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RIESZ TRANSFORMS ON Q-TYPE SPACES WITH APPLICATION TO
QUASI-GEOSTROPHIC EQUATION

Pengtao Li and Zhichun Zhai

Abstract. By an equivalent characterization of Morrey space associated with
the fractional heat semigroup, we establish a relation between the generalized
Q—type spaces and Morrey spaces. By this relation, in this paper, we prove the
boundedness of the singular integral operatoes on the Q-type spaces Qg(R"). As
an application, we get the well-posedness and regularity of the quasi-geostrophic
equation with initial data in Q% ~1(R").

1. INTRODUCTION

In this paper, we consider the boundedness of a class of singular integral operators
on the Q—type space Q2 (R™). Here QP (R") is a space defined as the set of all
measurable functions with

fw)l”
sup(l([ 2a n+26— 2//‘33_ ‘n+20¢ 2/8+2da:dy<00,

where o € (0,1), 5 € (1/2,1), the supremum is taken over all cubes I with the edge
length [(I) and the edges parallel to the coordinate axes in R™. This space is introduced
in [18] to study the well-posedness of the generalized Naiver-Stokes equations. For
B=1, QQ(R") coincides with the classical space Q,(R™) which is introduced in [13].
Furthermore, if a = 0, 3 = 1, Q5(R") = BMO(R™).

As a new space between W1 (R") and BMO(R"™), Q,(R") has been studied
extensively by many authors since 1990s. In 1995, on the unit disk ID in the complex
plane C, R. Aulaskari, J. Xiao and R. Zhao first introduced a class of Mébius invariant
analytic function spaces, Q,(D), p € (0,1) . The class @Q,(D), p € (0,1) can be
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seen as subspaces and subsets of BMOA and UBC on D. Since then, many studies
on Qp(DD) and their characterization have been done. We refer the readers to [1], [2],
[21] and [29] and the reference therein. In order to generalize Q,(D), p € (0,1) to
R", in [13], M. Essen, S. Janson, L. Peng and J. Xiao introduced a class of Q-type
spaces of several real variables, Q,(R™),« € (0,1). Later, in [12], G. Dafni and J.
Xiao established the Carleson measure characterization of Q,(R"), o € (0,1). For
more information of the spaces Q,(R™) and their application, we refer to [28], [12]
and [13]. For the generalization of Q,(R"™), we refer to [18] and [30].
It is easy to see that a function f(z) belongs to BMO(R™) if and only if

sup(I(1))~2" / / (&) — F) dady < oo.

1

It can be also proved that if & € (—00,0) and 3 = 1, Q5(R™) = BMO(R").
The similarity on the structure of QQ(R”) and BMO(R"™) shows that the two spaces
share some common properties. It is well-known that the singular integral operators T’
are bounded on the Hardy space H'(R"). By the duality, the boundedness of 7' on
BMO(R") is obvious. Owing to the relation between Q2 (R™) and BMO(R"), it is
natural to consider the boundedness of T on Q2 (R™) .

Unlike the case of Hardy space H'(R"), the boundedness of T' on the dual space
of Qg(R") is not clear. So we cannot follow the former method to get the boundedness
of T on Qg(R”). Alternatively, we apply an equivalent characterization of Qg(R”)
associated to the fractional heat semigroup e~ #(=2)” and establish a relation between
Q5(R") and some Morrey spaces Ly »(R™). For f =1 and « € (0, 1), such relation
was established by Z. Wu and C. Xie in [27]. In [28], J. Xiao gave another proof
which is based on the Carleson measure characterization of @, « € (0, 1) and Morrey
spaces. Hence our result can be seen as a generalization of those in [27] and [28]. By
this relation, the boundedness of T on QJ(R") can be deduced by that on Ly A(R™).
See Section 3.

As an application, we consider the well-posedness and regularity of the quasi-
geostrophic equations with initial data in Qg’_l(R”). In recent years, Q-type spaces
have been applied to the study of the fluid equations by several authors. For example,
in [28], J. Xiao introduced a new critical space Q,*(R"™) which is derivatives of
Qa(R™), a € (0,1) and got the well-posedness of Naiver-Stokes equations with initial
data in Q;'(R"). When a = 0, Q;'(R") = BMO~'(R"), his result generalized
the well-posedness obtained by Koch and Tataru in [17]. In [18], inspiring by [28]
and the scaling invariance, we introduced a new Q-type space Qg(R") with a > 0,
max{%, a} < B < 1 such that « + 3 —1 > 0. We proved the well-posedness and
regularity of the generalized Naiver-Stokes equations with some initial data in the space
Q% “Y(R™). For B = 1, our space Q2 ~*(R") becomes Q. 1(R™) in [28]. So our
result can be regarded as a generalization of those of [17] and [28].
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In Section 4, we consider the two-dimensional subcritical quasi-geostrophic dissi-
pative equations (DQG)s with small initial data in Qg’_l(R”),

90 + (—A)Pu+ (u-V)o =0 in R? x Ry, a > 0;
(1.1 u=VE(—A)"1/2;
0(0,z) = by in R?,

where 0 € (%, 1), the scalar 0 represent the potential temperature, and w« is the fluid
velocity.

The equations (DQG)g are important models in the atmosphere and ocean fluid
dynamics. It was proposed by P. Constantin and A. Majda, etc that the equations
(DQG)g can be regarded as low dimensional model equations for mathematical study
of singularity in smooth solutions of unforced incompressible three dimensional fluid
equations. See e.g. [10, 14, 15, 22, 23] and the references therein.

Owing to the importance in mathematical and geophysical fluid dynamics mentioned
above, the equations (DQG) 3 have been intensively studied. Some important progress
has been made. We refer the readers to [4, 5, 6, 7, 8, 11, 16, 25, 26] etc. for details.

In [19], F. Marchand and P. G. Lemarié-Rieusset get the well-posedness of the
solutions to the equation (DQG); with the initial data in BMO~!(R?). However,
because the space BMO~!(R?) is invariant under the scaling: ug x(z) = Aug(Az),
we see that under the fractional scaling associated to 0 < 5 < 1,

(1.2) Ox(t, x) = NP1\t Ax) and 6p \(z) = AP0y (Na),

the space BMO™! is not invariant.

The above observation implies that if we want to generalize the result in [19] to the
general case < 1, we should choose a new space X which satisfies the following
two properties. At first, the space X7 should be invariant under the scaling (1.2).
Secondly, BMO™! is a “special” case of X* for § = 1.

It is proved in [18] that the space ng -1 (R™) is exactly such a space. Therefore we
could apply the approach in [18] to the equations (DQG)g and get the well-posedness
and regularity of the solution to the equations (DQG)s with 3 > 1/2.

It should be pointed out that the scope of 3 in the equations (DQG) 3 is depended
upon the definition of Qg(R”). In [18], we proved that the parameters {c, (3} should
satisfy the condition: max{«, %} <B<land a< 8 witha+3—12>0. Itis easy
to see that 3 > %

In [24], the authors proved the global existence of the solutions of the subcriti-
cal quasi-geostrophic equations with small size initial data in the Besov norms paces
Béo_ 28,2 However our result cannot be deduced by the existence result in [24]. In
addition, by the method in [18], we consider the regularity of the solutions to the
equations (DQG)g.
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The organization of this paper is as follows. In Section 2 we state some preliminary
knowledge, notation and terminology that will be used throughout this paper. In Section
3 we consider the boundedness of a class of singular integral operators on Qg(R”). In
Section 4 we give a well-posedness of the equations (DQG)g with the initial data in

the spaces Q2 ' (R™).
2. PRELIMINARIES

In this paper the symbols C,7Z and N denote the sets of all complex numbers,
integers and natural numbers, respectively. For n € N, R™ is the n—dimensional
Euclidean space, with Euclidean norm denoted by |z| and the Lebesgue measure denoted
by dx. R:ﬁ“ is the upper half-space {(t,z) € ]R:ﬁ“ :t> 0,2 € R"} with Lebesgue
measure denoted by dtdzx.

A ball in R™ with center x and radius r will be denoted by B = B(x,r); its
Lebesgue measure is denoted by |B|. A cube in R™ will always mean a cube in R"
with sides parallel to the coordinate axes. The sidelength of a cube I will be denoted
by [(I). Similarly, its volume will be denoted by ||.

The symbol U < V means that there exists a positive constant C' such that U < CV.
U~V means U < V and V' < U. For convenience, the positive constants C' may
change from one line to another and usually depend on the dimension n, «, 3 and other
fixed parameters.

The characteristic function of a set A will be denoted by 14. For Q C R"”, the
space C§° (2) consists of all smooth functions with compact support in §2. The Schwartz
class of rapidly decreasing functions and its dual will be denoted by §(R") and 8'(R"),
respectively. For a function f € §(R™), f means the Fourier transform of f.

The generalized Q—type spaces Qg (R™) are introduce as a substitute of the classical
Qo (R™) under the fractional dilation: f(z) = A2’~1f(\z), 0 < 8 < 1. This space
is defined as follows.

Definition 2.1. Let —co < o and max{a, 1/2} < 8 < 1. Then f € Q4(R™) if
and only if

2
)20-n-+26-2 ()]
SUP(Z( o // ‘x_y‘n—i—Qa 2/8+2da:dy< 05

where the supremum is taken over all cubes I with the edge length (/) and the edges
parallel to the coordinate axes in R".

For 3 = 1 and o > —o0, the above space becomes (), (R"), which was introduced
by M. Essen, S. Janson, L. Peng and J. Xiao in [13]. In 2004, G. Dafni and J. Xiao
give the Carleson measure characterization of Qg(R") using a new type of tent spaces
in [12]. Following the same idea, in order to study the (), initial data problem for the
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generalized Naiver-Stokes equations, we consider the Carleson measure characterization
of Qg(R") in [18]. Precisely, we get the following result.
Let ¢(z) be a C* real-valued function on R”" satisfying the properties

2.1) ¢(z) € L'R™), [¢(x)| S (1+]a])~C+Y, (z)dz =0, ¢y(z) = t‘”qﬁ(%)-
Rn
In [18], we proved that Qg(R”) has the following Carleson measure characterization.
Theorem 2.2. ([18, p. 2462]). Given ¢ be a function satisfying the above condi-

tions (2.1). Let o > 0 and max{c,1/2} < f<1lwitha+—-1>0. f€ Qg(R”)
if and only if

sup r2a‘"+w—2/ / | * ¢uy) P25 dtdy < oo,
0 J|y—z|<r

z€R",re(0,00)

that is, dpi g0t 2) = |(f * ¢) ()| 72@FDdtdr isa 1 — 2(a+ B —1)/n—
Carleson measure.

The main tool for the Carleson measure characterization of Q) (R™) is the following
fractional tent spaces.

Definition 2.3. For @ > 0 and max{a,1/2} < f < 1witha+ 3 —1> 0, we
define 7,7 be the class of all Lebesgue measurable functions f on R:ﬁ“ with

1/2
B 1 9 dtdy

In order to define the dual of Tgi@, we need the following Tal’ —atoms.

Definition 2.4. For & > 0 and max{«,1/2} < f < 1 witha+3—-12>0, a
function a on R:ﬁ“ is said to be a Tal’ z—atom provided there exists a ball B C R"
such that a is supported in the tent 7'(B) and satisfies

dtdy 1
2

< .
/T(B) la(t, y)] fi—2(a—F+1) = |B[i—2(a+F—1)/n

We denote by dA7® 5 ;) the n— 2(a+ (8 — 1) dimensional Hausdorff capacity
of a set E' and refer to [12] for the details of the Hausdorff capacity. For x € R",
let I'(z) = {(y,t) € R%™ : |2 — y| < t} be the cone at z. Define the non-tangential

maximal function N (f) of a measurable function f on R:ﬁ“ by

N(f)(z):= sup )\f(y,t)\~

(y,t)el(x

The dual of Tgi@ 1s defined as follows.
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Definition 2.5. For @ > 0 and max{a,1/2} < 8 <1 witha+ [ —1 >0, the
space Tal’ 5 consists of all measurable functions f on ]R:ﬁ“ with

1/2
dtdx
. 2 —1
HJEHT(;[3 = lgf </R"+1 |f(z,t)["w (xaﬂm) < 00,
+

where the infimum is taken over all nonnegative Borel measurable functions w on R:ﬁ“
with

- NwdAfLO_Q(a+ﬁ_1) <1
and with the restriction that w is allowed to vanish only where f vanishes.

The above tent spaces and their dualities can be seen as the generalization of the
usual one. For 8 =1, T7% and Tal’ s coincide with 75 and T!, respectively which
are introduced in [12]. Foraa =0 and 8 = 1, Tgi@ becomes the classical tent space
T in [9].

Let ¢ satisfy the conditions (2.1). For a function F’ on R:ﬁ“, denote by 114 the
operator

o dt
(2.2) Iy(F) = ; F(-,t) * qﬁtT.
In [18], we proved that II; is a bounded and surjective operator from Tgi@ to Qg.

Theorem 2.6. ([18, Theorem 3.20]). Consider the operator 11, defined by (2.2).
The operator 114 is a bounded and surjective operator from T35 to Qg(R”). More
precisely, if F' € Tgi@ then the righthand side of the above integral converges to
a function f € QB(R™), ]fHQa S N Fllzee,, and any [ € Q%(R™) can be thus
represented. 7

3. BOUNDEDNESS OF THE SINGULAR INTEGRAL OPERATORSON (Q-TYPE SPACES Qg

In this section, we will prove a class of singular integral operators are bounded on
Q-type spaces Qg(R”). Our method is based on the characterizations of Qg(R”) and
the Morrey space Lo ) associated to the fractional heat semigroup e~t(=2)" " Before
we state the main results in this section, we give a relation between Qg(R”), a class of

conformally invariant Sobolev spaces and the fractional BM O type space BM OP (R™).

Definition 3.1. Let 3 € (1/2,1). Then f € BMOP(R") if and only if

sup (<z<f>>4ﬁ—4—2" [ [15)- f(y>\2dwdy) "

I
where the supremum is taken over all cubes I with the edge length (/) and the edges
parallel to the coordinate axes in R".
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In [28], J.Xiao proved that Q, (R™) is a space between the Sobolev space W17 (R?)
and BMO(R™). In this section we prove that a similar relation holds for Q5 (R™) and

BMOP(R™). For this purpose, we introduce a conformally invariant Sobolev space
C155(R™).

Definition 3.2. Let 3 € (1/2,1) and f € C}(R"). f € CI1S3(R") if

1/2
48—2—n
I llexs, = sup (m /\Vf 2dg;) < oo,

where the supremum is taken over all cubes I with the edge length (/) and the edges
parallel to the coordinate axes in R".

Theorem 3.3. Let n > 2 and max{a.1/2} < f<1witha+—1>0. If

Es(R") = {f e @) Ifle, = ( [ 195w 1) } ,

Eg(R™) C C1S5(R™) C QY(R™) € BMOP(R™).

then

Proof. If n > 2, by Holder’s inequality, we have for any cube I C R",

4p—2
/\Vf(w>\2da:§ (/\Vf@:)\zé—ildx) Y (et
I I

This implies Eg(R™) C CI1S5(R™).
Now we prove C1Sg(R"™) C Qg(R”). For a cube I C R"™, denote by ¢/ the cube
with volume being ¢"|I| and the center of I. For f € CIS3(R™), we have

F(z+9) = Fy)] < /0 IV £y + t2)] 2]t

Hence we can get

‘2 1/2
W= \"“0‘ oty
1/2
|f (@ )\) 1
dxdy
// \w—y\ |z — y|nt2e—28

1/2
<//|a: yl<valI/n <‘f(\a>3—y\( M) - _y‘w_n_hdxdy)

9 1/2
/ /me <\f(2+2‘/z‘— f(y>\) ‘Z‘w_n_mdzdy)

IN

IN
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1 2 1/2
_ // (/ \Vf(y—i—tz)\dt) |2 PA-n—2 gy
IJ)z|<y/n|I|Y/ ™ \JO
. 1/2
/ / / IV f(y+tz) 2" 2dzdy dt
0 I J|z|</n|I|Y/ ™
. 1/2
< / / / IV F(@)]2]225 7 2 dzde | dt.
o \Jarvmr Ja<umimm

IN

Because
/ ‘Z‘Qﬁ_Qa_ndZ < / ‘2‘2,8—204—16”
|z|<v/nlI|1/ " |z|<v/nlI|1/"
we have
‘2 1/2 1 1/2
da:dy) <C / / |V f(w)]? dw| dt
<// |z — ‘n+2a 2,8+2 0 ()]

= o)1=

1/2
/ |V f(w)2dw )
(1+v/m)1
1/2
20— n+2[3 2 ‘2
(1 [ )

1/2
2a—n+2[-2 B—a
< ST ( J >\2dw>
(1+v/m)I

1/2
sm“ﬂéﬁ""/ V()P |
(1+v/m)I

By Definition 2.1, we know that CIS3(R") C Qg(R”). This completes the proof of
Theorem 3.3. u

Hence we get

Recall that Morrey space £, »(R") is defined as follows.

1/p
G.1) ufucp,kzsup( >[5 fﬂpdw> < o0,
I

We see that if A\ = n, £, \(R") = BMO(R"™) by John-Nirenberg inequality. Owing
to BMO(R™) is a special case of Q,(R™), it is natural to ask if there exists a general
relation between £, x(R") and Q(R™). In [28], by a characterization of £, \(R")
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associated to the semigroup e *(—2), J. Xiao established such a relation. Precisely he
proved that for a € (0,1), Qu(R") = (=A)"2 Lo, 20 (R™).

Following Xiao’s idea in [28], we will prove that a similar result holds for the
space Qg(R”). At first we prove an equivalent characterization of Lo ,,_2~(R") via

—t(~A)8 —t(—A)P

the semigroup e . Here e

Fourier transform:

denotes the convolution operator defined by

TR f(6) = e flg).

Lemma 3.4. Given v € (0,1). Let f be a measurable complex-valued function on
R". Then f € L9 n—~(R™) if and only if

r
sup r2n / /
z€R”,re(0,00) 0 J|y—z|<r

Proof.  Take (vo)¢(x) = tVe (=2 (2, 0) with the Fourier symbol (mxf)
= t|¢]e=*’EI*" For a ball B = {y € R": |y — 2| < r}, the mean of f on 2B is
defined by fop = |2—£3|f23 f(z)dz . We split f into f = fi1 + fo + f3, where
fi=(f— fap)x2s, fa = (f — faB)X(2B)c and f3 = fap. Because

/(wo)t(ﬂf)dx = /tve_tw(_A)ﬂ(a:, 0)dx = 0,

2
Ve_tw(_A)ﬂf(y) tdydt < oo.

we have

Ve A £(y) = (o) x fy) = (o) * fily) + (o)e * faly)-

It is easy to see that

//‘1/10t*f1 Qdydt

2/\

| [ twons a2

1/2
:H (COSYACTES

Because (vg)1 = Ve ("2 we have J(¢0)1(z)dz = 1 and (1)1 belongs to the
Schwartz class S. Also the function

6t = ([ o Ak T) "

is a Littlewood-Paley g-function. So we can get

//‘wot*fl \Qdydt \f() fonl? dy

S " 27HfH£27n_27'

L?(dy)
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Now we estimate the term associated with f2(y). Because

(Wl folw)] = | [ 196y = 2) o) s

S [ |ewe 8 )| 1) - fonlds
R"\2B

t —
< / - \f(zzl f2B| i,
re\2B "L+ 7z —y[)n

where in the last inequality we have used the following estimate:

_t(—A)B 1 1
’Ve H=4) (a:,y)’§ — — )
P55 (L+ B[z — gy

Set By, = B(x,2%). For every (t,4) € (0,7) x B(x,r), we have 0 < ¢t < r and
|z —y| <r. If 2 € Biy1\Bg, we have |z — y| < |z — 2|/2 and

(W flo) 5 [ H7(:) = fonl .

re\2p (t + [z —z[)"

e 2k+1 n 1 1/2
S tz Eri>£j—1 <(2k+17’>n /2k+1B 17z = f2B‘2dZ)

k=1
L 1 ) 1/2
< ok (ok+1.\n J—
St ; ok <(2k+1r>n /2k+1B |f(2) = for+1p] dz)
— 1
+Z ok | fors1p — fZB‘]
k=1
=: (51 + Sa).

For 51, we have

(2k+1r>n—2'y 1

00 1/2
L 2
— - d
51 t; ok < @) (2R )2 /Z,MB £ (2) = fars15] Z)

o0
1 _
S tz QT’I"T ’YHfH»C2,n—2'y
k=1

S tr_l_’y HfH»C2,n—2'y °

For S5, we have

o

1

S2 < tz ok [‘f2B — faB| + -+ | forp — forrrl]-
k=1
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For any 5 with 2 < 5 <k, it is easy to see that

1
|foip — foirip| S W /2]’13 |f(2) = fai+rpldz

1 , 1/2
< — — fanpl?d
~ <‘2]B‘ 2]B‘f(z> f2-7+1B‘ Z)

S r_’nyH»C2,n—2'y °

Then we have
=1
S Sty gi b S sy S tr N Nl s -
k=1

Therefore, we can get

| [ e o) tagde s [ [ @2z, dae
0 JB 0 JB

r
<12, . 2B /0 bt
S rn_2’nyH,2627n_2’y'

For the converse, let S(I) = {(t,z) € R, 0 <t < I(I),x € I'} if f such that

2 dydt

supli(D " [ e W)

1

2
= sup[l([)]%_”/ ’Ve_tw(_A)ﬂf(y)’ tdydt < oo.
I S(1)

Denote dydt

W, F(@) = [ F(to)Wonte =)™

We will prove that if

1/2
) dydt
HFHCWZSUP<U(I)]27 / \F(t,W—i) < o0,
I S(I)

then for any cube J C R"”,

/J\H%F(w) — (g F)s* de < U™ FIE,.

2117

For this purpose, we split F into F' = I + Fy = F' |g25) +F [gn+1\5(2.7) and get



2118 Pengtao Li and Zhichun Zhai

/J ML P (2) P dir < /J Ty Fy () da

dydt
< [ IreR
5(2J)
S MO PR,

~

Now we estimate the term associated with F,. We have

/J\H%Fl(a:)\Qda: :/J
</ ( I @)dx
IE

Because (1), satisfies the estimate

2
dzx

/RW (Yo)i(z — y) Falt, y)t~" dydt

dydt
/ ol — 1ot 9)| 22 )
=17 SEFTTI\S(2kT)

t
_ <
‘(Z/JO)t(x y)‘ ~ tn+1(1 + t—l‘x _ yDn—}—l’

we have

2
t dydt
11 F d < — | F5(¢ d
/‘ wh @) da < S(ak+1 NSk [t 2R )T Tl y) = ) !

2
< > @k ()~ / \Fg(t,y)\dydt> dx
S(2F+1I\S(2%)

S IIFIE, L=
Therefore, we get

[ 1M P@) = P fde < [ M P da

S [ B Rde+ [, F)ds
J J
S ¥, 11>

Because di

M, P () = [ (o= (o) 15
by Calderén’s reproducing formula, we have Il F(z) = f(x), that is, f(z) =

Iy, F'(z) € Lon—2,. This completes the proof of Lemma 3.4. n

0
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Theorem 3.5. For a > 0, max{«, %} <B<1lwitha+p—12>0, we have

(a—B+1)

QUR") = (=A)""2 L n—2(a+—1) (R™).

Proof.  For f € Ly n_s(atp-1), let F(t,y) = to‘_ﬁ“tVe_tw(_A)ﬁf(y). By
Lemma 3.4, we have

" dydt
2(a+,8—1)—n/ / ‘F(t >‘2 Y
r Y
y—o|<r A+2(a—B+1)

2(a+8- a—f+10 —t28(—A o dydt
< 2 / / e S

< 7,,2(064—,6 / / ‘tv _t2:5( A ( >‘2dydt
ly—z|<r

S HfH»C2, n—2(a+pB-1)"

This implies I € T7%. By Theorem 2.6, Ily, is bounded from 77 to Qg(R”).
Therefore we have
1£llp = T Fllgs < 1 Flzss,

Because F(t, &) = t*02|¢|e 71677 F(£), we have

TP = [ P OGO T
dt

- T a2l el e S
0
= i) [ et
0

Set 127 = s and |¢|*%s = u. We can get
M@ = [+ @‘25'5'”8%‘1dsf<f>m2
Fole? [ gl

= Flo)lePlg|tompra2n= / gy,
0

e du

—B4+3
Because 3 < # < 1and 0 < a < f3, the integral Jo u o “le=2ugy < 0o, We

denote it by C,, g and get

M F(€) = Capf(€)[€] 75+,
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By the inverse Fourier transform, we have

B+1

My, F(2) = Cas(=A)""2 f(a).

Conversely, suppose g € QO(R™). Set G(t,y) = t: (@ AT 27 5(1) We
have, by the equivalent characterization of QQ(R") (see [18] for details),

1/2
_1)— 9 (a— _28(_ 2 dydt
7)12(a+5-1) n/ ’ 1—-2(a—fB+1) 28 (—A)8 ’ ayar
<[l( )] s t Ve 9| —

1/2
_ 2(a+B-1)—n —{28(_A)B ’2 dydt
<[Z(I>] /S(]) ’tV€ g(y) 7t1+2(a—,8+1)

S HgHQg(Rn)u

that is, G(t,y) € Cayp—1. By Lemma 3.4, we have I1,G(t,y) € Lo pn—2(at8-1)-
Hence we get

F(©) = Ty G(1,€)
- / gt IR () gt e 2
0

t
= Caple|" T 5(¢)

—_—
a—p3+1

= Cap((=8)"29)(&)-
Then f(z) = Co 3(—A) gt g. This completes the proof of this theorem. n

Based on the above theorem, we can deduce the boundedness of the convolution
singular integral operators on Qg(R") directly and state this result as the following
theorem.

Theorem 3.6. Let T be a singular operator defined by

Tf(x)= - K(z —y)f(y)dy,

where the kernel K (x) satisfies
07K ()] < Ayl (v > 0).
Or equivalently, let f}(f) = m(f)f(f) where the symbol m(§) satisfies
[0fm(&)| < Ayl€l™"

for all ~y. Suppose a > 0, max{«, %} <fB<lwitha+0B8—-12>0. We have T is
bounded on the Q—type spaces Qg(R”).
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Proof. It is well-known that the singular integral operator 7' is bounded on

the Morrey space L n_g(a+@_1)(R”). Moreover as a convolution operator, 7' can

_ _ (a=p41)
commutate with the fractional Laplace operator (—A)~ o By Theorem 3.5, we

complete the proof of this theorem. ]

Specially, taking ' = R;, j = 1,2,---,n as the Riesz transforms, we have the
following corollary.

Corollary 3.7. Suppose o > 0, maxa,% <pB<lwitha+p—-12>0 For
j=1,2,...,n, the Riesz transforms R; = 0;(—A)~"/2 are bounded on the Q—type
spaces Q5 (R™).

Remark 3.8. There exists another method to prove Theorem 3.6. In fact we can
get the boundedness of 1" on Qg(R”) directly by its characterization associated to
e~t(=2)° n Section 4, this method can be applied to study the well-posedness of the
equations (DQG)g with the initial data in QY (R™). See Lemma 4.5.

4. WELL-POSEDNESS AND REGULARITY OF QUASI-GEOSTROPHIC EQUATION

In this section, we study the well-posedness and regularity of quasi-geostrophic
equation with initial data in the space Q4 (R2). We introduce the definition of X/ (R™).

Definition 4.1. The space x5 (R™) consists of the functions which are locally

integrable on (0, 00) x R? such that sup t1-2 £ (¢, )| 0.1 <oo and
t>0 o

28
o [T dydt
w2 [ R ) R )G <o
y—xo|<T

z€R2Z, r>0 o

where R;, j = 1,2 denote the Riesz transforms in R2.

For the quasi-geostrophic dissipative equations

@) { 840 = —(—A)° + 0,(0R,0) — 02(6R,0),
0(0, ) = o (),
where 3 € (%, 1). The solution to equations (4.1) can be represented as
u(t,z) = e Ay 4 B(u,u),
where the bilinear form B(u, v) is defined by
B(u,v) = /Ot e_(t_s)(_A)ﬁ((?l(ngu) — O2(vRyu))ds.

In order to prove the well-posedness, we need the following preliminary lemmas. For
their proofs, we refer the readers to Lemma 4.8 and Lemma 4.9 in [18].
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Lemma 4.2. ([18, Lemma 4.8 ]). Given o € (0,1). For a fixed T € (0, 00| and a
function f(t,x) on RA™, let A(t) = [ e~ (=)= D (=N f(s,x)ds. Then

T d d
4.2) /OH (t, >HL2t0j@~/ ILf (2, >HL2t0jﬁ

Lemma 4.3. ([18, Lemma 4.9]). For 8 € (1/2,1) and N(t,z) defined on (0,1) x
R™, let A(N) be the quantity

d dt
A, B,N) = sup  r?*"0- 2/ / 1.2l 5
zeR”,re(0,1) ly— a:|<7“ t

Then for each k € Ng := NU {0} there exists a constant b(k) such that the following

inequality holds:
15 (=) b0 /N

1
(4.3) /0
) [[ [ ”diffi

Remark 4.4. Similarly when k£ = 0, we can prove the following inequality:

(4.4) /1 (et /N )ds

< A(a, B, N //\Nsmdi;l;

Lemma 4.5. Assume o > 0 and max{c, 1/2} < <1 witha+—12>0. Let
R;,j = 1,2 be the Riesz transforms. Then for any xo € R",

28 dydt 1/2
<supr2a-"+2ﬂ-2 [ s W)
r>0 ly— a:0|<7“ t

dydt
< < sup 20—n+25— 2/ / f(t,y) ‘2 f/@>
z€R” r>0 ly— a:0|<7“ 13

Proof.  We split f(t,y) into

dt
2 ta/B

2t

L2 ta/’@

f(tv y) - fO(tu y) + ka(tv y)u

where fo(t,y) = f(t, Y)XB(wo.2r) (¥) a0d fi(t, Y)XB(wo,25+ 1)\ B(wo,25r) (). We have
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2

" dydt

2a—n+2,8—2/ / ‘Rf(t >‘2 Y

r ) e
< jy—zol<r te/0
dydt

2a—n+20— 2/ / ‘R fO >‘2 Y
< ly— a:o|<r te/0
28— e dydt
+ el N AT

0 Jly—aol<r t

=1

IN

x
= Mo+ ZMk.
k=1

By the L? boundedness of Riesz transforms R;, 7 =1,2, we have

MO < 2a n+26— 2/ / ‘2dydt
~ ly— I0|<7" te/P

O sup [ r2ents- 2/ / ‘2dydt .
zeR™ r>0 ly— I0|<7“ ta/ﬁ

Now we estimate the terms M. We only need to estimate the integral as follows.

I:/ |R; fi(t, y)|*dy.
ly—xo|<r

AN

As a singular integral operator,
Yj
Rjg(x) = / 9(y)dy.
]() Rn\x]—y\”“()

By Holder’s inequality, we can get

I= / / Lijﬂf(t, z)dz
ly—zo|<r |/ 2kr<|z—xo|<2k+1r ‘y - Z‘

2
1
< L . p ;
- /Iy—a:0|<r <(2kr>n /Iz—a:o|<2k+1r ‘f( ’ZM Z) ’

S o |f (¢, 2) | d.
2kn |z—zo|<2k+1r

e dyar\ "’
M, = r2a—n+2ﬁ—2 / / ‘R]fk (t, y>‘2 s
0 Jly—wol<r t

2
dy

So we have
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AN

26 1/2
2—k(2a—n+2,8—2)%(ri>2a—n+2,8—2 /7"/ m z)\Zdydt
25 0 J|z—mo|<2ktir te/B

1/2
k2aniapz 1\ niogen [T dzdi
<2 k(2a—n+24 Q)W) sup <r204 n+28 2/ / ‘f(t, Z)‘Q 75 )
zoER™,r>0 0 J|z—zo|<r 13
Therefore we can get

AN

o
My + Z M,
k=1
o) 28
S 1+ Z 9—k(a+p-1) sup r2a—n+2,@—2/ / ‘f(t, Z>‘2dydt )
=1 zoER™,r>0 0 J|z—zo|<r te/B
This completes the proof of Lemma 4.5. ]

Now we give the main result of this section.

Theorem 4.6. (Well-posedness).

(i) The subcritical quasi-geostrophic equation (4.1) has a unique small global mild
solution in (X2(R2))2 for all initial data 0 with V-0 = 0 and HugHQg,_l being
small.

(ii) For any T € (0, 00), there is an € > 0 such that the quasi-geostrophic equation
(4.1) has a unique small mild solution in (X5(R2))% on (0,T) x R% when the
initial data ug satisfies V - ug = 0 and \]ug\](ng_%)Q < e. In particular, for all

up € (V'Qg’_l)2 with V -ug = 0, there exists a unique small local mild solution
in (X(’S’T)2 on (0,T) x R%
Proof. By the Picard contraction principle we only need to prove the bilinear

form B(u,v) is bounded on X5, We split the proof into two parts.

Part I. B%'—boundedness. The proof of this part has been given in [19]. For
completeness, we give the details. We have

t
1B o)l o S /0 == (@ (gRof) — Ba(gRf) | o ds

t C 1 1
< 5 1728 ||u| 500572 ||v]| poads
S Ser e R L L

ds

t
<
S llsglellg | gy
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Because when % < p <1,

t/2
/ 111 11 dsst%_l
0 (t—s)?s +1-3)

and

¢ 1 _oy1 [P 1 a_
/ L 1101-1 dsst 2+[13/ 71d3§t21ﬂ 1~
t/2 (t — )20 s +(1-3) t/2 (t — 5)27

Then we can get 1
£ B, ) oa S el gollell o
where in the above estimates we have used the fact that [|R; f[| o1 < || fll 5o for

fe B%'. In fact by Bernstein’s inequality, we have

D AR fllze = Y 10;(=A)2A | e
l l
S D 2(=A) T 2A 1
l

S 227 A

l
< 1171l o
On the other hand, by Young’s inequality, we have

L (A8
£ e N g | o S uol| gr-asee < Jluoll g1

Part II. L?-boundedness. This part contributes to the operation of B(u, v) on the
Carleson part of Xg . We split again the estimate into two steps.

Step I. We want to prove the following estimate:

r28
dydt
2a—2+2,8—2/ / | B(u,v)|? < [[ull xsllvll
r u,v ~ U BlIY B
; oyl<r ta//@ Xa Xao

By symmetry, we only need to deal with the term

t
/ e (t=9)(=4)" [O1(vRyu)]ds = Bi(u,v) + Ba(u,v) + Bs(u,v),
0

where ¢
By (u,v) = / e_(t_s)(_A)ﬁal[(l — 1, 2)vRyu]ds,
0

Bs(u,v) = (~A) 129, /O t e =R LAY (A 2(T—e*2)(1,. ) Ryu)ds
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and '
By(u, ) = (—A)"1/20, (—A)1/2e~H=A)? / (1,2)0 R uds.
0
For Bj, it can be proved that the fractional heat kernel satisfies the following estimate

([20]):

1 1 1
@5) Ve (@,9)| $ -5 S :
EF (14 )T (0 ey

For 0 < t < %8, taking n = 2 in (4.5), we have

\Bluv )(t, )|

/ [ e EICE [
|z z|>10r |z — 2|

1/2 28 1/2
/ / |Ryu(s z)\Qd s / / \U(S,z)\Qdst
|z—x|>10r ‘IIZ - 2‘3 0 |z—x|>10r ‘IIZ - 2‘3

—Il><12

For I;, we have

L < < SR / / |Riu(s, x)| dsda:)
2 |z—z|<2k+1p

1 odsd 2
< ok ) 202029k )2~ 2,@/ / sdx
3 (Z g e, [R1U DT

/2

k=3

S 1 1 1/2
S lullys <Z WW)

1\ 12
< () Ml

Similarly, we can get I» < (
Then we have

1 )1/2

1) vllge and [Bi(u,v)| S mrrllull s llvll s

28

7"2ﬂ T
dydt 1 dt
B 2 < 2 2 2
/0 /Im—y|<r‘ 1(,v) ta/B ~ pip-2" /0 ta/’@HuHXgHvHXg

S TR 2r2ﬁ_2a\’u\’§(ﬂ\fv\’§(g
S e 1 P ] P

where in the second inequality we have used the fact 0 < o < 3. That is to say
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r2B
_ _ dydt
S A N T AT v e T
yl<r

For B, by the L?—boundedness of Riesz transform, we have

243

T dydt
[ i
0 |lz—y|<r e

B t 8 el 2 dt
5/ e =D LAY (A V2] — 581, )uRu)ds
: 12 to/B
/ eI LAV — e 1, o Ryds|
' 12 ta/B

AN

dydt
2—— 2 20Y
Ryu(t t

/ /y a:|<7“‘ IU( ’y>‘ "U( ’y>‘ toc/,@

1
< (supt wumuu,»um) (suptl‘%uvu,»um)
t

dtdy
Ryu(t, t
[ / R )l

On one hand, by Bernstein’s inequality, we have

| Ryut, )z < | Ruut, )l gog < lult, )] o

Then we get
1
supt' 79 | Ryult, )HLoo<supt 2 [[u(t, )l go-
t>0 it

On the other hand, we have, by Holder’s inequality,

dtdy
[ /| LGN

atay\'"? [ dtdy\ "’
Ryu(t, y)|? / / lu(t, y)|?
</ /y z|<r ‘ >‘ ta/’g> < 0 ly—z|<r ta/’g

S PRy o

AN

522

Hence we get

r20 d
ydt oo
L s S e ol
rx—y|<r e «a

For Bs(u,v), we have
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23
T dydt
Bs(u,v)(t,y 2
/ /|y_$|<rw (1,0) () P2
728 t
:/ / (_A)_1/281(—A)1/26_t(_A)ﬂ </ (1T7m)vR1udh>
0 ly—z|<r 0
r2h t dt
/ (_A)1/26—t(—A)‘3 /(hm)leUdh el
0 0 ta/B

1
d
oo ([, vl ) o)
0 304//3
22228 28

e T
[e3

% dydt
ta/B

AN

AN

N ng
S

ng

Step II. For j = 1,2, we want to prove

rastzs— [ o dydt _
(4.6) r ‘RjB(uva /B ~ HuHXﬂHUHXﬂv
0 |e—y|<r 13 @ @

where R; are the Riesz transforms 9;(—A)~1/2. Similar to Step I, we can split B(u, v)

into B;(u,v), i =1,2,3. We denote by A;,i =1,2,3

2ast25-2 [T o dydt
4.7) A;=r ‘RjBi(uva a/B ~ HuHXﬂHUHXﬂ'
0 |lz—y|<r 13 a «

In order to estimate the term A, we need the following lemma.

. _t(—A)B
Lemma 4.7. For 8 > 0, if we denote by Kf the kernel of the operator e 1(=2) R;,

we have s
(14 |z|)Hlelgae—t =2 R, € L.

Proof. By the Fourier transform, we have Kf = .7-"_1(%6_|5|2'6), where F~!
denotes the inverse Fourier transform. Because

o757 (@)] () = %\a%—'ﬁ""ﬁ el
we have
d¢ < C.

o B & (ol
oK) < [ e

Then 8O‘Kf(a:) € L*>®. If |x| < 1, we have

(1+ |2))" K ()] S Cal K] (2)] S C.

~



Riesz Transform on Q-type Space 2129

If |z| > 1, by Littlewood-Paley decomposition and write
B,y — B B
Kl(x) = (Id— So)K + > AK?,
1<0
where (Id—So) K} €8(R™) and A K| = 22w; 1 (2'x) where &7(€) =1 (€) e~ 2 ¢

€ L*. Then wj;(x) (<o) are a bounded set in §(R™). So we have

(1+2'[[)N2'CHeD|ge A K (2)] < O

and
‘80450}(33(33)‘ S C Z 2l(2+|a|)+ Z 2l(2+|a|—N)‘x‘—N
2l z|<1 2l z|>1
< O]~ Hab,
This completes the proof of Lemma 4.7 ]

Now we complete the proof of Theorem 4.6. In Lemma 4.7, we take o = 1 and

get 1

- :
(6% + |z —y[)m+!

0 Rye ™A (a,y)| 5

Similar to the proof in Part I, we can get

7“2'6
B B dydt
A, i 2024232 / / |[RjBi(u, 0) P22 S lull ool
0 |z—y|<r t : ’

By Lemma 4.5, we know

r2B
dydt
r2a—2+2,8—2/ / ‘R]f(t, y>‘2 y/ﬁ
0 Jly—wol<r e

ri dydt
S sup r2o‘_2+2’8_2/ / 1 (t,y)? y/ﬁ.
0 Jly—zol<r ¢

r>0,x0€R"

By the above estimate, we have

7"2ﬁ
Cot25- dydt
A; 1= 202428 2/ / |R;Bi(u, v)*°25
0 |lz—y|<r 13

e dydt
S 7,204—2—}—2,8—2/ / \B,(u, ’U)‘2 y//gu
0 |lz—y|<r e

where ¢ = 2, 3. Following the estimate to B;,: = 2,3, we can get

28
B B dydt
A, 1= 202428 2/ / IRy BiCu, 0) P22 < il gallol
0 |lz—y|<r 13 ¢ “
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This completes the proof of Theorem 4.6. ]

Following the method applied in Section 5 of [18], we can easily get the regularity
of the solution to the quasi-geostrophic equations (4.1). So we only state the result and
omit the details of the proof. For convenience of the study, we introduce a class of
spaces ng’“ as follows.

Definition 4.8. For a nonnegative integer & and 5 € (1/2,1], we introduce the
space Xg * which is equipped with the following norm:

Jullgs = el yas, + o

where

lull vox =  sup  supt T (|0 - 0% u(-, )| ron
NE% oc1+~~~+1<)3m:k o o on 7B

lullyor = sup  sup

ai+--+an==k xo,r

. dnd 1/2
e N N Rl
) |y_a:0|<r n ta//@

2

+ Z sup sup
=1 ai1+--+an=Fk Zo,"

T
r2a—n+2,8—2 /
0

Now we state the regularity result.

2 ! dydt 2
428991 ... 9% 2895
/ly_molq\RJt It 97u(t,y)| ta/ﬁ> :

Theorem 4.9. Let o > 0 and max{«a,1/2} < f < 1 witha+ [ —1>0. There
exists an ¢ = e(n) such that if HUOHQ[B,'—l < ¢, the solution u to equations (4.1)

verifies:
k_ k ,80
128V € X" for any k > 0.
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