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TWO-WEIGHT NORM INEQUALITIES FOR CERTAIN
SINGULAR INTEGRALS

R. A. Bandaliev* and K. K. Omarova

Abstract. In this paper we prove the boundedness of certain convolution
operator in a weighted Lebesgue space with kernel satisfying the generalized
Hormander’s condition. The sufficient conditions for the pair of weights en-
suring the validity of two-weight inequalities of a strong type and of a weak
type for singular integral with kernel satisfying the generalized Hormander’s
condition are found.

0. INTRODUCTION

Let R be n-dimensional Euclidean space of points x = (x1,...,x,), where
n € N. Suppose that w is a non-negative, Lebesgue measurable and real function
defined on R", i.e., w is a weight function defined on R". By L, ., (R™) we denote
the weighted Lebesgue space of measurable functions f on R™ such that

1/p

11z, o@m = / F@Pwl@)de| <oo, 1<p <o

In the case p = oo, the norm on the space L., (R™) is defined as

1L ®n) = Iflloc = €ss sup [f(z)].
reR™

For w = 1 we obtain the nonweighted L,, spaces, i.e., | fllz, &) = Ifllz,®n)-
Consider the linear operator 7" defined for f € Ly (R™) N L, (R™) by ﬂ(m) =

~

X[-1,1](®) f(z), where x|_;,;) denotes the characteristic function of the segment
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[—1,1] and f denotes the Fourier transformation of a function f. In fact, T can be
constructed from multiplication operators and the Hilbert transform, so the bound-
edness of 7" on L, (R™) is just a consequen-ce of the L,, boundedness of the Hilbert
transform. It is curious that although the L,, boundedness of 7" follows from results
on singular integrals, it does not follow directly, since the kernel of T has a deriva-
tive which does not decay quickly enough at infinity to apply the usual theory. For
example, if the kernel of 7" has the form ST and e.t.c. On the other hand, singular
integrals whose kernels do not satisfy HOrngwcander’s condition have been widely con-
sidered (for example, oscillatory and other singular integral) (see [4]). For classical
singular integral operators the boundedness properties were proved by A.P.Calderon
and A.Zygmund [2] (see also [3]). For power weights the boundedness of classical
singular integral operators in weighted Lebesgue spaces was proved by E.Stein in
[13].

1. PRELIMINARIES
Definition 1. [6]. A positive measurable and locally integrable function g is

said to satisfy the reverse L., condition RL., or g € RL (R™) if

1
0<supg(e) < C i [ g(o) d,
r€EB ‘B‘ B

where B is an arbitrary ball centered at the origin and C' > 0 is a constant inde-
pendent of B.

Let K € Lo (R™) be a function satisfying the following conditions:

o &l <
(b) |K(2)| < %

(¢) thereexist the functions Ay, ..., A, € Ll¢(R*\ {0})and @ = {1, ..., om}
such that ¢; € Lo, (R™) and |det [p; (1:)]]° € RLoo (R™), y; € R,
,i=1,...,m;

(d) for a fixed v > 0 and for any |z| > 2|y| > 0 the inequality

m

(L) Ko=)~ Y Ay oiln)| < € 0
=1

is valid, where C > 0 is a constant independent of x and y. In general, the functions
Ai, @i (i =1,...,m) are complex-valued.
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Remark 1. Let K be a function satisfying condition (1.1). Then the inequality

(1.2) / ZA

|z|>2ly]

de < C

is valid.

Indeed, integrating both sides of inequality (1.1) with respect to the set |z| >

2|y|, using the inequality |x — y| > |z| — |y| > |=| — and passing to spher-

ical coordinates in R™, we have

/

K(z—y) - ZA(M dm<c/ _ bl

‘(L‘— ‘n-l—’v
a2y a2y
d 2”+77T% i dt 2”7'(%
X
<o Oy / _ C\yn/ c=c.
e ) AT E

|z[>2ly] 2|yl

Therefore condition (1.2) is a weaker condition on the function K than condition
(1.2).

Definition 2. [12] It is said that locally integrable weight function v belongs to
A, (R™) if
p—1

1 / 1 [
sup | — [ v(z)dz —/1/ P(z)dx < 00,
3\ 51 1/

where the supremum is taken over all balls B c R, 1 < p < oo and p' = P

p—1
Also, v € A; (R™) if there exists a positive constant C' such that for any arbitrary
ball B C R™ the inequality

\B\/ dw<Cess;ggu( x)

holds.

Remark 2. It is clear that from condition RL., implies the well known reverse
Holder inequality

1 1
B / R e / g(z)da |,
B B

where € > 0. It is well known that the reverse Holder condition characterizes the
condition A, (R™) (see [5]).
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Forl <p<ooand f € L, (R") we put
(13 Tf(a) = [ K1) S0 dy
Rn

We will also need the following theorems.

Theorem 1. [14]. Let 1 < r < oo and w € A, (R™) be a weight function on
R™. Suppose that the kernel of the convolution operator (1.3) satisfies the conditions
(a)-(d). Then the following inequality

1T Fllzr, wmy < C NS Ly, o)

holds, where the positive constant C' is independent of f.
For = 1 there exists a positive constant C' such that for any f € L, (R™)
and A\ > 0 the inequality

wmmsg/wmwmm
{zeR™: T f(z)|>A} R~

holds.

Remark 3. Let the kernel of the convolution operator (1.3) satisfy the conditions
(@), (c) and (1.2). Then for w = 1 Theorem 1 was proved in [5].

Example 1.1. If m =1, A;(z) = K(z) and ¢1(z) = 1, we get the Hormander’s
version of the Calderon-Zygmund Theorem (see [8]).
Example 1.2. Letm = 2, K(z) = > x, x € R\ {0}, Ai(z) = 26,
i ) oz 11X
= —%, v1(y) = e and p2(y) = €Y. Then the conditions (a)-(d) hold.

AQ((L‘)

Theorem 2. [11]. Let 1 < ¢ < p < oo, u(t) and v(t) be positive functions on
(0, o). Suppose that F': (0, oo) — R be a Lebesgue measurable function.
1. For the validity of the inequality
t

0o q 1/q 00 1/p
( / u(®) / F(r)dr dt) <o ( / E() P o(t) dt) /
0 0

0
it is necessary and sufficient that

) e

0 t 0
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where Cy > 0 is independent of F.
2. For the validity of the inequality

00 00 q 1/q 00 1/p
( / u(®) / F(r)dr dt) <0 ( / E() P o(t) dt)
t 0

0

it is necessary and sufficient that

70 K /t u(T) dT) (71}11’/(7) dT) QI} : v P () dt < oo,
0 0 t

where Cy > 0 is independent of F.

For ¢ = 1 the following Lemma is valid.

Lemma 1. [10]. Let p > 1 and u(¢) and v(t) be positive functions on (0, o).
1. If the pair (u, v) satisfies the condition

/

70 (711,(7) dT)p 0P (t) dit < oo,

0 \t
then there exists a positive constant C'; such that for an arbitrary function F' :
(0, o) +— R the inequality

[ee] t

0 1/P
ut) | [ F(r)dr dt<6’1< F(t)pv(t)dt)
[« /
holds.

2. If the pair (u,v) satisfies the condition

/

70 ( /t u(r) dT)p 0P (t) dit < oo,

0 0

then there exists a positive constant C'5 such that for an arbitrary function F' :
(0, o) +— R the inequality

o0 o0

o) 1/p
ut) | [ F(r)dr| dt < Cs ( \F ()P o(t) dt)
[ [

holds.
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Theorem 3. [9]. Let 1 < ¢ < p < oo, u(x) and v(x) be weight functions on
R™. Then the condition

/ [u(2)]77 [o(2)]" 77 dar < 00

is necessary and sufficient for the validity of the inequality

1/q 1/p
(@/ f(w)qu(w)dw> <c(@/ f(w)pv(w)dw> ,

where C' > 0 is independent of f.

Lemma?2. Let1 < ¢ <p<ooanda > 1. Let u and u; be positive increasing
functions on (0, co0), ¢ be a positive function on R", w = uy and wy = uyv. If
the weight pair (w1, w) satisfies the condition

(1.4) /[ul(a\%\)]ﬁ ()] 77 (@) do < oo,

Rn

then there exists a constant C' > 0 such that for any f € L ., (R")

1/q 1/p
(@/f(w)qwl(w) dw) <C (R/f(w)pw(w) dw) :

Proof. We have

[ @7 (a7 ) do > [ (a7 (a7 () do -

— [ fwrllal) 9@ [ullal) @) 7 dr = [ or (@) ()] 7 d
Rn Rn
By Theorem 3 the proof of Lemma 2 is completed.
The following Lemma is proved analogously.

Lemma3. Let1 < g <p < ooand a > 1. Let u and u; be positive decreasing
functions on (0, co0), ¢ be a positive function on R", w = uy and wy = uyv. If
the weight pair (w1, w) satisfies the condition

1o (2] T o) be) do < o
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then there exists a constant C' > 0 such that for any f € L ., (R™)

1

/q
[lr@lamd | <o | [if@Poe ds

1/p

2. MaIN RESULTS

Theorem 4. Let 1 < ¢ < p < oo and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let u and w; be positive increasing functions on
(0, 00), ¢ € Ay (R™) is a radial function, w = up and w; = u¢. If the weight
pair (w1, w) satisfies the condition (1.4) and

_p_
0 fo'e) t q—17 p—q
/ /w1 (1) rrna=l g /wl_p/(T) " ldr wl_p/(t) "L dt < oo,
0 t 0

then there exists a constant C' > 0 such that for any f € L, ., (R™) the inequality
1/q 1/p
(2.1) /\Tf(w)\qwl(\w\) dz| <C /\f(w)\pw(\w\) dx

holds.

Proof. Without loss of generality we may assume that the function u; has the
form

up(t) = u1(0) + /w(T) dr,
0

where u;(0) = lim w(t) and ¢ is a positive function on (0, co). Indeed, for
increasing functions on (0, oo) there exists a sequence of absolutely continuous
functions ¢,,(t) such that lim on(t) = ui(t), 0 < @p(t) < uy(t) ae. t >0 and
©n(0) = u1(0). Furthermo?e 'Eﬁe functions ¢,,(t) are increasing, and besides

on(t) = on(0) + / () dr,
0

where lim ¢/ () = (). Hence, using Fatou’s theorem, we obtain estimate (2.1)
for any increasing function on (0, o).
Let us estimate the left-hand side of inequality (2.1). We have
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1/q || 1/q
Tf ()] w1 (l]) dx) =| [ 1Tf@)* [w(0)+ [ o(t)dt [ o(lx])dt ] .
[ v (w0 frva) e

I u1(0) = 0, then (/|Tf )9wn (|2)) ) (/Tf J90(]2)) ( it dt) dx)

However, if u;(0) > 0, then

1/q
({RTf )9 n (Ja) d ) ({RTf )19 o(Ja) wr (0)d )
||
n (/ 7 @) () ( 0/ v t)dt) dx) = Ei+ B,

First we estimate 1. By Theorem 1 and by Lemma 2, we get

1/q 1/q
=(m |Tf<x>|w<|x|>u1<o>dx) =<u1<o>>1/Q(m |Tf<x>|w<|x|>dx)
< (ur (0))® ( / If(x)lqw(lxl)d) ( / F(@)17 plz]) ur(Jz]) d )
=(|R/ If(x)lqwl(lxl)d> (m/ F@ w(lal) d ) .

Let us estimate the integral F5. We have

ja| 1
B = | [irs@leta | o] a
R™ 0
) 1/q
= /|Tf($)|q¢(|$|) (/w(t)X{ubt}(x) dt) dx)
R™ 0

1/q
- / wm( / Tf(x)qw(x)dx) dt)
0 x| >t

q 1/q
/ L Kz —vy) fy)dy| o(|z])d )dt)

/a
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. a 1/q
< 2V (O/w(t) (Zt w(x)dx) dt) )
+ol/d (O/W) (lt / Kz —vy) f(y)dy| o(|z]) dx) dt)

y|<t/2
= E91 + E.
q

/ Kz —y) f(y)dy

ly|>t/2

We estimate Fo;. Using Theorem 1, we have

o1 = 2Y/7 <7¢(t) (JL K(z = y) f(Y) X{z)2>t/2) (¥) dy
0

o)) - X{ja|>t) (2)d >dt>
/K =) f(Y) X{z:|2>t/2} (¥) dy

E 1/q
=2 </ v (m/ ¢<x>dx) dt)
7 o 1/q
</¢ (m/f WXz 252y (@) (J]) d )dt)
0 n
2|x|
2</fxq<px </¢ t) x)
3 ' 1/q
Ca ({R f(w)qw(w)ul(mmx)

-G (m/ [F@)Pw(le])]? wi(@la]) [(|2)] > @(w)dw)

1/q
({R [1£ @) P w(lz)]? ua(le]) [u(lz)] 7 fe(|)] 7 dw) :

Now applying the Holder’s inequality with exponents a and p—

1/q

and using the
condition (1.4) (for o = 2), we obtain

1/q
(@/ [F@Pw(aD]? ui@ll) [w(e)] > [p(2)] 7 dx)

n
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1/p =g
< (R f(w)pw(w)dw) (@/ a2l (] @(x)dx)
’ 1/pn
<G (R f(w)pw(w)dw)

. . t
Now we estimate Fs,. Note that if |z| > ¢ and |y| < 2 then |x —y| > |x| — |y|

> |o| — 2 = 12 we get
q 1/q
w(w)dw) dt)

Eyy =27 (/w(t) (/
OOO e q 1/q
<ci| [u \ / ( j(y;ndy) @(x)dx) dt)
x>t \y|<t/2

| K@-9 1w

y|<t/2

0
o q 1/q
<o | fu / A )( / f(y)dy) dt)
0 ac|>t y|<t/2
o 1/q
e (/w@s)(/ Al )(/ 7y dy) ds)
0 z|>2s y|<s

o0

(29) (Z/ o) T dr

C6<
° q 1/q
( [ [ / f(ty)da(y)] dt) ds) .
0 gi=1

Besides, we have the following estimates:

w(2s) (Zjap(r) r””qldr> ds = % 7¢(s) (7@@ r””qldr> ds

S

7@(1") prong—l (Z/r P(s) ds) dr < 7(,0(7") prong—l ui(r)dr

2t t

v 0\8

N | — “\8
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o0 o0
= /wl(r) prnal g < /wl(r) Pt gy
2t t

Therefore we hgve

70 <7¢(23) (Efap(r) r””qldr) ds)

0 s
p

() e
Wl =P (1) ! dT) } WP () dt

N
0

—

0 p
o) q—179 p—¢
( [ut et dT) } W17 (1) 1t < oo,
t
Further taking F(£) = ¢"~1 / () do@) |, ult) = v(28) / o(r) =" g,
et b1
applying Theorem 2 (part one), and Holder’s inequality, we get
Co / b(25) U somr"-"q-ldr) / ot / ) do(@) | dt | ds
0 s 0 |§|=1
- P 1/p
< ¢ / w(t) £~ (DD |1 / ) do(m) | dt
0 [y]=1
- P 1/p
e / w(t) £ / D) do(@)| e
0 |7|=1
s 1/p 1/p
< / w(t) ! / FE@)Pdom)| dt| =0 (m/ If(y)lpw(lxl)dx> .
0 7i=1 "

This completes the proof of Theorem 4.
Example 2.1. Let

1AL for t< =
wi(t) =

p(A—g+1) B __p
e p—q (p_€q> A fO?“ t>e pa,
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=1 In" 1 for t<e va
w(t) = p(u—p+1) Y __p_
e pa <L> th for t>e Pa,
p—q

—1

wherep — 1 <7<M75< g('erl)—q—l,ﬁyé—l,Og)\< g(ﬂ—f—l)—l
p—q p p

and L -1 < i < p—1. Then the pair (w,w;) satisfies the condition of Theorem

p
4 forn = 1.
Let p =1 and a > 1. Then w and w; are increasing weight functions and

5

00 i 00 q—175p

t —q

/ /w1(7) el gy /wl_p/(T) " ldr wl_p/(t) " Lat
0o |\t 0 |
o[ /oo t q—17 »—q

Z/ /w1(7) el gy /wl_p/(T) " ldr wl_p/(t) " tat
0 | \at 0 |
o | /oo t q-1 ELL‘Z

2/ /T”_”q_l dr /T”_l dr [wl(at)]p%z [w(t)]_quq " Lat
0 t 0

= [aa(@t] 7 () 7 e ldt = €1 [ fnlale)F ollel)] 7 do
0 Rn
Therefore condition (1.4) holds automatically.
Corollary 1. Let 1 < ¢ < p < oo and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let w and w; be positive increasing functions on
(0, o) satisfying the condition

P

0 fe'e) t q—17 p—q
/ /w1(7) el g /wl_p/(T) " ldr wl_p/(t) " Ldt < 0.
0 t 0

Then inequality (2.1) holds.
o
Representing the decreasing function w(t) as w1 (t) = u1(o0) —|—/n(7) dr,
t
where
ui(00) = tlim ui(t) and n is a positive function on (0, o), using Theorem 1 and
— 00
Theorem 2 (part two), Lemma 2 and arguing as in the proof of Theorem 4, we get
the following Theorem.
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Theorem 5. Let 1 < ¢ < p < oo and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let u and u; be positive decreasing functions on
(0, 00), ¢ € Ay (R™) be a radial function, w = ug and w; = u;. If the weight
pair (w1, w) satisfies the condition (1.5) and

0 t 0o q—1 p'%q
/ /w1(7) ™ Ldr /wl_p/(T) 7m0 gy
0 0 t

WP () Y D gt < oo

then there exists a constant C' > 0 such that for any f € L, ., (R™) inequality (2.1)
holds.

Let ¢ = 1. Then the following Corollary is valid.

Corollary 2. Let 1 < ¢ < p < oo and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let w and w; be positive decreasing functions on
(0, o) satisfying the condition

o) t 00 q—1 pp%q
/ /w1(7) ™ Ldr /wl_p/(T) 1@ =) gr
0 0 t

WP () 7P D g < oo,
Then inequality (2.1) holds.

Remark 4. Note that for p = ¢ Theorem 4 and Theorem 5 were proved in [1].
In the case p = ¢ for some sublinear operator, Theorem 4 and Theorem 5 were
proved in [7]. Also, at ¢ = 1 for other type singular integral the Theorem 4 and
Theorem 5 was proved in [10].

For ¢ = 1 a weak (p, 1) type two-weight inequalities are valid.

Theorem 6. Let 1 < p < oo and the kernel of convolution operator (1.3) satisfy
the conditions (a)-(d). Let u be a positive and «; be a positive increasing function
on (0, 00), ¢ € A; (R™) be a radial function, w = up and w; = wu;p. If the weight
pair (w1, w) for ¢ = 1 satisfies condition (1.4) and

/

o] [ee] p

/ /wl(T) dr | w7 () ¢ tdt < oo,
.

0 t

then there exists a constant C' > 0 such that for any f € L, ., (R™) and A > 0
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the inequality

/p
(2:2) [ el (Rf (el d )
{z€R™: [T f(z)|>N}

holds.

Proof. In first we consider the increasing functions of the form

ul(t) :u1(0)+/(5(7) dr
0

where u;(0) = tlir_{lo u(t) and 4 is a positive function on (0, co) (see Theorem 4).

We have
o
wi(|z|) de = / o(lz|) | ui(0 /(5 dt | dx.
fockn: [T (2)[>2) fweRn: [T (@)}
If w(0) — 0, then / onllz]) dz = / o(lz))

{z€R™: |Tf(z)|>A} {zeR™: |Tf(z)|>N}
||

/(5(t)dt dx. However, if u;(0) > 0, then

wi(J2]) da = / o (|2]) u (0)da

{zeRn: [T f(z)[>A} {zeR™: |Tf(z)[>A}
|z|

N / ﬂM)JWW de = Fy + F.

{z€R™: [T f(z)|>A}

In first we estimate F}. By Theorem 1 and by Lemma 2, we have

P = / () w1 (0)dz = uy (0) / o(|a]) da
{z€R": |T f(z)|>A} {z€R™: |T f(z)|>A}

/\f )l e(lel) dw<—/\f ) ellal) (ol

/\f )l dw<(@/f () d )
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Let us estimate the integral F». We have

||
SR D ( / 5<t>dt) da
{z€R™: |Tf(x)|>\} 0

= / o(|z]) (/5(t)X{m>t}(x)dt) dx
0

{z€R™: |Tf(z)|>A}

:/m) /X{xeR”: () > A} o(|2]) do | dt
0 z|>t
< [ow /x{wGR”: | K9 1w dy|> 5 b ollal) do |
0 x>t yl>%
+ [ o (/ x{wGR”: l / K(wy)f(y)dy>;}<p(w)dw) dt
0 z|>t yI<§
= o1 + Fao.

By Theorem 1 we get

Fy = 75(15) (!R/X {x eR":
0 n

o(|2]) X{j2|>t (x)dz) dt

SZO(S(t) \R/X{xER”:

| K-y sw)ay

y|>

A
~3
> ;\}ap(x)dx) dt

t
2

| K-y sw)ay

t
yl>3

:/5(75) / o(|z|) dx | dt
0 {2€R™: | T fX{|a|>t/2) (x)|>N/2}

<2 [50) | [ gy @i ollel) de | e
0 n

2 |z|

_ % /\f(x)w(\x\) (/ 5(t) dt) dz < % /\f(w)\w(\w\)m(%w\)dx
R™ 0 R

n
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02 1/ (@) P w(l2))]7 [w(a))] 7 ui(2le]) o(|e]) de

Rn
1f @) [P w(laD]? ur2la]) [u(lz)]" 7 [e(l2))]7" de.
Rn
Now, applying the Holder’s inequality and using condition (1.4) (for « = 2 and
g = 1), we obtain

£ @) ()P wa(2la]) [ula)] 7 [p(a)]7 da

1/p e
<& (R f(x)pw(w)dx) (@/ fur (2l [u(le])) 7 w<w>dw)
1/p

. . t
Now we estimate F5,. Note that if || > ¢ and |y| < 3 then |z —y| > |z|—|y| > ||

—lzl— 71 \we have

F22/5(75)</<P(95)X z €R" K(z—y) f(y)dy >;}dx)dt
0 x>t yl<i
< ;/5(75) (/ o(|z]) / K(z—vy) f(y)dy dw) dt
0 z|>t yl<t

5%75“) / ( \w y\” ) )
0 z|>t yl<i

<< fo | [ )( e dy) at
0 a:|>t yl<i

el o)
<2t></ )(/ {/fsyda ] )

0 [yl=1
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Besides we have the following estimates:

(5 (Z/ ir ) ) WP (s) sV Hds <

/

x
xD
/w1 ) ”ldt<oo

t
Further taking F'(t /s { f(sy)| do(y)| ds, u(t) = d(2s
[yl=1

7 (7"
,
2s

and applying Lemma 1 (part one) and Holder’s inequality, we get

% 7(5(215) (jf@m) / / 1£(s7)| do(3)
0 t

[7l=1
s [ 7 e | I
<O | [opeevo [pr [ em)dowm)| d
A
/ J
. - P 1/p
=S| fewe | [ mlaom]|
0 ly|=1 1
- p
<2 | fowe | [ ismrae| a
0 ly|=1
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This completes the proof of Theorem 6.

Example 2.2. Let

1 1

“mf for t<e?f
w(t)y=13 t t

e~2B(+1) (—Qﬁ)ﬂtk for t>e2P,

1 1

- In7 - for t<e?f
wit)=4{ t 1

e 2BWA) (23 th for t > 2P,

where 4 > p(A+1)—1, -1 <A <0,8 < —1and v > p(f+2)+ 1. Then the
pair (w,w1) satisfies the condition of Theorem 6.
For ¢ = 1 the following Corollary is valid.

Corollary 3. Let 1 < ¢ < p < oo and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let w be a positive and w; be a positive increasing
function on (0, oo) satisfying the condition

/

o] [ee] p

/ /wl(T) dr | w7 () ¢ ldt < .
.

0 t

Then inequality (2.2) holds.

o0

Representing the decreasing function w(t) as w1 (t) = u1(o0) —|—/n(7) dr,

t
where u;(c0) = tlim ui(t) and n is a positive function on (0, oo), using Theo-
—00

rem 1 (for » = 1) and Lemma 1 (part two), Lemma 3 and arguing as in the proof
of Theorem 6, we get the following Theorem.

Theorem 7. Let 1 < p < oo and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let u be a positive and «; be a positive decreasing
function on (0, o), ¢ € Ay (R™) be a radial function, w = up and w; = uyp.
Suppose that the weight pair (w1, w) for ¢ = 1 satisfies condition (1.4) and

/

00 t p
/ / wi () dr | Wl (1) 0Lt < oo,
0 0

Then inequality (2.2) holds.

Analogously for ¢ = 1 the following Corollary is valid.
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Corollary 4. Let 1 < ¢ < p < oo and the kernel of convolution operator (1.3)
satisfy the conditions (a)-(d). Let w be a positive and w; be a positive decreasing
function on (0, oo) satisfying the condition

/

00 t p
/ / ()T dr | W () 0 g < oo
0 0

Then inequality (2.2) holds.

Remark 5. Note that for other type singular integral at ¢ = 1, Theorem 6 and
Theorem 7 were proved in [10]. For some sublinear operator at p = ¢ = 1, Theorem
6 and Theorem 7 were proved in [7].

10.

11
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