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EXTENSION OF ISOMETRIES ON UNIT SPHERE OF L*
Dong-Ni Tan

Abstract. We prove that every surjective isometry between unit spheres of
L*>(%,Q, 1) and a Banach space F' can be linearly and isometrically extended
to the whole space, which means that if the unit sphere of a Banach space F'
is isometric to the unit sphere of L>° (X, 2, ), then F is linearly isometric to
L>®(2,Q, p).

1. INTRODUCTION

Let (2, X, 1) be a o-finite measure space. By L>°(Q, X, 1) we denote the space
of all measurable essentially bounded functions f with the essential supremum norm

If]] = ess. sup,eal f(2)]-

Throughout this paper, we shall denote L>° (X, 2, n) by L. As usual, for any
Banach space F, its unit sphere is denoted by S(F).

The classical Mazur-Ulam theorem [13] stated that any surjective isometry V'
between two real normed spaces with V(0) = 0 must be linear. Mankiewicz
[12] extended this result by showing that every surjective isometry between open
connected subsets of two normed spaces E and F' can be extended to an affine
isometry from E onto F'. These two results demonstrate that the linear structure of
a normed space is completely determined by its unit ball as a metric space. A very
natural set which one feels may determine the space is the unit sphere. In 1987,
Tingley raised the following problem in [15]:

Problem. Let E and F' be normed spaces with unit spheres S(E) and S(F)
respectively. Suppose that V' : S(E) — S(F) is a surjective isometry. Is there a
linear isometry V' : E — F such that V|gg) = V.
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It is called isometric extension problem or Tingley’s problem. To this problem,
we always consider the real case. It is because the answer is obviously negative in
the complex case. For example, E = F' = C and V(z) = z for all z € C with
|z| = 1. Since there is no linear or even metrically convex structure on unit spheres,
it is hard to answer this problem. So far, it is still open in the general case.

During the past decade, Ding and his students have been working on this topic
(see [7] for its history) and have obtained many important results. For the surjective
isometries between unit spheres of classical Banach spaces Tingley’s problem has
been almost solved in the positive way (see [1-6, 8-11, 14, 16-17]).

Recently, for every isometry V' between the unit spheres of > and a Banach
space F', Li and Ren [9] gave some sufficient conditions as follows:

(i) Forany zy,zo in S(L°) and real numbers Ay, Ao in R, |[A1V (21)+ AoV (22)||
=1 implies that )\1‘/(1‘1) + )\QV(w‘Q) S V[S(LOO)]

(ii) For any mutual disjoint subsets { Ay, - -- A, } of Q with u(A;) > 0(1 <k <
n), z in S(L>) and real numbers {\1, -+, A}, V(z) = >0 MV (xa,)
implies that there exist 2o € S(L*°) and real numbers {\},---, A/} such
that = >, Aj.x4, + xo where supp.zo C (Up_; Ag)“.

(i)’ For any disjoint elements z:; and x2 in S(L), we have

dim.spanV'[S(span{x1, z2})] = 2.

Li and Ren [9] proved that V" satisfying (i) (ii) or (i) (i)’ can be linearly extended to
the whole space. These conditions are similar to those given by Ding [5] for £>°(T")—
type spaces. It is easy to see that if V' is surjective, then (i) is satisfied. However,
we shall point out that in fact the conditions (ii) and (ii)” can be removed. Although
this can be inferred from one of the main results of Liu [11] who established that
for every bijective-e-isometry T' between unit spheres of two Banach spaces F, F,
if E has property (m), then T" can be extended to a bijective 5e-isometry between
their closed unit balls (it is also shown in [11] by the knowledge of vector lattices
that L°° has property (m)), the proof here is a direct and simple method which is
quite distinct from that of [11]. We feel it may be worth noting in the literature.

2. MaIN RESULTS

The following lemma has been proved in [5]. We give its proof just for com-
pleteness.

Lemma 2.1. (See [5, Lemma 2]). Let Y be a normed space, and let {y;}" ,
be a sequence in the unit sphere S(Y"). If for all signs 0 = +£1 (1 < k < n) and
for every 1 < m < n,



Extension of Isometries on Unit Sphere of I 821

(2-1) Helyl +"'+0mymH =1,
then for all {\;}}_, C R,

IAiyr + -+ Apyn || = max{| x| : 1 < k < n}.

Proof. We may assume that max{|\;| : 1 <1i < n} = |\]. By the assumption
(2.1) and the Hahn-Banach theorem, there exists a functional f € Y* with || f|| = 1
such that

f(yl) = 17f(yk) =0 for2 < k <n.

Thus we have [[A1y1 + -+ Xpynll > [F(O21 1 Xiyi)| = |A1]. On the other hand,
notice that every normed space Y can be embedded linearly and isometrically into
a C'(£2) space with © being a compact subset of the unit ball of Y*. Thus we can
consider Y as a linear subspace of C(2). Then by (2.1),

dlmt) <1 Vieq
=1

Therefore,

<> P <Ml Yieq,
=1

(Z Aiyi> (0

which leads to

<|\|, Vteq.

n
> iy
i=1

Thus the proof is complete. ]

Lemma 2.2. (See [10, Corollary 1] or [8, Corollary 2.2]). Let E, F be
Banach spaces, and let V' : S(E) — S(F') be a surjective isometry. Then for all
z,y € S(E),

IV () + V() =2
if and only if || + y|| = 2.
To derive our main result, we need a simple basic fact in L°° described as
follows.

Lemma 2.3. Let f be in L>, and let » > 0. For every A € X, if u({t €
A |f(t)] < r}) > 0, then there is an ny € N such that u({t € A,|f(t)] <
r—1/ng}) > 0.
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The following lemma can also be seen in [9]. Our proof here simplifies the
original one.

Lemma 2.4. Let F' be a Banach space. Suppose that V' : S(L>°) — S(F) be
a surjective isometry. Then for every A € ¥ with pu(A4) > 0,

V(—xa) = —V(xa),

where x 4 is the characteristic function of the set A.

Proof. By the hypothesis on V, for every A € ¥ with p(A) > 0 there is an
f € S(L*>) such that V(f) = —V(xa). Then we assert that | f(¢)| = 1 a.e on A.
Indeed if this is not true, then there is a measurable subset Cy C A with u(Cp) > 0
such that |f(¢)| < 1 for every t € Cy. By Lemma 2.3 we may find an n; > 1 and
a subset C; of Cy with p(C7) > 0 such that |f(t)| < 1 — 1/ng for every ¢t € C.
Thus by Lemma 2.2,

1
2= o2 F =xall = 11=Vxa) = Vixe)ll = lIxa+ xe = 2.

A contradiction thus proves the assertion. Moreover, for every 4,C A with p(A4g) >
0by |If —xa,ll = IV(f) = V(xa,)|l = 2 we see in fact that f(t) = —1 a.e on A.

Now for every measurable B C 2\ A with p(B) > 0, we may also find
fi, fo € S(L*°) such that V(f1) = =V (xp) and V(f2) = =V (—xz). Analogous
to the above argument we see that

fi(t)=—1 and fo(t)=1 aeon B.
Thus the equations
If = fill = IIV(f) = V(fo)ll =1 fori=1,2

allow us to conclude that f(¢) = 0 a.e on B. This finally yields f = —x4 and
completes the proof. [ |

Theorem 2.5. Let F' be a Banach space. Then every surjective isometry V' from
S(L*) onto S(F') can be extended to be a linear isometry on the whole space L °.

Proof.  For any disjoint members A;, As € ¥ with u(A;) > 0(i = 1,2) and
a,az € R\ {0} with max{|a;| : i = 1,2} = 1, note first from Lemma 2.4 that
IV(xa,) £ V(xa,)|| = 1. Thus we obtain from Lemma 2.1 that

la1V (xa,) + a2V (xa,)| = 1.
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This guarantees that there is an f € S(L*°) such that

V(f) =a1V(xa,) +a2V(xa,)-

For each i € {1, 2}, we apply Lemma 2.1 and Lemma 2.4 again to obtain that
1S =+ sign(ai)xa, [l = IV (f) + sign(a:) V (xa;) | = 1 + |as]

and
|f —sign(ai)xa; [l = [[V(f) — sign(a:)V (xa,) || = rggg{l = lail, la [} < 1.

Hence we conclude that

(2.2) sign(f(¢)) - sign(a;) > 0 a.e. on A;.
and
(2.3) lf ()] < a4 a.e. on A;.

Now for every measurable subset B € Q\ (A4; U A2) with u(B) > 0, we can
also find a g € S(L*°) such that

V(g) = a2V (xa,) +V(xs)-

An observation that ||g + x5|| = ||V (g9) + V(xB)|| = 2 ensures the existence of a
measurable set By C B with u(By) > 0 such that

ess. sup,cp,lg(t)|=1 and g(t) >0 a.e. on By.

Then we can deduce from this and || f — g|| = ||V (f) — V(g9)|| = 1 that there is a
measurable subset B; of By with p(B1) > 0 such that

f(t) >0 foreveryte B.
And much more, since B is arbitrary, we see in fact that
f(t)>0 ae.on Q\ (AU As).
Considering the element a2V (x4,) — V(xz) in the same way, we can obtain that
f(t) <0 ae. on Q\ (A UA).
The two possibilities therefore yield

(24) f(t) =0 ae on \ (A1 U Ag)
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For every measurable set A) c A; with p(A9) > 0, let fo € S(L>) satisfy
V(fo) = —sign(al)V(XA(l)) + a2V (xa,). Then similar to the previous argument,
we know that

(2.5) sign(fo(t)) - sign(az) >0 a.e. on A,
and
(2.6) fo(t) =0 a.e on \ (Ag U As).

From (2.2) (2.5), (2.4) and (2.6), it is easily verified that
1/ = fol| = max{ess.sup;c 40| f () — fo(t)],
SS.5UPe ., |1 (1) — fo(t)], €58.5Up,c gl £ (1)}
< max{ess.supye ol £(t) — fo(t)], 1}.
The fact that V' is an isometry therefore implies that
max{ess.sup;c 10/ f () — fo(t)], 1} = [[laa[V (xa,) + V(xa0)l
>[IV (xa,) + Vo)l = (1 = faa)
=2—(1—|am]) =14 la1].

Noticing fo(¢) <1 a.e. and inequality (2.3) we see that ess. supc 4o|f(t)| = [a1].
Inferring from relation (2.2) and using the arbitrariness of A9 and Lemma 2.3 again
we are sure that

f(t)=a1 a.e. on A;.

Similarly we can obtain that f(¢) = a2 a.e. on As. To sum up we have established
that

V(a1XA1 + GQXAQ) = alV(XA1) + GQV(XAQ)'

With this in hand we are able to apply induction to prove that

(2.7) % <Z )\iXBi> = Z AV (xB;)
i=1 i=1

for any finite sequence { By, - - - , B,,} of mutual disjoint members of ¥ with u(B;) >
0and {A;--- A} C R with max{|\;| : 1 <i <n} = 1. Indeed, assume that equa-
tion (2.7) holds for n < k — 1. Then for all signs §;, = +1 (1 < i < k) and
1<m<k,
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101V (xB,) + -+ 00V (xB,)| = — 1.

m—1
=1

It follows from this and Lemma 2.1 that
MV (xB) + -+ XV (xs )l = 1.
Take h € S(L*) such that

k
V(h) =Y \V(xs,).
im1

Then proceeding in a similar manner as above case where n = 2 implies that
h = Zle AiXxB,- This finishes the proof of equation (2.7).
Now the required extension mapping V' : L°° — F' is defined by

- IV (7kr) if f #0,
V() { K |
0 if f=0.

Then by (2.7) and its definition, V is a linear isometry on the subspace X consisting
of all simple functions of L>. Since X is dense in L, it follows that V must be
a linear isometry on the whole space L>°, and its restriction to the unit sphere is
just V. The proof is complete. ]

The following conclusion improves the main results in [9] by showing that the
conditions (As) in [9, Theorem 3.1] and (A3) in [9, Theorem 3.2] can be removed.

Corollary 2.6. LetF'be a Banach space. Then every isometryV': S(L*>°) — S(F')
can be extended to a linear isometry if and only if the following condition holds:
(A) Forany x1, 2 in S(L>°) and real numbers A1, A2 inR, ||\ V (z1)+AV (z2)]| =
1 implies that )\1‘/(1‘1) + )\QV(w‘Q) S V[S(LOO)]

Proof. It is obvious that if V' can be linearly extended, then condition
(A) is satisfied. For the converse, note that condition (A) implies that there is a
linear subspace Fy of F' such that its unit sphere S(Fy) is just V[S(L°°)]. Indeed
Fo =U,>o7-V[S(L*)], and it is clear that F| is a Banach space. Thus the desired
conclusion follows immediately from Theorem 2.5. |

Remark 2.7. Given a nonempty index set I', recall that a normed space F is
called an £°°(I")-type space if it is a subspace of ¢>°(T") such that {e,},cr C E.
Such as, coo(T"), co(T), €2°(T) (in particular, cgp, co, £°) are all L>(T")-type spaces.
It is easy to see from the proof of Theorem 2.5 that the statement of Corollary 2.6
remains valid if we replace L>° by £°°(T")-type spaces. This generalizes the main
result [5, Theorem 1] by dropping the assumption (ii) of Theorem 1.
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Remark 2.8. An analogous result of Theorem 2.5 holds for L'(u) (see [6]).
However, both cases do not extend to general "into” isometries with respect to
“linear” extension. For example, define V' : S(%’)) — S(Bfg)) by
V(ay,a) = (a1, az, f(az)),

where f(¢) : R — R is a non-linear Lipschitz map with f(0) = 0 whose Lipschitz-
constant is < 1. Then it is apparent that V' is an isometry but cannot be linearly”
extended to (5. For the L*(p)-case, let T 5(6(12)) — 5(6(13)) be defined by

(1/804, 7/80,1, ag) if al Z 0,
T(al, ag) = .
(1/2a1,1/2a1,ay) otherwise.

Then V is an isometry but 7'(—1,0) # —T7'(1,0), and thus cannot be linearly”
extended.
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