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ULAM-HYERS STABILITY FOR OPERATORIAL EQUATIONS AND
INCLUSIONS VIA NONSELF OPERATORS

T. P. Petru, A. Petrusel and J.-C. Yao*

Abstract. Using the weakly Picard operator technique, we present some
abstract Ulam-Hyers stability results for operatorial equations and inclusions
involving nonself single-valued and multivalued operators.

1. INTRODUCTION

Let (X,d) be a metric space, P(X) be the family of all subsets of X and
consider the following families of subsets of X:

P(X):={Y e P(X)| Y £ 0}, P,(X):={Y € P(X)| Y is bounded},

Py(X):={Y € P(X)| Y isclosed}, P, (X):={Y € P(X)|Y is compact}.

We will denote by B(xg, r) the closure of B(zq,r) in (X, d), where B(xq, ) :=
{z € X|d(zo,z) < r} is the open ball centered in z¢ € X with radius » > 0
and by B(xo,r) the closed ball centered in zo € X with radius » > 0, i.e,,
B(xo,7) := {x € X|d(zo,x) <71}

If (X,d) is a metric space, then the gap functional in P(X) is defined as

Dy: P(X) x P(X) — R, Dy(A, B) = inf{d(a,b) | a € A, be B}.

In particular, if zo € X then Dg(zo, B) := Dg({z0}, B).
We will denote by H the generalized Pompeiu-Hausdorff functional on P(X),
defined as

Hg: P(X)xP(X)— RiU{+oo}, Hi(A, B) = max{supDy(a, B),supDg(b, A)}.
acA beB
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Let (X, d) be a metric space. If F': X — P(X) is a multivalued operator, then
x € X is called fixed point for F' if and only if x € F(x). The set Fiz(F) :=
{r € X| z € F(x)} is called the fixed point set of T', while SFiz(F) = {z €
X| {z} = F(z)} is called the strict fixed point set of F.

Let Y be a nonempty set and 7',.S : X — P(Y") be two multivalued operators.
An element z* € X is a coincidence point for 7" and S if T'(z*) N S(z*) # 0. We
denote by C(T, S) the set of all coincidence points for 7" and S.

Let 7,S : X — P(X) be two multivalued operators. An element z* € X
is called a common fixed point for 7" and S if z* € T(z*) N S(z*). We denote
by CM(T,S) := Fix(T) N Fix(S) the set of all common fixed points for the
multivalued operators 7" and S.

For a multivalued opertor 7' : X — P(Y") we will denote by
Graph(T) :=={(z,y) e X xY :y € T'(x)}

The graphic of 7. Notice that ¢ : X — Y is a selection for T : X — P(Y) if
t(z) € T(z), for each x € X. Also, T': X — P(Y) is said to be onto if and only
if for each y € Y there exists x € X such that y € T'(x).

In particular, when F (or T and S) is a singlevalued operator, we obtain the
similar well-known concepts in fixed point theory.

For the following notions see I. A. Rus [16] and [14], I. A. Rus, A. Petrusel,
A. Sintamarian [23] and A. Petrugel [13].

Definition 1.1. Let (X, d) be a metric space and f : X — X be an operator. By
definition, f is a weakly Picard operator (briefly WPO) if the sequence (f™(z))nen
of successive approximations for f starting from xz € X converges, for all x € X
and its limit is a fixed point of f.

If f is WPO, then we consider the operator

£ X — X defined by f°(z) := lim f"(x).

n—oo

Notice that f*°(X) = Fix(f).

Definition 1.2. Let (X, d) be a metric space, f : X — X bea WPO and ¢ > 0
be a real number. By definition, the operator f is said to be a c-weakly Picard
operator (briefly c-WPO) if and only if

d(z, f*(z)) < cd(z, f(z)), forall x € X.
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Definition 1.3. Let (X,d) be a metric space, and F' : X — Py(X) be a
multivalued operator. By definition, F' is a multivalued weakly Picard (briefly
MWP) operator if for each € X and each y € F(x) there exists a sequence
(zn)nen such that:

(i) o=z, 1 =y;
(il) xpy1 € F(xy,), for each n € N;
(i) the sequence (z,)nen is convergent and its limit is a fixed point of F'.

Remark 1.1. A sequence (z,)ncn Satisfying the condition (i) and (ii), in the
Definition 1.3 is called a sequence of successive approximations of F' starting from
(z,y) € Graph(F).

If F: X — P(X) is a MWP operator, then we define F>° : Graph(F) —
P(FixzF) by the formula F*°(z,y) := { z € Fixz(F') | there exists a sequence of
successive approximations of F' starting from (x, y) that converges to z }.

Definition 1.4. Let (X, d) be a metric space and F' : X — P(X) be a MWP
operator. Then, F'is called a c-multivalued weakly Picard operator (briefly c-MWP
operator) if and only if there exists a selection f>° of F> such that

d(z, f*(z,y)) < cd(z,y), forall (x,y) € Graph(F).

For the theory of weakly Picard operators, see [16] for the singlevalued case
and [23] and [13] for the multivalued one.

The purpose of this paper is to extend and generalize some results given in [14],
concerning the Ulam-Hyers stability of some operatorial equations and inclusions
by using the weakly Picard operator technique.

2. ULAM-HYERS STABILITY FOR FIXED POINT EQUATIONS AND
INCLUSIONS WITH NON-SELF OPERATORS

Let (X, d) be a metric space, Y be a nonempty subset of X and f : Y — X
be an operator. In this section we shall use the following notations and notions (see
[14, 3]):

I(f):={ZCcY | f(Z) cZ Z+#0} - the set of all invariant subsets of f
(MTI)y¢ - the maximal invariant subset of f, i.e., (MI)s := U Z
ZeI(f)
(AB)(z*) :={z € Y | f(x) is defined for all n € Nand f"(z) % 2* € Fiz(f)}
- the attraction basin of z* € Fiz(f) with respect to f
(AB);:= |J (AB)s(a") - the attraction basin of f.
x*€Fix(f)
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Definition 2.1. (A. Chis-Novac, R. Precup, I. A. Rus [3]). By definition,
f:Y — X is called a nonself weakly Picard operator if Fixz(f) # () and (MI); =
(AB)y. If Fiz(f) = {z*}, then a nonself weakly Picard operator is said to be
nonself Picard operator.

Definition 2.2. (A. Chig-Novac, R. Precup, I. A. Rus [3]). For each nonself
weakly Picard operator f : Y — X we define the operator f> : (AB); —

Fia(f) C (AB);, by [*(x) = lim f"(x).

Definition 2.3. (A. Chis-Novac, R. Precup, I. A. Rus [3]). Let ¢ : Ry — R
be an increasing function which is continuous in 0 and ¢(0) = 0. An operator
f:Y — X is said to be a nonself )-weakly Picard operator if it is nonself weakly
Picard operator and

d(z, f*(x)) < ¥(d(x, f(2))), for all z € (MI);.
In the case that v (t) := ct (for some ¢ > 0), for each ¢t € R, we say that f is
c-weakly Picard operator.

For some examples of nonself weakly Picard operators and -weakly Picard
operators, see [3].
If f:Y — X is an operator, let us consider the fixed point equation

(2.1) x=f(z), x€Y
and the inequation

(2.2) d(y, f(y)) <e.

Definition 2.4. (1. A. Rus [14]). The equation (2.1) is called generalized Ulam-
Hyers stable if there exists ¢ : Ry — R increasing, continuous in 0 and ¢(0) = 0
such that for each ¢ > 0 and for each solution y* € (AB) of (2.2) there exists a
solution x* of the fixed point equation (2.1) such that

d(y", z") < (e).

If there exists ¢ > 0 such that ¢ (¢) := ct, for each € R, the equation (2.1) is
said to be Ulam-Hyers stable.

The following abstract result is presented in [14].

Theorem 2.1. (I.A. Rus [14]). Let (X, d) be a metric space, Y be a nonempty
subset of X and f : Y — X be a +-weakly Picard operator. Then, the fixed point
equation (2.1) is generalized Ulam-Hyers stable. In particular, if f is c-weakly
Picard operator, then the equation (2.1) is Ulam-Hyers stable.
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Proof. Lete > 0and y* € (AB); be a solution of (2.2), i.e., d(y*, f(y*)) < e.
Since f is a v-weakly Picard operator, for each « € (M1); we have

d(z, f*(2)) < P(d(@, ¥ (2))).

Hence, taking into account that (M1); = (AB)s, we can choose z* := f>(y*)
and thus we get that =* is a solution of the fixed point equation (2.1) and

d(y*,z*) < ¢(e). ]

We will present now some consequences of the above result. We need first some
definitions, see [15] for details.

A mapping ¢ : Ry — R, is called a comparison function if it is increasing
and ©F(t) — 0 as k — +oo. As a consequence, we also have o(t) < t, for each
t >0, ¢(0) =0 and ¢ is continuous in 0. The mapping ¢ : R, — R, is said to

o

be a strict comparison function if it is strictly increasing and th”(t) < 400, for

n=1

each t > 0.
Recall that if (X,d) is a metric space, Y is a nonempty subset of X and
f:Y — X is an operator, then f is called:

(i) a-contraction if « € [0,1] and
d(f(x1), f(z2)) < ad(z1,z2) forall 1,29 €Y.

(i) ¢-contraction if ¢ : R, — R, is a comparison function and
d(f(z1), f(22)) < p(d(x1,22)) for all z1, 29 €Y.

Theorem 2.2. Let (X, d) be a complete metric space, zop € X, r > 0 and

f: B(zo,r) — X be an a—contraction, such that d(x¢, f(xg)) < (1 — a)r.
Then the fixed point equation (2.1) is Ulam-Hyers stable.

Proof. It is easy to see that (M1);=(AB)¢=DB(zo,r) and hence, by Banach-
Caccioppoli fixed point principle, we have that Fiz(f) = {z*} and for each = €
B(xo, )

A(r,2°) < ——d(z, f(2).

Thus, f is a ¢-WPO with ¢ := ﬁ > (. Hence, by Theorem 2.1 the fixed point
equation (2.1) is Ulam-Hyers stable. ]

Another result of this type is the following.
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Theorem 2.3. Let (X, d) be a complete metric space, zp € X, » > 0 and
f : B(zg,7) — X be a p-contraction, such that d(z o, f(z0)) < r—¢(r). Suppose
also that the function ¢ : Ry — Ry (t) := t — o(t) is strictly continuous and
onto. Then, the fixed point equation (2.1) is generalized Ulam-Hyers stable.

Proof.  Notice that, by our hypotheses, we have (M) = (AB); = B(zo, )
and hence, by Matkowski-Rus fixed point principle (see [9] and [15]), we have that
Fixz(f) = {z*}. Then, for each = € B(xo,r) we have

d(z, %) <d(z, f(z)) + d(f(z),2") < d(z, f(x)) + (d(z, 27)).

Notice that 1»~! : R, — R exists, is increasing, continuous at 0 and ) ~1(0) = 0.
Thus, .

d(z,z*) < = Y(d(z, f(x))), for each z € B(xo,7)
proving that f is a nonself 1)~ '-weakly Picard operator. Hence, by Theorem 2.1
the fixed point equation (2.1) is generalized Ulam-Hyers stable. ]

Remark 2.2. If f : B(xo,7) — X, then similar results concerning the Ulam-
Hyers stablility of the fixed point equation (2.1) can be given for:

(a) generalized contractions of Ciri¢-Reich-Rus type, i.e., there exists o, 3,~ €
R4+ with o + 3 4 v < 1 such that

d(f (), f(y)) < ad(z,y)+pd(z, f(x))+7d(y, f(y)), for all 2,y € B(xo, 1),

— _1-p .
Where C = m > 0,
(b) generalized contractions of Ciri¢ type, i.e., there exists ¢ € [0, 3[, such that

for all z,y € B(zo,r) one have

d(f(x), f(y)) <qmax{d(z,y), d(z, f(x)),d(y, f (), d(z, f(y)), d(y, f(2))},

l—q
1—-2q
For details, rigorous statements and other results see [3].

where ¢ :=

We will consider now the multivalued case.

Let (X, d) be a metric space, Y be a nonempty subsetof X and F': Y — P(X)
be a multivalued operator.

In the sequel, we shall use the following notations and notions: I(F) :={Z C
Y :F(Z)C Z, Z# 0} - the set of all invariant subsets of F;
(MI)p - the maximal invariant subset of F', i.e., (MI)p := U Z;

ZeI(F)

(AB)p(z*) :={x€Y : for each y€ F(x), there exists in Y a sequence, (z,)nen,
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of successive approximations for F starting from (x, y), which converges to z*}
- the attraction basin of z* € Fiz(F') with respect to F;

(AB)r:= |J (AB)r(a") - the attraction basin of F.

z*€Fiz(F)

Definition 2.5. Let (X, d) be a metric space, Y € P(X) and F: Y — P(X)
be a multivalued operator. By definition, F' is a nonself multivalued weakly Picard
operator if Fiz(F) # () and (MI)r = (AB)F.

If Y = X, then F' having the above properties is said to be a multivalued weakly
Picard operator.

Let F': Y — P(X) be a nonself multivalued weakly Picard operator. Denote
DY ={(z,y) e X x X:x € (AB)r and y € F(x)}.

Then, we consider the multivalued operator F*>° : D% — P(Fixz(F')) defined by
the following formula:

F>(x,y):= the set of all fixed points of F' that are limits of a successive approxi-
mations sequence starting from (z, y).

Definition 2.6. Let (X, d) be a metric space and Y € P(X). Let¢ : R, —
R be an increasing function which is continuous in 0 and ¢(0) = 0. Then
F :Y — P(X) is said to be a nonself multivalued «-weakly Picard operator
if it is a nonself multivalued weakly Picard operator and there exists a selection
f*: DY — Fiz(F) of F*° such that

d(z, f*(x,y)) <(d(z,y)), forall (z,y) e DF.

If Y = X, then F' having the above property is said to be a multivalued «-weakly
Picard operator. If there exists ¢ > 0 such that ¢(t) = ct, for each t € R, then
we say that F' is a nonself multivalued c-weakly Picard operator.

Definition 2.7. Let (X, d) be a metric space, Y be a nonempty subset of X and
F:Y — P(X) be a multivalued operator. The fixed point inclusion

(2.3) z€F(x), z€Y

is called generalized Ulam-Hyers stable if and only if there exists ¢) : R, — R4
increasing, continuous in 0 and +(0) = 0 such that for each ¢ > 0 and for each
solution y* € (AB)p of the inequation

(2.4) D(y, F(y)) <e

there exists a solution =* of the fixed point inclusion (2.3) such that

d(y*, z*) < 9(e).
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If there exists ¢ > 0 such that ¢ (t) := ct, for each ¢ € R, then the fixed point
inclusion (2.3) is said to be Ulam-Hyers stable.

The following theorem is an abstract result concerning the Ulam-Hyers stability
of the fixed point inclusion (2.3) with nonself multivalued operators with compact
values.

Theorem 2.4. Let (X, d) be a metric space, Y be a nonempty subset of X and
F:Y — P, (X) be a nonself multivalued )-weakly Picard operator. Then, the
fixed point inclusion (2.3) is generalized Ulam-Hyers stable.

Proof. Lete > 0 and y* € (AB)r be a solution of (2.4), i.e., D(y*, F(y*)) <
e. Let w* € F(y*) such that d(y*,v*) = D(y*, F(y*)). Since F' is a nonself
multivalued ¢-weakly Picard operator, for each (x,y) € D¥ we have

d(z, f*(x,y)) < P(d(z,y)).

Hence, taking into account that (y*, v*) € D%, we can choose z* := f*°(y*, u*)
and thus we get that =* is a solution of the fixed point inclusion (2.3) and

d(y", z%) = d(y", f=(y" u?)) < ¢y, u’)) < (o). u

In particular, if the multivalued operator is self, then Theorem 2.4 gives a theo-
rem concerning Ulam-Hyers stability of the fixed point inclusion with multivalued
self operators, which was presented in [14]. We list here this result.

Corollary 2.1. Let (X,d) be a metric space and F' : X — P, (X) be a
multivalued -weakly Picard operator. Then, the fixed point inclusion (2.3) is
generalized Ulam-Hyers stable.

We will present now some consequences of the above result. We need first some
definitions.

Definition 2.8. Let (X, d), (Y, d’) be metric spacesand F': X — P, (Y) be a
multivalued operator. Then, F' is called:

(i) a-contraction, if a € [0,1] and Hy(F(x1), F(x2)) < ad(x1,xz2), for all
xr1,T9 € X;

(i) ¢-contraction, if ¢ : Ry — R4 is a strict comparison function and for all
x1, w2 € X we have that Hy (F(z1), Fz2)) < ¢(d(z1, 22));

Theorem 2.5. Let (X, d) be a complete metric space, zo € X and r > 0. Let
F : B(xo;1) — Pp(X) be a multivalued a-contraction such that H (x o, F'(zo)) <
(1 — a)r. Then, the fixed point inclusion (2.3) is Ulam-Hyers stable.
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Proof. By Theorem 4.5 in [8], the set B(zo; ) is invariant with respect to F,
e, (MD)p = B(mo; r). Thus, by Nadler’s contraction principle (see [10]), we get
that F' is a nonself multivalued weakly Picard operator. Moreover, F' is a nonself
multivalued c-weakly Picard operator with ¢ := ﬁ (see [23]). Hence, Theorem

2.4 applies and the conclusion follows. |

The following result is known in the literature as Wegrzyk’s theorem (see [25]).

Theorem 2.6. Let (X, d) be a complete metric space and F': X — P, (X) be
a multivalued ¢-contraction. Then F' is a multivalued weakly Picard operator.

A Ulam-Hyers stability result for nonself multivalued o-contractions is the fol-
lowing.

Theorem 2.7. Let (X, d) be a complete metric space, zo € X and r > 0.
Let F' : B(xo;7) — P.p(X) be a multivalued o-contraction such that the function
¥ Ry — Ry given by ¢(t) =t — o(t) is strictly increasing and onto. Suppose
H (0, F(x0)) < r—p(r) and SFiz(F) # (. Then, the fixed point inclusion (2.3)
is generalized Ulam-Hyers stable.

Proof.  Since F' is a ¢-contraction, using the assumption H(x, F(xo)) < r—
©(r), we obtain (see [8]) that the set B(xz;r) is invariant with respect to F, i.e.,
(MI)r = B(zo; 7). Thus, by Wegrzyk’s Theorem 2.6, we get that F : B(zq; ) —
P.,(X) is a nonself multivalued weakly Picard operator.

Moreover, F is a nonself multivalued )~ '-weakly Picard operator. Indeed, let
x* € SFiz(F) and x € Fixz(F) be arbitrary. Then d(z,z*) = D(z, F(z*)) <
H(F(x), F(z*)) < ¢(d(z,x*)). By the properties of ¢ we get that d(z,2*) =0
and hence Fix(F) C {z*}. Since SFiz(F) C Fix(F), we get that Fiz(F) =
SFixz(F) = {z*}. Hence for each = € B(xo;r) and y € F(z) we have

d(z,2") < d(x,y) + H(F(x), F(27)) < d(z,y) + ¢(d(z,27)).
Thus, since v is a strictly increasing bijection we obtain that
d(z,z*) < ¢~ 1(d(z,y)), for each (z,y) € B(zo;r).
Thus, Theorem 2.4 applies and the conclusion follows. ]

A similar concept will be given in the last part of the section.

We denote by
(SAB)p(z*) :== {x € Y : F"™(x) is defined and F"(x) Rl {z*}} - the strict
attraction basin of z* € SFix(F') with respect to F;

(SAB)p := U (SAB)p(x*) - the strict attraction basin of F.
z*€SFix(F)
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Definition 2.9. Let (X, d) be a metric space, Y € P(X) and F: Y — P(X)
be a multivalued operator. By definition, F' is a nonself multivalued Picard operator
if SFiz(F) = Fiz(F) ={z*} and (MI)r = (SAB)p.

Definition 2.10. Let ¢ : R4 — R4 be an increasing function which is contin-
uous in 0 and ¢(0) = 0. Then F': Y — P(X) is said to be a nonself multivalued
y-Picard operator if it is a nonself multivalued Picard operator and

d(z,2*) <¢Y(H(xz,F(x))), forallz e (SAB)p.

If there exists ¢ > 0 such that ¢ (t) = ct, for each ¢t € R, then we say that F
is a nonself multivalued c-Picard operator.

Moreover, if Y = X, then F' is said multivalued -Picard operator, respectively
multivalued c-Picard operator.

Definition 2.11. Let (X, d) be a metric space, Y be a nonempty subset of X
and F': Y — P(X) be a multivalued operator. The strict fixed point inclusion

(2.5) {z} =F(z), z €Y

is called generalized Ulam-Hyers stable if and only if there exists ¢ : R, — R4
increasing, continuous in 0 and +(0) = 0 such that for each ¢ > 0 and for each
solution y* € (SAB)p of the inequation

(2.6) H(y,F(y)) <e
there exists a solution =* of the strict fixed point inclusion (2.5) such that
d(y*, %) < ¥(e).

If there exists ¢ > 0 such that ¢ (t) := ct, for each ¢t € R, then the strict fixed
point inclusion (2.5) is said to be Ulam-Hyers stable.

Remark 2.3. It is worth to note that the above definition can briefly re-written
as follows: the strict fixed point inclusion is generalized Ulam-Hyers stable if and
only if the fixed point (set) equation

{z} =F(z), x €Y
is generalized Ulam-Hyers stable in (P (X), H).

The following theorem is an abstract result concerning the Ulam-Hyers stability
of the strict fixed point inclusion (2.5) with nonself multivalued operators with
closed values.
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Theorem 2.8. Let (X, d) be a metric space, Y be a nonempty subset of X and
F:Y — P,(X) be a nonself multivalued ¢-Picard operator. Then, the strict fixed
point inclusion (2.5) is generalized Ulam-Hyers stable.

Proof. Lete > 0andy* € (SAB)p beasolutionof (2.6), i.e., H(y*, F(y*)) <
e. Since F' is a nonself multivalued «-Picard operator, we have

d(z,z*) <¢Y(H(xz,F(x))), forall z e (SAB)p.

Hence d(y*, %) < (H(y", F(y"))) < ¥(e)- u

As a consequence of Theorem 2.8, we immediately obtain:

Theorem 2.9. Let (X, d) be a complete metric space, o € X and r > 0. Let
F: B(mo; r) — Py(X) be a multivalued a-contraction such that H (x ¢, F(zg)) <
(1 —a)r and SFiz(F) # 0. Then, the strict fixed point inclusion (2.5) is Ulam-
Hyers stable.

Proof. By the contraction condition and using the fact that H (x¢, F'(zo)) <
(1 — a)r we obtain that (M) = B(xg;r). Since SFiz(F) # (, we obtain (see
I.LA. Rus [17]) that Fiz:(F) = SFixz(F) = {z*}. Hence, F is a nonself multivalued
Picard operator.

Then, for each = € B(xq; ) we have d(x, 2*) < D(z, F(z))+H (F(z), F(z*))
< D(z, F(x))+ ad(z, z*). Hence

d(w,4%) < —=—D(x, F(z) <

H(z, F(x)), for each z € B(zo; ).
—a 1—-a

Thus, F is a nonself multivalued c-Picard operator with ¢ := 2. The conclusion
follows from Theorem 2.8. n

3. SoME APPLICATIONS TO OPERATORIAL INCLUSIONS

As a first application, let us consider the following integral inclusion of Fredholm
type.

b
(3.1) x(t) € / K(t,s,x(s))ds+ g(t), t € [a,b].
Throughout this section we will denote by ||-|| the supremum norm in C([a, b], R™).

The main result concerning the stability of the Fredholm integral incusion (3.1)
is the following.
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Theorem 3.1. Let K : [a,b] X [a,b] X R" — Py .(R™) and g : [a,b] — R"
such that:

(a) there exists an integrable function M : [a,b] — R such that for each
t € [a,b] and u € R™ we have K (t,s,u) C M(s)B(0;1), a.e. s € [a,b];

(b) foreachu € R™ K (-, -, u) : [a, b] x[a, b] = Pu.c,(R™) is jointly measurable;

(c) for each (s,u) € [a,b] x R™ K(-,s,u) : [a,b] — Pgc(R™) is lower
semi-continuous;

(d) ghere exists a continuous function p : [a,b] X [a,b] — R4 with
sup / p(t,s)ds < a < 1 such that for each (t,s) € [a,b] x [a,b] and each
tela,b] Ja
u,[v ]e R™ we have that

(3.2) H(K(t,s,u), K(t,s,v)) <p(t,s)-|u—nuv;

(e) g is continuous.

Then the follwing conclusions hold:

(a) the integral inclusion (3.1) has least one solution, i.e., there exists = * €
C([a, b],R™) which satisfies (3.1), for each ¢ € [a, b].

(b) The integral inclusion (3.1) is Ulam-Hyers stable, i.e., there exists ¢ > 0,
such that for each ¢ > 0 and for any e-solution y of (3.1), i.e., any y € C([a, b],R")
for which there exists u € C([a, b], R™) such that

b
u(t) e / K(t, 5, y(s))ds + g(t), t € [a,b]

and
lu(t) — y(t)| < e, foreacht € [a,b]),

there exists a solution 2 * of the integral inclusion (3.1) such that
ly(t) — x*(t)| < c-e, foreach t € [a,b].
Proof. (a) Define the multivalued operator 7': C([a, b], R™") — P(C([a, b], R™))
by
b
T(x):= {v € C([a,b],R™)] v(t) € / K(t,s,xz(s))ds+ g(t), t € [a, b]}

Then, (3.1) is equivalent to the fixed point inclusion
(3.3) zxeT(x), x € C([a,b],R").

The proof is organized in several steps.
1. T(x) € Pyp(C([a, b],R™)).
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From (e) and Theorem 2 in Rybinski [24] we have that for each = € C(][a, b], R™)
there exists k(t,s) € K(t, s, z(s)), for all (t,s) € [a,b], such that k(t,s) is
integrable with respect to s and continuous with respect to t. Then v(t) :=
f;’ k(t,s)ds + g(t), has the property v € T'(z). Moreover, from (a) and (b), via
Theorem 8.6.3. in Aubin and Frankowska [1], we get that 7'(x) is a compact set,
for each = € C([a, b], R™).

2. H(T(z1),T(z2)) < a- ||x1 — x2]|, for each z1, z9 € C([a, b], R™).

Notice first that one may suppose (without affecting the generality of the Lip-
schitz condition) that the inequalg)ty (3.2) is strict. Let x1,z9 € C([a,b],R") and

v € T(a1). Then wi(t) € / K(t, s, 21(s))ds + g(t), ¢ € [a,0]. It follows

that vy (t) = / ot $)ds + g(t). © € [a.b], for some ky(t.s) € K(t.s.21(s)

(t,5) € [a,b] X [a, b].

From (d) we have H(K(t,s,z1(s)), K(t, s, za(s)) < p(t, s)|z1(s) — x2(s)
p(t, s)||z1 — x2]||. Thus, there exists w € K(t, s, z2(s)) such that |k1(¢,s) — w

p(t, s)||z1 — x2||, for t, s € [a, b].

Let us define U : [a,b] x [a,b] — P(R"), by U(t,s) = {w| |ki(t,s) —
w| < p(t,s)||z1 — z2||}. Since the multi-valued operator V(¢,s) := U(t,s) N
K(t,s,x2(s)) is jointly measurable and lower semi-continuous in ¢ there exists
ko(t, s) a selection for V, jointly measurable (and, hence, integrable in s) and
continuous in ¢t. Hence, kao(t,s) € K(t, s, zo(s)) and |ki(t,s) — ka(t,s)| <
p(t, s)||z1 — x2|, for ea(;h t,s € [a,D].

Consider vs(t) — / ka(t, s)ds + g(t), ¢ € [a, b]. Then, we have:

| <
| <

[or(8) = 02 ()] < [ (8, 5) = kalt, )lds < [ p(t, 8)]la1 — wallds < allzs -
1‘2”

A similar relation can be obtained by interchanging the roles of 1 and z2. Thus
the second step follows.

The first conclusion follows by Covitz-Nadler’s fixed point theorem, see [4].

(b) We will prove that the fixed point inclusion problem (3.3) is Ulam-Hyers sta-
ble. Indeed, lete > 0 and y € C(]a, b], R™) for which there exists u € C([a, b], R™)
such that

b
Q/Kw&wm@+mmtemm
and
lu—yl <.

Then Dy (y,T(y)) < . Moreover, since T is a multivalued «-contraction, we
obtain that 7" is a multivalued c-weakly Picard operator with ¢ := ﬁ The
conclusion follows by Corollary 2.1. [ ]
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A second application concerns an integral inclusion of Volterra type.

(3.4) x(t) € / K(t,s,x(s))ds+ g(t), t € [a,b].

By a similar method, we can prove the following.

Theorem 3.2. Let K : [a,b] X [a,b] X R" — Py . (R"™) and g : [a,b] — R"
such that:

(a) there exists an integrable function M : [a,b] — R such that for each
t € [a,b] and u € R™ we have K (t,s,u) C M(s)B(0;1), a.e. s € [a,b];

(b) foreach u € R™ K(-,-,u) : [a, b] x[a, b] = P e (R™) is jointly measurable;

(c) for each (s,u) € [a,b] x R™ K(-,s,u) : [a,b] — P e (R™) is lower semi-
continuous;

(d) there exists a continuous function p : [a,b] — R, such that for each
(t,s) € [a,b] x [a,b] and each u,v € R™ we have that

(3.5) H(K(t,s,u), K(t,s,v)) <p(s)-|u—v;

(e) g is continuous.

Then the follwing conclusions hold:

(a) the integral inclusion (3.4) has at least one solution, i.e., there exists = & €
C([a, b], R™) which satisfies (3.4) for each ¢ € [a, b];

(b) The integral inclusion (3.4) is Ulam-Hyers stable, i.e., there exists ¢ > 0
such that for each ¢ > 0 and for any e-solution y of (3.4), i.e., any y € C([a,b],R™)
for which there exists u € C([a, b], R™) such that

u(t) / K(t, 5,y(s))ds + g(¢), € [a,b]

and
lu(t) — y(t)| < e, foreach t € [a,b]),

there exists a solution =* of the integral inclusion (3.4) such that

ly(t) — x*(t)| < c-e, foreach t € [a,b].
Proof. We consider the multi-valued operator 7": C([a, b], R™)—P(C([a, b], R™))
t
T(x):= {v € C([a,b],R™)| v(t) € / K(t,s,x(s))ds+ g(t), t € [a, b]}

Then, (3.4) is equivalent to the fixed point inclusion

(3.6) zxeT(z), x € C([a,b],R").
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As in the proof of Theorem 3.1 we obtain 7'(z) € P.,(C([a,b],R™)). Next, we
will prove that 7" is a multivalued contraction on C([a, b], R™).
Notice first that one may suppose (without affecting the generality of the Lip-
schitz condition) that the inequality (3.5) is strict. Let z1, 22 € C([a,b], R™) and
t

v € T(z1). Then vi(t) € / K(t,5,21(s))ds + g(t), ¢ € [a,b]. It follows

that vy (t) = / ot $)ds + g(t). t € [a.b], for some ky(t.s) € K(t.s.21(s)

(t,s) € [a,b] X [a, b].

From (d) we have H(K(t,s,x1(s)), K(t,s,xa(s))) < p(s)|zi(s) — xa(s)].
Thus, there exists w € K (t, s, z2(s)) such that |k (¢, s) —w| < p(s)|z1(s) —z2(s)|
for ¢, s € [a, b].

Let us define U : [a,b] x [a,b] — P(R"), by U(t,s) = {w| |ki(t,s) —
w| < p(t, s)|z1(s) — z2(s)|}. Since the multivalued operator V (¢, s) := U(t, s) N
K(t,s,x2(s)) is jointly measurable and lower semi-continuous in ¢ there exists
ko(t, s) a selection for V, jointly measurable (and, hence, integrable in s) and
continuous in ¢t. Hence, kao(t,s) € K(t,s,zo(s)) and |ki(t,s) — ka(t,s)| <
p(s)|xz1(s) — xz2(s)|, for each t, s € [a, b].

t

Consider vy (t) = / ka(t, s)ds+g(t), t € [a,b]. We denote by ||-||; a Bielecki-

type norm in C([a, b], R™), given by ||z||5 := sup (Jz(t)[e"74®)), where q(t) :=

tela,b]
Jip(s)ds
Then, for each t € la, b] we have:
lv1(t) — vo(t)] < f |k1(t, s) — ka(t, s)|ds < f p(s)|z1(s) — za(s)|ds =

Ju p(8)eT 11 () — wa(s)]e™ds < [ p(s)e™[@1 — 2| pds =
Ll — o (€7 — em1@D)< |z — 25 peT@®). Thus, we immediately get

1
lv1 —v2]lB < ;le — z2||B-

A similar relation can be obtained by interchanging the roles of z; and x5. By
choosing now 7 > 1 we get that Hy.,(T(21),T(2)) < Lllz1 — 22|/, which
proves that 7' is a multivalued contraction with constant « := % Hence, conclusion
(a) follows by Covitz-Nadler’s fixed point theorem [4].

For the second conclusion, let ¢ > 0 and y € C([a,b],R™) for which there
exists u € C([a, b], R™) such that

c /tK(t,s,y(s))ds—i—g(t), t e la,b)

and
lu(t) — y(t)| < e, foreach t € [a,b].
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Notice that
b
Il < Il < -l g e™®.

Then, we obtain that [lu — y||p < [lu — yl| <e. Thus, Dy (y,T(y)) <e.
Moreover, since 7' is a multivalued a-contraction with respect to ||-||;, we obtain
that 7" is a multivalued c-weakly Picard operator with ¢ := ﬁ The conclusion (b)
is a consequence of Corollary 2.1. Hence, there exists a solution x* of the integral
inclusion (3.4) such that

ly =27 p < ce.

Hence,

ly(t) — z*(t)| < ce™®)e, for each ¢ € [a, b). ]
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