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TWO-WEIGHT NORM INEQUALITIES FOR CERTAIN
SINGULAR INTEGRALS

R. A. Bandaliev* and K. K. Omarova

Abstract. In this paper we prove the boundedness of certain convolution
operator in a weighted Lebesgue space with kernel satisfying the generalized
Hörmander’s condition. The sufficient conditions for the pair of weights en-
suring the validity of two-weight inequalities of a strong type and of a weak
type for singular integral with kernel satisfying the generalized Hörmander’s
condition are found.

0. INTRODUCTION

Let R
n be n-dimensional Euclidean space of points x = (x1, . . . , xn) , where

n ∈ N. Suppose that ω is a non-negative, Lebesgue measurable and real function
defined on R

n, i.e., ω is a weight function defined on R
n. By Lp, ω (Rn) we denote

the weighted Lebesgue space of measurable functions f on R
n such that

‖f‖Lp, ω(Rn) =

∫
Rn

|f(x)|pω(x) dx

1/p

<∞, 1 ≤ p <∞.

In the case p = ∞, the norm on the space L∞,ω (Rn) is defined as

‖f‖L∞,ω(Rn) = ‖f‖∞ = ess sup
x∈Rn

|f(x)|.

For ω = 1 we obtain the nonweighted Lp spaces, i.e., ‖f‖Lp, 1(Rn) = ‖f‖Lp(Rn).

Consider the linear operator T defined for f ∈ L2 (Rn) ∩Lp (Rn) by T̂ f(x) =
χ[−1,1](x)f̂(x), where χ[−1,1] denotes the characteristic function of the segment
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[−1, 1] and f̂ denotes the Fourier transformation of a function f. In fact, T can be
constructed from multiplication operators and the Hilbert transform, so the bound-
edness of T on Lp (Rn) is just a consequen-ce of the Lp boundedness of the Hilbert
transform. It is curious that although the Lp boundedness of T follows from results
on singular integrals, it does not follow directly, since the kernel of T has a deriva-
tive which does not decay quickly enough at infinity to apply the usual theory. For
example, if the kernel of T has the form

sinx
x

and e.t.c. On the other hand, singular
integrals whose kernels do not satisfy Hörmander’s condition have been widely con-
sidered (for example, oscillatory and other singular integral) (see [4]). For classical
singular integral operators the boundedness properties were proved by A.P.Calderon
and A.Zygmund [2] (see also [3]). For power weights the boundedness of classical
singular integral operators in weighted Lebesgue spaces was proved by E.Stein in
[13].

1. PRELIMINARIES

Definition 1. [6]. A positive measurable and locally integrable function g is
said to satisfy the reverse L∞ condition RL∞ or g ∈ RL∞ (Rn) if

0 < sup
x∈B

g(x) ≤ C
1
|B|
∫
B

g(x) dx,

where B is an arbitrary ball centered at the origin and C > 0 is a constant inde-
pendent of B.

Let K ∈ L2 (Rn) be a function satisfying the following conditions:

(a)
∥∥∥K̂∥∥∥

∞
≤ C;

(b) |K(x)| ≤ C

|x|n ;

(c) there exist the functionsA1, . . . , Am ∈ Lloc
1 (Rn \ {0}) and Φ = {ϕ1, . . . , ϕm}

such that ϕi ∈ L∞ (Rn) and |det [ϕj (yi)]|2 ∈ RL∞ (Rnm) , yi ∈ R
n,

i, j = 1, . . . , m;

(d) for a fixed γ > 0 and for any |x| > 2|y| > 0 the inequality

(1.1)

∣∣∣∣∣K(x− y) −
m∑

i=1

Ai(x)ϕi(y)

∣∣∣∣∣ ≤ C
|y|γ

|x− y|n+γ

is valid, where C > 0 is a constant independent of x and y. In general, the functions
Ai, ϕi (i = 1, . . . , m) are complex-valued.
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Remark 1. Let K be a function satisfying condition (1.1). Then the inequality

(1.2)
∫

|x|>2|y|

∣∣∣∣∣K(x− y)−
m∑

i=1

Ai(x)ϕi(y)

∣∣∣∣∣ dx ≤ C

is valid.

Indeed, integrating both sides of inequality (1.1) with respect to the set |x| >
2|y|, using the inequality |x− y| ≥ |x| − |y| ≥ |x| − |x|

2
=

|x|
2

and passing to spher-
ical coordinates in R

n, we have∫
|x|>2|y|

∣∣∣∣∣K(x− y) −
m∑

i=1

Ai(x)ϕi(y)

∣∣∣∣∣ dx≤C
∫

|x|>2|y|

|y|γ
|x− y|n+γ

≤ 2n+γ C |y|γ
∫

|x|>2|y|

dx

|x|n+γ
=

2n+γ π
n
2

Γ
(

n
2 + 1

) C |y|γ
∞∫

2|y|

dt

tγ+1
=

2n π
n
2

γ Γ
(

n
2 + 1

) C = C1.

Therefore condition (1.2) is a weaker condition on the function K than condition
(1.1).

Definition 2. [12] It is said that locally integrable weight function ν belongs to
Ap (Rn) if

sup
B

 1
|B|
∫
B

ν(x) dx

 1
|B|
∫
B

ν1−p′(x) dx

p−1

<∞,

where the supremum is taken over all balls B ⊂ R
n, 1 < p < ∞ and p′ =

p

p− 1
.

Also, ν ∈ A1 (Rn) if there exists a positive constant C such that for any arbitrary
ball B ⊂ Rn the inequality

1
|B|
∫
B

ν(x) dx ≤ C ess inf
x∈B

ν(x)

holds.

Remark 2. It is clear that from condition RL∞ implies the well known reverse
Hölder inequality 1

|B|
∫
B

[g(x)]1+ε dx

 1
1+ε

≤ C

 1
|B|
∫
B

g(x) dx

 ,
where ε > 0. It is well known that the reverse Hölder condition characterizes the
condition Ap (Rn) (see [5]).
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For 1 < p <∞ and f ∈ Lp (Rn) we put

(1.3) Tf(x) =
∫

Rn

K(x− y) f(y) dy.

We will also need the following theorems.

Theorem 1. [14]. Let 1 < r < ∞ and ω ∈ Ar (Rn) be a weight function on
R

n. Suppose that the kernel of the convolution operator (1.3) satisfies the conditions
(a)-(d). Then the following inequality

‖Tf‖Lr, ω(Rn) ≤ C ‖f‖Lr, ω(Rn)

holds, where the positive constant C is independent of f.
For r = 1 there exists a positive constant C such that for any f ∈ L 1, ω (Rn)

and λ > 0 the inequality∫
{x∈Rn: |Tf(x)|>λ}

ω(x) dx ≤ C

λ

∫
Rn

|f(x)|ω(x) dx

holds.

Remark 3. Let the kernel of the convolution operator (1.3) satisfy the conditions
(a), (c) and (1.2). Then for ω = 1 Theorem 1 was proved in [5].

Example 1.1. Ifm = 1, A1(x) = K(x) and ϕ1(x) ≡ 1,we get the Hörmander’s
version of the Calderón-Zygmund Theorem (see [8]).

Example 1.2. Let m = 2, K(x) =
sin x
x

, x ∈ R \ {0}, A1(x) =
eix

2i x
A2(x)

= − eix

2i x , ϕ1(y) = e−iy and ϕ2(y) = eiy. Then the conditions (a)-(d) hold.

Theorem 2. [11]. Let 1 < q < p <∞, u(t) and v(t) be positive functions on
(0, ∞). Suppose that F : (0, ∞) 	→ R be a Lebesgue measurable function.

1. For the validity of the inequality ∞∫
0

u(t)

∣∣∣∣∣∣
t∫

0

F (τ) dτ

∣∣∣∣∣∣
q

dt

1/q

≤ C1

 ∞∫
0

|F (t)|p v(t) dt
1/p

it is necessary and sufficient that

∞∫
0


 ∞∫

t

u(τ) dτ

 t∫
0

v1−p′(τ) dτ

q−1


p
p−q

v1−p′(t) dt <∞,
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where C1 > 0 is independent of F.
2. For the validity of the inequality ∞∫

0

u(t)

∣∣∣∣∣∣
∞∫
t

F (τ) dτ

∣∣∣∣∣∣
q

dt

1/q

≤ C2

 ∞∫
0

|F (t)|p v(t) dt
1/p

it is necessary and sufficient that

∞∫
0

 t∫
0

u(τ) dτ

 ∞∫
t

v1−p′(τ) dτ

q−1
p

p−q

v1−p′(t) dt <∞,

where C2 > 0 is independent of F.

For q = 1 the following Lemma is valid.

Lemma 1. [10]. Let p > 1 and u(t) and v(t) be positive functions on (0, ∞).
1. If the pair (u, v) satisfies the condition

∞∫
0

 ∞∫
t

u(τ) dτ

p′

v1−p′(t) dt <∞,

then there exists a positive constant C 1 such that for an arbitrary function F :
(0, ∞) 	→ R the inequality

∞∫
0

u(t)

∣∣∣∣∣∣
t∫

0

F (τ) dτ

∣∣∣∣∣∣ dt ≤ C1

 ∞∫
0

|F (t)|p v(t) dt
1/p

holds.
2. If the pair (u, v) satisfies the condition

∞∫
0

 t∫
0

u(τ) dτ

p′

v1−p′(t) dt <∞,

then there exists a positive constant C 2 such that for an arbitrary function F :
(0, ∞) 	→ R the inequality

∞∫
0

u(t)

∣∣∣∣∣∣
∞∫
t

F (τ) dτ

∣∣∣∣∣∣ dt ≤ C2

 ∞∫
0

|F (t)|p v(t) dt
1/p

holds.
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Theorem 3. [9]. Let 1 ≤ q < p < ∞, u(x) and v(x) be weight functions on
R

n. Then the condition ∫
Rn

[u(x)]
p

p−q [v(x)]−
q

p−q dx <∞

is necessary and sufficient for the validity of the inequality∫
Rn

|f(x)|q u(x) dx
1/q

≤ C

∫
Rn

|f(x)|p v(x) dx
1/p

,

where C > 0 is independent of f.

Lemma 2. Let 1 ≤ q < p <∞ and α ≥ 1. Let u and u1 be positive increasing
functions on (0, ∞), ψ be a positive function on R

n, ω = uψ and ω1 = u1ψ. If
the weight pair (ω1, ω) satisfies the condition

(1.4)
∫

Rn

[u1(α|x|)]
p

p−q [u(|x|)]− q
p−q ψ(x) dx <∞,

then there exists a constant C > 0 such that for any f ∈ L p, ω (Rn)∫
Rn

|f(x)|q ω1(x) dx

1/q

≤ C

∫
Rn

|f(x)|p ω(x) dx

1/p

.

Proof. We have∫
Rn

[u1(α|x|)]
p

p−q [u(|x|)]− q
p−q ψ(x) dx ≥

∫
Rn

[u1(|x|)]
p

p−q [u(|x|)]− q
p−q ψ(x) dx =

=
∫

Rn

[u1(|x|)ψ(x)]
p

p−q [u(|x|)ψ(x)]−
q

p−q dx =
∫

Rn

[ω1(x)]
p

p−q [ω(x)]−
q

p−q dx.

By Theorem 3 the proof of Lemma 2 is completed.
The following Lemma is proved analogously.

Lemma 3. Let 1 ≤ q < p <∞ and α ≥ 1. Let u and u1 be positive decreasing
functions on (0, ∞), ψ be a positive function on R

n, ω = uψ and ω1 = u1ψ. If
the weight pair (ω1, ω) satisfies the condition∫

Rn

[
u1

( |x|
α

)] p
p−q

[u(|x|)]− q
p−q ψ(x) dx <∞,
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then there exists a constant C > 0 such that for any f ∈ L p, ω (Rn)∫
Rn

|f(x)|q ω1(x) dx

1/q

≤ C

∫
Rn

|f(x)|p ω(x) dx

1/p

.

2. MAIN RESULTS

Theorem 4. Let 1 < q < p <∞ and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let u and u 1 be positive increasing functions on
(0, ∞), ϕ ∈ Aq (Rn) is a radial function, ω = uϕ and ω1 = u1ϕ. If the weight
pair (ω1, ω) satisfies the condition (1.4) and

∞∫
0


 ∞∫

t

ω1(τ) τn−nq−1 dτ

 t∫
0

ω1−p′(τ) τn−1 dτ

q−1


p
p−q

ω1−p′(t) tn−1dt<∞,

then there exists a constant C > 0 such that for any f ∈ L p,ω (Rn) the inequality

(2.1)

∫
Rn

|Tf(x)|qω1(|x|) dx
1/q

≤ C

∫
Rn

|f(x)|pω(|x|) dx
1/p

holds.

Proof. Without loss of generality we may assume that the function u1 has the
form

u1(t) = u1(0) +

t∫
0

ψ(τ) dτ,

where u1(0) = lim
t→+0

u(t) and ψ is a positive function on (0, ∞). Indeed, for
increasing functions on (0, ∞) there exists a sequence of absolutely continuous
functions ϕn(t) such that lim

n→∞ϕn(t) = u1(t), 0 ≤ ϕn(t) ≤ u1(t) a.e. t > 0 and
ϕn(0) = u1(0). Furthermore the functions ϕn(t) are increasing, and besides

ϕn(t) = ϕn(0) +

t∫
0

ϕ′
n(τ) dτ,

where lim
n→∞ϕ′

n(t) = ψ(t). Hence, using Fatou’s theorem, we obtain estimate (2.1)
for any increasing function on (0, ∞).

Let us estimate the left-hand side of inequality (2.1). We have



720 R. A. Bandaliev and K. K. Omarova

∫
Rn

|Tf(x)|q ω1(|x|) dx
1/q

=

∫
Rn

|Tf(x)|q
u1(0) +

|x|∫
0

ψ(t)dt

 ϕ(|x|) dt


1/q

.

If u1(0) = 0, then

∫
Rn

|Tf(x)|q ω1(|x|) dx
1/q

=

∫
Rn

|Tf(x)|qϕ(|x|)

|x|∫
0

ψ(t)dt

 dx


1/q

.

However, if u1(0) > 0, then∫
Rn

|Tf(x)|q ω1(|x|) dx
1/q

≤
∫

Rn

|Tf(x)|q ϕ(|x|) u1(0)dx

1/q

+

∫
Rn

|Tf(x)|q ϕ(|x|)

 |x|∫
0

ψ(t)dt

 dx


1/q

= E1 + E2.

First we estimate E1. By Theorem 1 and by Lemma 2, we get

E1 =

∫
Rn

|Tf(x)|q ϕ(|x|)u1(0)dx

1/q

= (u1(0))1/q

∫
Rn

|Tf(x)|q ϕ(|x|) dx
1/q

≤ (u1(0))1/q

∫
Rn

|f(x)|q ϕ(|x|) dx
1/q

≤
∫

Rn

|f(x)|q ϕ(|x|)u1(|x|) dx
1/q

=

∫
Rn

|f(x)|q ω1(|x|) dx
1/q

≤ C1

∫
Rn

|f(x)|p ω(|x|) dx
1/p

.

Let us estimate the integral E2. We have

E2 =

∫
Rn

|Tf(x)|q ϕ(|x|)

 |x|∫
0

ψ(t)dt

 dx


1/q

=

∫
Rn

|Tf(x)|q ϕ(|x|)
 ∞∫

0

ψ(t)χ{|x|>t}(x) dt

 dx

1/q

=

 ∞∫
0

ψ(t)

 ∫
|x|>t

|Tf(x)|q ϕ(|x|)dx

 dt


1/q

=

 ∞∫
0

ψ(t)

 ∫
|x|>t

∣∣∣∣∣∣
∫

Rn

K(x − y) f(y) dy

∣∣∣∣∣∣
q

ϕ(|x|)dx

 dt


1/q



Two-weight Norm Inequalities for Certain Singular Integrals 721

≤ 21/q′

 ∞∫
0

ψ(t)

 ∫
|x|>t

∣∣∣∣∣∣∣
∫

|y|>t/2

K(x − y) f(y) dy

∣∣∣∣∣∣∣
q

ϕ(|x|)dx

 dt


1/q

+21/q′

 ∞∫
0

ψ(t)

 ∫
|x|>t

∣∣∣∣∣∣∣
∫

|y|≤t/2

K(x− y) f(y) dy

∣∣∣∣∣∣∣
q

ϕ(|x|)dx

 dt


1/q

= E21 + E22.

We estimate E21. Using Theorem 1, we have

E21 = 21/q′

 ∞∫
0

ψ(t)

∫
Rn

∣∣∣∣∣∣
∫

Rn

K(x− y) f(y)χ{z: |z|>t/2}(y) dy

∣∣∣∣∣∣
q

ϕ(|x|) · χ{|x|>t}(x)dx

)
dt

)1/q

≤ 21/q′

∞∫
0

ψ(t)

∫
Rn

∣∣∣∣∣∣
∫

Rn

K(x−y) f(y)χ{z: |z|>t/2}(y) dy

∣∣∣∣∣∣
q

ϕ(|x|)dx
dt
1/q

≤ C2

 ∞∫
0

ψ(t)

∫
Rn

|f(x)|q χ{z: |z|>t/2}(x)ϕ(|x|) dx
 dt

1/q

= C2

∫
Rn

|f(x)|q ϕ(|x|)

 2|x|∫
0

ψ(t) dt

 dx


1/q

≤ C2

∫
Rn

|f(x)|q ϕ(|x|) u1(2|x|) dx
1/q

= C2

∫
Rn

[|f(x)|pω(|x|)] q
p u1(2|x|) [ω(|x|)]− q

p ϕ(|x|) dx
1/q

C2

∫
Rn

[|f(x)|pω(|x|)] q
p u1(2|x|) [u(|x|)]− q

p [ϕ(|x|)]p−q
p dx

1/q

.

Now applying the Hölder’s inequality with exponents
p

q
and

p

p− q
and using the

condition (1.4) (for α = 2), we obtain∫
Rn

[|f(x)|pω(|x|)]q
p u1(2|x|) [u(|x|)]− q

p [ϕ(|x|)]p−q
p dx

1/q
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≤
∫

Rn

|f(x)|pω(|x|) dx
1/p ∫

Rn

[u1(2|x|)]
p

p−q [u(|x|)]− q
p−q ϕ(|x|) dx


p−q
pq

≤ C3

∫
Rn

|f(x)|pω(|x|) dx
1/p

.

Now we estimate E22. Note that if |x| > t and |y| ≤ t

2
, then |x−y| ≥ |x| − |y|

≥ |x| − |x|
2 = |x|

2 . We get

E22 = 21/q′

 ∞∫
0

ψ(t)

 ∫
|x|>t

∣∣∣∣∣∣∣
∫

|y|≤t/2

K(x− y) f(y) dy

∣∣∣∣∣∣∣
q

ϕ(|x|)dx

 dt


1/q

≤ C4

 ∞∫
0

ψ(t)

 ∫
|x|>t

 ∫
|y|≤t/2

|f(y)|
|x− y|n dy


q

ϕ(|x|)dx

 dt


1/q

≤ C5

 ∞∫
0

ψ(t)

 ∫
|x|>t

ϕ(|x|)
|x|nq

dx


 ∫
|y|≤t/2

|f(y)| dy


q

dt


1/q

= 2C5

 ∞∫
0

ψ(2s)

 ∫
|x|>2s

ϕ(|x|)
|x|nq

dx


 ∫
|y|≤s

|f(y)| dy


q

ds


1/q

= C6

 ∞∫
0

ψ(2s)

 ∞∫
2s

ϕ(τ) τn−nq−1 dτ


 s∫

0

tn−1

 ∫
|y|=1

|f(ty)| dσ(y)

 dt


q

ds


1/q

.

Besides, we have the following estimates:

∞∫
t

ψ(2s)

 ∞∫
2s

ϕ(r) rn−nq−1 dr

 ds =
1
2

∞∫
2 t

ψ(s)

 ∞∫
s

ϕ(r) rn−nq−1 dr

 ds

=
1
2

∞∫
2 t

ϕ(r) rn−nq−1

 r∫
2 t

ψ(s) ds

 dr ≤
∞∫

2 t

ϕ(r) rn−nq−1 u1(r) dr
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=

∞∫
2 t

ω1(r) rn−nq−1 dr ≤
∞∫
t

ω1(r) rn−nq−1 dr.

Therefore we have
∞∫

0

 ∞∫
t

ψ(2s)

 ∞∫
2s

ϕ(r) rn−nq−1 dr

 ds


 ∞∫

t

ω1−p′(τ) τn−1 dτ

q−1
p

p−q

ω1−p′(t) tn−1dt

≤
∞∫

0

 t∫
0

ω1(τ) τn−nq−1 dτ


 ∞∫

t

ω1−p′(τ) τn−1 dτ

q−1
p

p−q

ω1−p′(t) tn−1dt <∞.

Further taking F (t) = tn−1

 ∫
|y|=1

|f(ty)| dσ(y)

, u(t) = ψ(2t)

∞∫
2t

ϕ(r) rn−nq−1 dr,

applying Theorem 2 (part one), and Hölder’s inequality, we get

C6

 ∞∫
0

ψ(2s)

 ∞∫
2s

ϕ(τ ) τn−nq−1 dτ


 s∫

0

tn−1

 ∫
|y|=1

|f(ty)| dσ(y)

dt


q

ds


1/q

≤ C7

 ∞∫
0

ω(t) t−(n−1)(p−1)

tn−1

∫
|y|=1

|f(ty)| dσ(y)


p

dt


1/p

= C7

 ∞∫
0

ω(t) tn−1

 ∫
|y|=1

|f(ty)| dσ(y)


p

dt


1/p

≤ C8

 ∞∫
0

ω(t) tn−1

 ∫
|y|=1

|f(ty)|p dσ(y)

 dt


1/p

= C8

∫
Rn

|f(y)|p ω(|x|) dx
1/p

.

This completes the proof of Theorem 4.
Example 2.1. Let

ω1(t) =

 tq−1 lnβ 1
t for t < e

− p
p−q

e
p(λ−q+1)

p−q

(
p

p−q

)β
tλ for t ≥ e

− p
p−q ,
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ω(t) =

 tp−1 lnγ 1
t for t < e

− p
p−q

e
p(µ−p+1)

p−q

(
p

p−q

)γ
tµ for t ≥ e

− p
p−q ,

where p− 1 < γ <
p(p− 1)
p− q

, β <
q

p
(γ+1)−q−1, β �= −1, 0 ≤ λ <

q

p
(µ+ 1)− 1

and
q

p
− 1 < µ < p− 1. Then the pair (ω, ω1) satisfies the condition of Theorem

4 for n = 1.
Let ϕ = 1 and α ≥ 1. Then ω and ω1 are increasing weight functions and

∞∫
0


 ∞∫

t

ω1(τ) τn−nq−1 dτ

 t∫
0

ω1−p′(τ) τn−1 dτ

q−1


p
p−q

ω1−p′(t) tn−1dt

≥
∞∫

0


 ∞∫

α t

ω1(τ) τn−nq−1 dτ

 t∫
0

ω1−p′(τ) τn−1 dτ

q−1


p
p−q

ω1−p′(t) tn−1dt

≥
∞∫

0


 ∞∫

α t

τn−nq−1 dτ

 t∫
0

τn−1 dτ

q−1


p
p−q

[ω1(α t)]
p

p−q [ω(t)]−
q

p−q tn−1dt

= C

∞∫
0

[ω1(α t)]
p

p−q [ω(t)]−
q

p−q tn−1dt = C1

∫
Rn

[ω1(α |x|)] p
p−q [ω(|x|)]− q

p−q dx.

Therefore condition (1.4) holds automatically.

Corollary 1. Let 1 < q < p <∞ and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let ω and ω1 be positive increasing functions on
(0, ∞) satisfying the condition

∞∫
0


 ∞∫

t

ω1(τ) τn−nq−1 dτ

 t∫
0

ω1−p′(τ) τn−1 dτ

q−1


p
p−q

ω1−p′(t) tn−1dt <∞.

Then inequality (2.1) holds.

Representing the decreasing function u1(t) as u1(t) = u1(∞) +

∞∫
t

η(τ) dτ,

where
u1(∞) = lim

t→∞u1(t) and η is a positive function on (0, ∞), using Theorem 1 and
Theorem 2 (part two), Lemma 2 and arguing as in the proof of Theorem 4, we get
the following Theorem.
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Theorem 5. Let 1 < q < p < ∞ and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let u and u1 be positive decreasing functions on
(0, ∞), ϕ ∈ Aq (Rn) be a radial function, ω = uϕ and ω1 = u1ϕ. If the weight
pair (ω1, ω) satisfies the condition (1.5) and

∞∫
0

 t∫
0

ω1(τ) τn−1 dτ

 ∞∫
t

ω1−p′(τ) τ−1−n(p′−1) dτ

q−1
p

p−q

ω1−p′(t) t−1−n(p′−1)dt <∞.

then there exists a constant C > 0 such that for any f ∈ L p,ω (Rn) inequality (2.1)
holds.

Let ϕ = 1. Then the following Corollary is valid.

Corollary 2. Let 1 < q < p <∞ and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let ω and ω1 be positive decreasing functions on
(0, ∞) satisfying the condition

∞∫
0

 t∫
0

ω1(τ) τn−1 dτ

 ∞∫
t

ω1−p′(τ) τ−1−n(p′−1) dτ

q−1
p

p−q

ω1−p′(t) t−1−n(p′−1)dt <∞.

Then inequality (2.1) holds.

Remark 4. Note that for p = q Theorem 4 and Theorem 5 were proved in [1].
In the case p = q for some sublinear operator, Theorem 4 and Theorem 5 were
proved in [7]. Also, at ϕ = 1 for other type singular integral the Theorem 4 and
Theorem 5 was proved in [10].

For q = 1 a weak (p, 1) type two-weight inequalities are valid.

Theorem 6. Let 1 < p <∞ and the kernel of convolution operator (1.3) satisfy
the conditions (a)-(d). Let u be a positive and u1 be a positive increasing function
on (0, ∞), ϕ ∈ A1 (Rn) be a radial function, ω = uϕ and ω1 = u1ϕ. If the weight
pair (ω1, ω) for q = 1 satisfies condition (1.4) and

∞∫
0

 ∞∫
t

ω1(τ)
τ

dτ

p′

ω1−p′(t) tn−1dt <∞,

then there exists a constant C > 0 such that for any f ∈ L p,ω (Rn) and λ > 0
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the inequality

(2.2)
∫

{x∈Rn: |Tf(x)|>λ}
ω1(|x|) dx≤ C

λ

∫
Rn

|f(x)|pω(|x|) dx
1/p

holds.

Proof. In first we consider the increasing functions of the form

u1(t) = u1(0) +

t∫
0

δ(τ) dτ,

where u1(0) = lim
t→+0

u(t) and δ is a positive function on (0, ∞) (see Theorem 4).
We have∫
{x∈Rn: |Tf(x)|>λ}

ω1(|x|) dx=
∫

{x∈Rn: |Tf(x)|>λ}

ϕ(|x|)

u1(0) +

|x|∫
0

δ(t)dt

 dx.

If u1(0) = 0, then
∫

{x∈Rn: |Tf(x)|>λ}
ω1(|x|) dx =

∫
{x∈Rn: |Tf(x)|>λ}

ϕ(|x|)
 |x|∫

0

δ(t)dt

 dx. However, if u1(0) > 0, then

∫
{x∈Rn: |Tf(x)|>λ}

ω1(|x|) dx=
∫

{x∈Rn: |Tf(x)|>λ}
ϕ(|x|) u1(0)dx

+
∫

{x∈Rn: |Tf(x)|>λ}

ϕ(|x|)

 |x|∫
0

δ(t)dt

 dx = F1 + F2.

In first we estimate F1. By Theorem 1 and by Lemma 2, we have

F1 =
∫

{x∈Rn: |Tf(x)|>λ}
ϕ(|x|) u1(0)dx = u1(0)

∫
{x∈Rn: |Tf(x)|>λ}

ϕ(|x|) dx

≤ u1(0)
C

λ

∫
Rn

|f(x)|ϕ(|x|) dx≤ C1

λ

∫
Rn

|f(x)|ϕ(|x|)u1(|x|)dx

=
C1

λ

∫
Rn

|f(x)|ω1(|x|) dx≤ C2

λ

∫
Rn

|f(x)|pω(|x|) dx
1/p

.



Two-weight Norm Inequalities for Certain Singular Integrals 727

Let us estimate the integral F2. We have

F2 =
∫

{x∈Rn: |Tf(x)|>λ}

ϕ(|x|)

 |x|∫
0

δ(t)dt

 dx

=
∫

{x∈Rn: |Tf(x)|>λ}

ϕ(|x|)
 ∞∫

0

δ(t)χ{|x|>t}(x)dt

 dx

=

∞∫
0

δ(t)

 ∫
|x|>t

χ {x ∈ R
n : |Tf(x)| > λ} ϕ(|x|) dx

 dt

≤
∞∫

0

δ(t)

 ∫
|x|>t

χ

x ∈ R
n :

∣∣∣∣∣∣∣
∫

|y|> t
2

K(x− y) f(y) dy

∣∣∣∣∣∣∣ >
λ

2

ϕ(|x|) dx

dt
+

∞∫
0

δ(t)

 ∫
|x|>t

χ

x ∈ R
n :

∣∣∣∣∣∣∣
∫

|y|≤ t
2

K(x−y) f(y) dy

∣∣∣∣∣∣∣>
λ

2

ϕ(|x|) dx

dt
= F21 + F22.

By Theorem 1 we get

F21 =

∞∫
0

δ(t)

∫
Rn

χ

x ∈ R
n :

∣∣∣∣∣∣∣
∫

|y|> t
2

K(x− y) f(y) dy

∣∣∣∣∣∣∣>
λ

2


ϕ(|x|)χ{|x|>t}(x)dx

)
dt

≤
∞∫
0

δ(t)

∫
Rn

χ

x ∈ R
n :

∣∣∣∣∣∣∣
∫

|y|> t
2

K(x− y) f(y) dy

∣∣∣∣∣∣∣>
λ

2

ϕ(|x|) dx

dt

=

∞∫
0

δ(t)

 ∫
{x∈Rn: |Tfχ{|x|>t/2}(x)|>λ/2}

ϕ(|x|) dx

dt
≤ C2

λ

∞∫
0

δ(t)

∫
Rn

χ{|x|> t
2}(x)|f(x)|ϕ(|x|) dx

dt
=
C2

λ

∫
Rn

|f(x)|ϕ(|x|)

 2 |x|∫
0

δ(t) dt

 dx ≤ C2

λ

∫
Rn

|f(x)|ϕ(|x|) u1(2|x|) dx
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=
C2

λ

∫
Rn

[|f(x)|pω(|x|)]1
p [ω(|x|)]− 1

p u1(2|x|)ϕ(|x|) dx

=
C2

λ

∫
Rn

[|f(x)|pω(|x|)]1
p u1(2|x|) [u(|x|)]− 1

p [ϕ(|x|)] 1
p′ dx.

Now, applying the Hölder’s inequality and using condition (1.4) (for α = 2 and
q = 1), we obtain

C2

λ

∫
Rn

[|f(x)|pω(|x|)]1p u1(2|x|) [u(|x|)]− 1
p [ϕ(|x|)] 1

p′ dx

≤ C2

λ

∫
Rn

|f(x)|pω(|x|) dx
1/p ∫

Rn

[u1(2|x|)]p
′
[u(|x|)]− 1

p−1 ϕ(|x|) dx
1/p′

≤ C3

∫
Rn

|f(x)|pω(|x|) dx
1/p

.

Now we estimate F22. Note that if |x| > t and |y| ≤ t

2
, then |x−y| ≥ |x|−|y| ≥ |x|

− |x|
2 = |x|

2 . We have

F22 =

∞∫
0

δ(t)

 ∫
|x|>t

ϕ(|x|)χ

x ∈ R
n :

∣∣∣∣∣∣∣
∫

|y|≤ t
2

K(x− y) f(y) dy

∣∣∣∣∣∣∣>
λ

2

 dx

 dt
≤ 2
λ

∞∫
0

δ(t)

 ∫
|x|>t

ϕ(|x|)

∣∣∣∣∣∣∣
∫

|y|≤ t
2

K(x− y) f(y) dy

∣∣∣∣∣∣∣ dx
 dt

≤ C5

λ

∞∫
0

δ(t)

 ∫
|x|>t

ϕ(|x|)

 ∫
|y|≤ t

2

|f(y)|
|x− y|n dy

 dx

 dt
≤ C6

λ

∞∫
0

δ(t)

 ∫
|x|>t

ϕ(|x|)
|x|n dx


 ∫
|y|≤ t

2

|f(y)| dy

 dt

=
2C6

λ

∞∫
0

δ(2t)

 ∫
|x|>2t

ϕ(|x|)
|x|n dx


 ∫
|y|≤t

|f(y)| dy

 dt

=
C7

λ

∞∫
0

δ(2t)

 ∞∫
2t

ϕ(r)
r

dr


 t∫

0

sn−1

 ∫
|y|=1

|f(sy)| dσ(y)

 ds
 dt
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Besides we have the following estimates:
∞∫
s

δ(2t)

 ∞∫
2t

ϕ(r)
r

dr

 dt =
1
2

∞∫
2 s

δ(t)

 ∞∫
t

ϕ(r)
r

dr

 dt =

=
1
2

∞∫
2 s

ϕ(r)
r

 r∫
2 s

δ(t) dt

 dr ≤
∞∫

2 s

ϕ(r) u1(r)
r

dr =

=

∞∫
2 s

ω1(r)
r

dr ≤
∞∫
s

ω1(r)
r

dr.

Therefore we have
∞∫

0

 ∞∫
s

δ(2t)

 ∞∫
2t

ϕ(r)
r

dr

 dt

p′

ω1−p′(s) sn−1 ds ≤

≤
∞∫
0

 ∞∫
s

ω1(τ)
τ

dτ

p′

ω1−p′(s) sn−1 dt <∞.

Further taking F (t) =

t∫
0

sn−1

 ∫
|y|=1

|f(sy)| dσ(y)

 ds, u(t) = δ(2s)

∞∫
2s

ϕ(r)
r

dr

and applying Lemma 1 (part one) and Hölder’s inequality, we get

C7

λ

∞∫
0

δ(2t)

 ∞∫
2t

ϕ(r)
r

dr


 t∫

0

sn−1

 ∫
|y|=1

|f(sy)| dσ(y)

 ds
 dt

≤ C8

λ

 ∞∫
0

ω(t) t−(n−1)(p−1)

tn−1

∫
|y|=1

|f(ty)| dσ(y)


p

dt


1/p

=
C8

λ

 ∞∫
0

ω(t) tn−1

 ∫
|y|=1

|f(ty)| dσ(y)


p

dt


1/p

≤ C9

λ

 ∞∫
0

ω(t) tn−1

 ∫
|y|=1

|f(ty)|p dσ(y)

 dt


1/p

=
C8

λ

∫
Rn

|f(x)|pω(|x|) dx
1/p

.
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This completes the proof of Theorem 6.

Example 2.2. Let

ω(t) =


1
t

lnβ 1
t

for t < e2 β

e−2 β(λ+1) (−2β)βtλ for t ≥ e2 β,

ω1(t) =


1
t

lnγ 1
t

for t < e2β

e−2 β(µ+1) (−2β)γ tµ for t ≥ e2β,

where µ > p(λ+ 1) − 1, −1 < λ < 0, β < −1 and γ > p(β + 2) + 1. Then the
pair (ω, ω1) satisfies the condition of Theorem 6.

For ϕ = 1 the following Corollary is valid.

Corollary 3. Let 1 < q < p <∞ and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let ω be a positive and ω 1 be a positive increasing
function on (0, ∞) satisfying the condition

∞∫
0

 ∞∫
t

ω1(τ)
τ

dτ

p′

ω1−p′(t) tn−1dt <∞.

Then inequality (2.2) holds.

Representing the decreasing function u1(t) as u1(t) = u1(∞) +

∞∫
t

η(τ) dτ,

where u1(∞) = lim
t→∞u1(t) and η is a positive function on (0, ∞), using Theo-

rem 1 (for r = 1) and Lemma 1 (part two), Lemma 3 and arguing as in the proof
of Theorem 6, we get the following Theorem.

Theorem 7. Let 1 < p < ∞ and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let u be a positive and u 1 be a positive decreasing
function on (0, ∞), ϕ ∈ A1 (Rn) be a radial function, ω = uϕ and ω1 = u1ϕ.

Suppose that the weight pair (ω1, ω) for q = 1 satisfies condition (1.4) and

∞∫
0

 t∫
0

ω1(τ)τn−1 dτ

p′

ω1−p′(t) tn(1−p′)−1dt <∞.

Then inequality (2.2) holds.

Analogously for ϕ = 1 the following Corollary is valid.
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Corollary 4. Let 1 < q < p <∞ and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let ω be a positive and ω 1 be a positive decreasing
function on (0, ∞) satisfying the condition

∞∫
0

 t∫
0

ω1(τ)τn−1 dτ

p′

ω1−p′(t) tn(1−p′)−1dt <∞.

Then inequality (2.2) holds.

Remark 5. Note that for other type singular integral at ϕ = 1, Theorem 6 and
Theorem 7 were proved in [10]. For some sublinear operator at p = q = 1, Theorem
6 and Theorem 7 were proved in [7].
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