ay C A, let z € D(Ag). Then Cz € R(C) and %(C~'C(h)Cx —

C:):) = h% (C(h)z — Cx) . Hence we have GoCz = CAgx. Let z € D(Ap), then

ACx = CApzr and (¢ — A)Cx = cCx — CAgz = C(c — Ag)z. This implies
that Cox = (¢ — A)7!C(c — Ag)x. Hence x = C~!(c — A)71C(c — Ag)xr =
(c—A)~tC1C(c— Ag)x = (c— A)~L(c — Ag)x (because C(c — Ag)x € D(A™)
and (2.5)). This implies that Az = Agz and D(Ap) C D(A). m
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