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ON THE JENSEN’S EQUATION IN BANACH MODULES

Chun-Gil Park and Won-Gil Park

Abstract. We prove the Hyers-Ulam-Rassias stability of the Jensen’s equation
in Banach modules over a Banach algebra.

Let E; and E» be Banach spaces, and f : E; — E a mapping such that f(tx)
is continuous in t € R for each fixed X € E;. Assume that there exist constants
2> 0and p € [0;1) such that

[F(x+y) — F0) — T < 2(x[[° +[Iy[]P);

for all x;y € E1. Th.M. Rassias [7] showed that there exists a unique R-linear
mapping T : E; — E5 such that

[FO) —TX <

< X"

for all x € Ej.

The stability problems of functional equations have been investigated in several
papers ([2, 3, 4, 5]).

Throughout this paper, let B be a unital Banach algebra with norm |- |, R™ the
set of positive real numbers, and B the set of all elements of B having norm 1, and
let gB1 and g B3 be left Banach B-modules with norms || - || and || - ||, respectively.

We are going to prove the Hyers-Ulam-Rassias stability of the Jensen’s equation
in Banach modules over a Banach algebra.

Theorem 1. Let f : gB1 — gB> be a mapping for which there exists a function
" :gB1\ {0} x gB1 \ {0} — [0; c0) such that
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X
B(y) = 314" (3%3Xy) < o0;
k=0

—af(x) —af(y)||< "(x;y);

for all a € BiUR™ and all x;y € gB1 \ {0}. Then there exists a unique B-linear
mapping T : gB1 — gB> such that

3
ax + ay

|| 2F

£~ F(0) ~ TOI| < 5(B06 ) + B(-x;3);
for all x € gB1 \ {0}.

Proof. By [6, Theorem 1], it follows from the inequality of the statement for
a = 1 that there exists a unique additive mapping T : gB1 — gB> satisfying the
condition given in the statement.

By the assumption, for each a € B; UR™,

|2f(3"ax) — af (2-3"11x) —af(4-3"11x)| < =(2-3"ilx;4.3Nily);

for all x € gB1 \ {0}. Using the fact that for each a € B and each z € gB;
llaz|| < Kl|al - ||z|| for some K >0,

|f(3"ax) — af(3"x)|| = || F(38"ax) — %af(z L3nilyy - %af(4 3Nty
1 nijl 1 njl n
+5af(2-3"1x) + saf(4- 3"11x) —af (3|
< %'(2-3”i1x;4-3"”x)

+%K|a\ -[|2F(3"x) — F(2-3"ilx) — F(4 - 3"ilx)|

1+ K]a
< 171
- 2
forallae B; UR™ and all x € gB; \ {0}. So 3i"|f(3"ax) — af(3"x)|| — 0 as
n — oo forallae B UR™ and all x € gB; \ {0}. Hence

"(2-3"ilx; 4.3"ilx):

T(ax) = nIi!m13i”f(3”ax) = nIi!ngL3i”af(3”x) = aT (X);

for all a € By UR™ and all x € gB; \ {0}. Since T is additive, T(0) = 0 and
T(@0)=T(0) =0=a0=aT(0) for all a € By UR™. So T(ax) = aT(x) for all
ac By UR™ and all x € gB;. Thus

3 - 3 -

a a
T@x)=T \a\-wx = |a|T HX = aT (X);
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for all a € B\ {0} and all x € gB1. Note that T (0x) = T(0) = 0 = 0T (x) for all
X € gB1. So the unique additive mapping T : gB1 — gB> is a B-linear mapping,
as desired. [

Corollary 1. Let A:R* — R™ be a function such that @ <1and
A(ts) < A(DA(s);

for all t;s € R™. Let f : gB; — B2 be a mapping such that

3
ax + ay

12F —af(x) —af(y)|| < A(x|)) +AdlylD:;

for alla € BiUR™ and all x;y € gB1 \ {0}. Then there exists a unique B-linear
mapping T : gB1 — gB> such that

BA(IIx|[) + A([3xI]) .

for all x € gB1 \ {0}.

Proof. Let "(x;y) = A(||x||) +A(|ly||) for all x;y € gB1\ {0}. Then we get

X
BeGy)= 31" (3*%;3Yy)
kj:(o
= 3IKAI3*XI) + A(lI34yI):
k=0

<7 EDyk@qin + A

k=0

_ AN +AdlylD
= . %0 < o0,
R

for all x;y € gB1 \ {0}. It follows from Theorem 1 that there exists a unique
B-linear mapping T : gB1 — gB> such that

F(x) — F(0) — T(X)|| < 3A(Ix]]) + A(]13x]]) .

3-A®) '
for all x € gB1 \ {0}. ]
Corollary 2. Letp<1and f: gB; — gBy a mapping such that
5 -
ax +a
Jof L —af () - af(y)] < [IX]P + Iyl
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for all a € BiUR™ and all x;y € gB1\ {0}. Then there exists a unique B-linear
mapping T : gB1 — gB> such that

3+3°
_ _ < p.
[F(x) —F(0) —TX) < 3_3p|\X|\ ,
for all x € gB1 \ {0}.
Proof. Define A : R* — R* by A(t) = tP and apply Corollary 1. n

Theorem 2. Let B be a unital Banach x-algebra over C, and B the set of
positive elements of B having norm 1. Let f : gB1 — gB2 be a mapping for which
there exists a function * : gB;1 \ {0} x gB1 \ {0} — [0; c0) such that

X
B(x;y) =  3iK=(3Kx; 3Ky) < oo;
4=0

XTY af(x) —af(y)|| < "(xy);

l2f ==

for all a € B U{i} UR™ and all x;y € gB; \ {0}. Then there exists a unique
B-linear mapping T : gB1 — gBy satisfying the condition given in the statement
of Theorem 1.

Proof. By the same reasoning as the proof of Theorem 1, there exists a unique
additive mapping T : gB1 — gB2 such that

[£09 — F(0) ~ T < 3(806 —X) + B(-x;3);

for all x € gBy \ {0}. By the same method as the proof of Theorem 1, one can
show that

T(ax) = nIi!ngLSi"f(3"ax) = nIi!m13”‘af(3”x) = aT (X)

for alla € B U{i}UR™ and all x € gB1 \ {0}. So T(ax) = aT(x) for all
ac (BT \{0puU{i}and all x € gB;. For any element a € B, a = a; + iay,
where a; = 2% and a, = 22 are self-adjoint elements, furthermore, a =
ayt—ar i +iay*" —iayi, wherea; ™, a1, a,™", and a, T are positive elements (see
[1, Lemma 38.8]). Since T is additive, T(X) =T(X—y+y)=T(X—Yy)+T(y)
and T(x —y) =T(x) — T(y) for all x;y € gB1. So

T@x)=T(a1*x —arix+iay*x —iaxix)
=(a;" —af +iay" —iax1)T(x)

= aT (x);
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for all a € B and all x € gBj1. Hence there exists a unique B-linear mapping
T : gB1 — B2 such that

[F00 —F0) ~ TOI < 5B —X) + B(-x;3);
for all x € gB1 \ {0}. ]

Corollary 3. Let E; and E, be complex Banach spaces. Let f: E; — E» be
a mapping for which there exists a function * : E1 \ {0} x E1 \ {0} — [0; o0) such
that
X
Bixy) = 31K (3*x;3Ky) < o0;
3 k=0

l2f 2Z2=L 09— F @) < " 0ay);

for . € {i}UR™ and all x;y € E; \ {0}. Then there exists a unique C-linear
mapping T : E1 — E» such that

[F00 —F(0) ~ TGO < 3(B06 ) + B(-x;3);
for all x € E1 \ {0}.

Proof. Since C is a Banach algebra, the Banach spaces E; and E> are considered
as Banach modules over C. By Theorem 2, there exists a unique C-linear mapping
T : E; — Ej satisfying the condition given in the statement. [

Remark 1. Consider a unital Banach x-algebra B over C. In Corollary 1 and
Corollary 2, when a € By UR™ are replaced by a € B U {i} UR™, the results do
also hold.

Theorem 3. Let f : gB; — gB> be a mapping for which there exists a function
" :.gB; \ {O} X gB1 \ {O} — [O; OO) such that

Xk- ik ik
Bx;y) = 3TT(EVX;3'y) < o0
k=0

KT af(x) — af(y)| < "(xy):

l2f =

for alla € BiUR™ and all x;y € gB1 \ {0}. Then there exists a unique B-linear
mapping T : gB1 — gB> such that
3 3 -

2+ X

If6) ~FO -T <& Zi5)+ @ =
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for all x € gB1 \ {0}.

Proof. By [6, Theorem 6], it follows from the inequality of the statement for
a = 1 that there exists a unique additive mapping T : gB1 — gB> satisfying the
condition given in the statement.
By the assumption, for each a € B; UR™,
|2f(31"ax) —af(2-31"ilx) —af(4.-3iNilx)|| < "(2.3iNilx;4.3inily)

for all x € gB; \ {0}. Using the fact that for each a € B and each z € gB;
llaz|| < Kl|al - ||z|| for some K >0,

[F(3iMax) — af(3i"x)||= | f(3i"ax) — %af(Z S3iNily) %af(4_3inilx)

+%af(2 S3inilyy + %af(4 -3iniyy _af3iny)|

< %'(2-3‘”‘1X;4-3i”i1x)

1 . .- .
+5Ka|- 12F(31"x) — F(2-3iNilx) — F(4.3i1"ily))|
1+ K|
S N
- 2
foralla € B UR™ and all x € gB; \ {0}. So 3"||f(31"ax) —af(3i"x)|| — 0
asn — oo forallae By UR™ and all x € gB1 \ {0}. Hence

"(2-3iNilx;4.3iNily).

T(ax) = nIi!m1 3"f(3i"ax) = nIi!ngL 3"af(31"x) = aT (X);

foralla € B UR™ and all x € gB1 \ {0}. By the same reasoning as the proof of
Theorem 1, the unique additive mapping T : gB1 — gB> is a B-linear mapping,
as desired. ]

Corollary 4. Let A:R* — R* be a function such that @ > 1 and
A(ts) > A(DA(s);

for all t;s € R*. Let f : gB; — B be a mapping such that

3
ax + ay

12F —af(x) —af(y)ll < A(x|)) +AdlylD);

for all a € BiUR™ and all x;y € gB1 \ {0}. Then there exists a unique B-linear
mapping T : gB1 — gB> such that

3A(151D + A(IxI))
3

100~ F(©) ~ Te)| < =2

AR
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for all x € gB1 \ {0}.

Proof. Let "(x;y) = A(||x||) +A(|ly||) for all x;y € gB1\ {0}. Then we get

X
eix;y)= 3 @Tx3iky)
k=0

X
= 3%A(I3T*x|) + A(13 YD)

k=0
3 -~

“EUIXID + Ay

< —_—
k=0 A

_ A(|x1>+§<|y|> e

AR

for all x;y € gB1 \ {0}: It follows from Theorem 3 that there exists a unique
B-linear mapping T : gB1 — gB> such that
3A(IZ1D + A
1— 3
AQG)

for all x € gB1 \ {0}. ]

[FO) —F(O) - T <

Corollary 5. Letp>1and f: gB; — gB2 a mapping such that

3
ax + ay

|2F —af(x) —af(y)|| < |Ix|]P +[ly[[";

for alla € BiUR™ and all x;y € gB1 \ {0}. Then there exists a unique B-linear
mapping T : gB1 — gB2 such that

3F+3
_ _ < p-
for all x € gB;.
Proof. Define A : R* — R* by A(t) = t? and apply Corollary 4. n

Theorem 4. Let B be a unital Banach x-algebra over C. Let f: gB; — gB»>
be a mapping for which there exists a mapping * : gB1\ {0} xgB1\{0} — [0; c0)
such that

X
B(x;y) =  3K"3ikx;3iky) < o0;
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for all a € B U{i} UR* and all x;y € gB1 \ {0}. Then there exists a unique
B-linear mapping T : gB1 — By satisfying the condition given in the statement
of Theorem 3.

Proof. The proof is similar to the proof of Theorem 2. ]

Corollary 6. Let E; and E» be complex Banach spaces. Let f: E; — E» be
a mapping for which there exists a function * : E; \ {0} x E1\ {0} — [0; c0) such
that
X o
B(x;y) =  3K"3ikx;3iky) < o0;
k=0

—.F0) - TMI < T (%)

for . € {i} UR™ and all x;y € E; \ {0}. Then there exists a unique C-linear

5

mapping T : E; — E3 such that

3
|2f =

X+y
2

X

X —X —
[F0) —FO) ~ T < B(GGi =) + B(51%)
for all x € E; \ {0}.
Proof. The proof is similar to the proof of Corollary 3. [

Remark 2. Consider a unital Banach x-algebra B over C. In Corollary 4 and
Corollary 5, when a € By UR™ are replaced by a € B;” U {i} UR™, the results do
also hold.

Remark 3. If the inequalities

’2f3ax;-ay’ —af () - af(y)] < "(x;y)
in the statements are replaced by
5 .
l2f 2L —af () — F)ll < " 0cy)
then 3 -
lof ZZF _af(x) - fay)ll < " (xay);
28" T2y f@) - af )] < *@xy)
2F P o )] < (@)
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So
3 .
ax + ay
2

hence the results do also hold.

|2F —af(x) —af(y)| < "(x;ay) + " (ax;y) + " (ax; ay);

Remark 4. When the inequalities
3 o
ax+a .
TEH _af(x) - af(y)] < "(xy)

2
in the statements of Theorem 1 and Theorem 3 are replaced by

| 2F

Zamy + aMy
2

for nonnegative integers m and d, by similar methods to the proofs of Theorem 1 and

Theorem 3, one can show that there exist unique additive mappings T : gB1 — gBo,

satisfying the conditions given in the statements of Theorem 1 and Theorem 3, such

that

|2F —a%f(x) — af(y)|| < “(x;y)

T(@mx) = a’T (x)
for all ac€ By UR™ and all x € gB;.
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