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CuBIC FORMAL POWER SERIES IN CHARACTERISTIC 2 WITH
UNBOUNDED PARTIAL QUOTIENTS

K. Ayadi, M. Hbaib and F. Mahjoub*

Abstract. There is a theory of continued fractions for formal power series
in z=1 with coefficients in a field F,. This theory bears a close analogy
with classical continued fractions for real numbers with formal power series
playing the role of real numbers and the sum of the terms of non-negative
degree in x playing the role of the integral part. We give a family of cubic
power series over Fy with unbounded partial quotients. To be more precise, let
f € Fo((z~1)) such that f is not polynomial but 2 is polynomial with degree
d € 3N, we prove that the continued fraction expansion of f is unbounded.

1. INTRODUCTION

In [2], Khintchine conjectured that if X is a real algebraic number of degree > 2
then x has a continued fraction expansion whose the sequence of partial quotients
is unbounded. Note that the answer to this conjecture is far from being tractable.
However, more things are known in the case of algebraic formal series over a finite
field I, of characteristic p.

In 1976, Baum and Sweet gave, in [1], the first example of an algebraic formal
series of degree 3 on Fy((2~1)) whose partial quotients have only a finite number of
values as well as examples whose partial quotients have infinite values. In [4], Mills
and Robbins continued the work of Baum and Sweet and they gave an example of
formal series algebraic over F3((x~!)) whose the sequence of partial quotients is
unbounded and given explicitly. Moreover, Robbins gave a family of cubic formal
power series with bounded partial quotients [5].

In this paper, we give a family of cubic formal power series with unbounded
partial quotients. Namely, we prove that, if f3 is polynomial with degree d € 3N,
then the continued fraction expansion of f is unbounded.
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2. FIELD oF FORMAL SERIES

Let Fi be a finite field with £ elements. We denote by Fj[x] the ring of
polynomials with coefficients in F;, and Fy.(z) its fractions field. Let Fy((x~1)) be
the field of formal power series:

Fk((x_l)) = {f = ZiZno fix_i : ng€Z and fi € Fk} .

Let f = > fiz~ be any formal power series, we define its polynomial part, denoted
[f], by [f] =<0 fiz ™" If £ # 0, then the degree of f is y(f) = inf{i: f; # 0}
and ~(0) = +oco. Thus, we define | f| = k=), Note that |.| is a non archimedean
absolute value over Fy((z~1)).

Now, similarly to the classical continued fractions for real numbers, we define
the continued fractions for power series. Let us consider the set My = {f €
Fr((z~1)) : |f| < 1} and consider the transformation

TMk—>Mk,f»—>%—|:%:|

For any f € Fx((z~!)) we define a polynomial sequence (a,),>0 by

1
ag — [f] and, fOI‘ n Z 1, Ap — [m] .
We easily check that 1
f=a+——7—
al + 1

as + —

This expression is called the continued fraction expansion of f and it will be simply
denoted by f = [ao,a1,a2,...]. The sequence (a;);>o is called the sequence of
partial quotients of f. If it is bounded, we say that f admits bounded continued
fraction expansion.

Besides, we define two sequences of polynomials (p,,) and (g,) by

po=aop, q =1, pi=aa1+1, q=a

and for any n = 2pn = apPn—1 +Pn-2, qn = AnGn—1 + gn—2-.

By a straightforward computation, we can see that

_ p
Pndn-1 — Pn-1qn = (—1)""' and = = [ag, a1, az, . . ., ay).
n

The sequence P} s called the sequence of convergent of f.

q
We will need the following two lemmas given by Baum and Sweet in [1]:
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Lemma 2.1. Consider p, g € Fa[x] with ged(p, ¢) = 1.

a. If |qf —p| =2-0@+d) g 0, then, there exists n € N such that

¢4=Gqn, p=pp and ~y(apt1)=d.

1 .
b. If |¢f —p| = —, then, there exists n € N such that

lq|

D= Pn+ Pn-1 and q=qn+ qn-1.

Lemma 2.2. Let g1, g2, h1, ho € Fg[w‘] with gihe + gah1 # 0. Then, any
f g+ has bounded

Fo((z~1)) has bounded partial quotients if and only i
f € Fo((z™")) has bounded partial quotients if an y ool T

partial quotients.

In 1976, Baum and Sweet gave in [1] some examples of formal series whose
the sequence of partial quotients is unbounded. They have proved that the formal
1

series <P——|—1> admits unbounded partial quotients which are given explicitly .

3. ResuLTs

Before giving the mains theorems, we introduce the following two lemmas.

Lemma 3.1. Let P € Fy[z] such that the degree of P is a multiple of 3, then
there is a unique f € Fo((z~!)) such that f3 = P.

Proof. The uniqueness of f is obvious. Let P = 2™ + a,_12" ' 4+ -+ ag
in which n is a multiple of 3. We seek f = >~ fiz™" in Fo((z~")) such that
f3=Pand f,, # 0. Itis sufficient to determine the f; step by step. The equality
f2 = P yields first n = —3ny. Moreover, by identification, we get

2 3
Jno=1s  [no+1=an-1, fngr2=0n—2-05_1, [fng+3=an—3a5_1,.-. n

Lemma 3.2. Let P € Fy[z] such that v(P) € 3N. Then the polynomial P is
uniquely expressible as P = S3 + T, where S, T € Fa[x] with v(T) < 2v(S).

Proof. Write P = 23" 4+as,,_12°™ 1 ++ - 4 aoma®™ +agm—_122" 1+ - -+ap.
From the equality P = S3 + T, together with the condition v(T") < 2v(95), we
deduce that (S) = m. Moreover, S® = 23" 4+ az,, 123" L+ -+ ag2®™ + H
where v(H) < 2k. Thus, we write S = > 1" bz’ € Fafz], then, as in the
previous lemma, we compute recursively the coefficients b,,, b,,_1,...and then we
get P = S3 4+ T with y(T) < 2v(S). |
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Theorem 3.3. Let P = S3+T with S, T € Fo[z], such that T divides P and
7(T) <2v(S). Then the formal power series g such that g3 = P admits unbounded
partial quotients.

Proof. We follows [1] fairly closely. Consider f = H (1 +R_1)4Z where
i>0
R=T7'P. Itisclear that R € Fy[x] and |R| > 1. We have

m—1
' 3x Z 4t
3 1y 3x4t N R T _1y4m—1
j’_LyHR )7 = Jim (1+RT) =0 = lim (1+R7")
= (+R ™ lim (4R
Since Fo((x~1)) is of characteristic 2, we have then f3 = (1+ R~1)~!
m 1 P
1+ lim R*"). So, f3 = - = , then f =
T ) / R =g = e
1
P 3
Fa((x™1)).
(757) rala™)
4" -1 _ N~
Letdm:T: Z4.Then
m—1 A
>4 m1 |
(1+ R)4m = (1+ R) =0 = (1+ R)*
=0
m—1 ) ; m—1 "
= [[rR"+r Y =r™ J[ 1+R)
=0 1=0
Thus, we get
Rinf = R [ (1+R7Y)" — R J] (+rR Y[ 0+r™
i>0 0<i<m i>m
= @+t [T+ RN = @+ B+ (14 Ry (R + K,
i>m
Therefore,

R™f—(1+R)™=(1+R)™R """ +K.

Moreover, we have |K| < [(1 + R)Y¥(R~NH4"| = |R¥(R™1)*"| since |(1 +
R)4m| = |R%|. So, we get

(31) R f = (14 R)™| = | R~



Cubic Formal Power Series in Characteristic 2 with Unbounded Partial Quotients 2335

and then we have
‘Rdmf _ (1 + R)dm — 2_('7(R)d"L+7(R)4m_27(R)dm)_
We have ged(R%™, (1 + R)%) = 1, moreover, 4™~ (R) — 2v(R)d,, > 0, then ac-

cording to Lemma 2.1, there exists ¢ such that vy(a;+1) = 4™v(R) — 2v(R)d .
Obviously «(a;+1) is unbounded, so, we conclude that the formal series f =

(PiT) o %(53 + T)% admits unbounded partial quotients, but S € Fy[z],

then, by Lemma 2.2, (S + T)% admits unbounded partial quotients. ]

Theorem 3.4. Let S, T' € Fq[x] such that v(T") < v(.S). Then the formal series
g such that g3 = S3 + T admits unbounded partial quotients.

Proof. Let P = S3 + T. We begin the proof as in Theorem 3.3 until equality
(3.1). Besides, multiplying (3.1) by 79 , we obtain

Pdmf _ (T + P)dm

_ ‘Tdm(T—lp)—(zlm—dm) — 9~ (Bdm+(B4™~2Bdym—ad™))

where 5 = ~(P) and o = v(T"). We have to distinguish two cases:

(i) ged(P,T) = 1: since deg v(T) < +v(P) then B4™ — 23d,,, — a4™ > 0.
Moreover, ged(P9m, (T 4 P)%m) = 1, then by Lemma 2.1, there exists i such
that v(a;41) = B4™ — 203d,,, — a4™. It is clear that v(a;4+1) is unbounded.

(i) ged(P,T) = h # 1: there exists P’ and T € Fy[z] such that P = hP’ and
T = hT" with ged(P',T") = 1. It is easy to verify that v(1") < 1~(P'), and
then the result is obvious by the first case.

. P \3 . . .
So, in these two cases, (P—+T> admits unbounded partial quotients, then, as

before, (53 + T)% admits unbounded partial quotients . |

Example 1. Let 3 = §3 +1 with y(S) > 0, then, by Theorem 3.3, the partial
quotients of f are unbounded.

Example 2. Let f3 = S3 + x with v(S) > 1, then the partial quotients of f
are unbounded, by Theorem 3.3 if S(0) = 0 and by Theorem 3.4 if S(0) # 0.
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