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TAUBERIAN THEOREMS FOR THE WEIGHTED MEANS OF
MEASURABLE FUNCTIONS OF SEVERAL VARIABLES

Chang-Pao Chen and Chi-Tung Chang

Abstract. Let f,w: R} — Cand T, f(x) denote the weighted mean of f at
2 with respect to the weight function w. We prove that the conditions of slow
oscillation and slow decrease are Tauberian conditions for the implications:
f(x) Ry RN f(x) — land T, f(x) iy RN f(x) — 1. We also prove
that the statistical version of the conditions of deferred means are Tauberian
conditions for the implication: T, f(z) 2% I = f(z) =% I. These generalize
several well-known results.

1. INTRODUCTION

Let Ry = [0,00) and f,w : R} — C be Lebesgue measurable. Suppose
W(zx) = f[o,ml]xmx[o,mn] w(y)dy # 0 for each x = (z1, -+ ,2,) > 0= (0,---,0).
Here x > 0 means that z;, > 0 for all k. The weighted mean 7,,f(z) of f at = is
defined by

T,f(@) = W) | F ) (y)dy.
[0,z1] %+ X[0,xn]
We say that f is (IV,w) summable to I at oo and write f(z) — [ (N,w) if
T.,f(z) — [ in the sense of Pringsheim, that is, 7,,f(z) — [ as  — oo. Here
“r — oco” means “min(z1,---,x,) — oo”. The notion of (N,w) summability
defined here is the integral analogue of the one given in [8, p.57]. Following [13],
we say that f(x) is statistically convergent to [ at oo, in symbols, f(z) L1 or
St-mli—>rgo f(z) =1, if the following equality holds for all ¢ > 0:
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lim =0.

T—00 I1 Ty

{u:OSqu,\f(u)—l\Ze}

Here |E| denotes the Lebesgue measure of £ C R’} and 0 < u < x means that

0 < up < ay, for all k. We write f(z) 2 1 (N,w) if T,f(z) < I. The readers
can easily prove that the ordinary convergence implies the corresponding statistical
convergence. For n =1 and W(z) — oo as x — oo, ones can also deduce

(1.1) fl@) =1 = f(z) =1 (N,w) = f(z) 51 (N,w).

But the converse implications of (1.1) are false, in general.
The purpose of this paper is to investigate the following converse implication:

(1.2) fl@) 321 (N,w) = f(z)— L

We try to find conditions under which (1.2) holds. These conditions are known
as Tauberian conditions and the corresponding results are called Tauberian results.
Such kind of problems have been investigated in the literature for a long time (cf.
e.g., [5, 6, 8, 12, 14, 15] for n = 1, and [9] for n = 2). In particular, in [9], M6ricz
investigated the variant of (1.2) with f(z) — | (N, w) instead of f(z) 1 (N,w)
for the case that w = 1 and n = 2. He proved that (1.3) is a Tauberian condition
for this implication:

(1.3) inf{limsup( sup |f(u)—f(x)|)}:o (k=1,---,n).

p>1 | z—o0 xp<up <pT)
ug=xy for {#k
Here the limit superior “limsup,_,..” is defined in [2, p.1243] and [4, p.632].
Condition (1.3) is the n-dimensional analogue of the condition of slow oscillation.
In [14], Moricz also showed that (1.3) is a Tauberian condition for (1.2), whenever
n =1 and w = 1. However, it is unknown whether (1.3) is a Tauberian condition
of (1.2) for n > 2 and general w. This problem for the discrete case was posed by
Moricz [10] and solved by the present authors in [2]. In this paper, we shall prove
that the following weak form of (1.3) is a Tauberian condition of (1.2):

(1.4) inf {hmsup( sup |f(u) - f(x)|>} =0
p>1 T—00 r<u<lpr
(see Corollary 6.1). For real-valued f, a similar result is also established (see
Corollary 6.4). Our results not only extend [9, 14, 15] from w = 1 to general w,
and [5, 6, 12, 14, 15] from 1-dimensional case to n-dimensional case, but also relax
the (N, w) summability to its statistical version.
In order to derive Corollaries 6.1 and 6.4, we first deduce in §2 the convergence

property of subsequence type from f(x) *4 1 and check the convergence of deferred
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means from f(x) 2 (N,w). We indicate that the subsequences involved here
must be restricted. Next, we investigate the Tauberian problem of the implication:
f(zx) = f(z) — 1 (see §3). In §4, we present two Tauberian results for the
implication: f(z) =1 (N,w) = f(x) *L 1 (see Theorems 4.1 & 4.2). Based on
the above results, we present the Tauberian conditions for the implication: f(x) Ly
(N,w) = f(z) — [ (see Theorems 5.1 & 5.2). As a consequence, several special
cases of the last two theorems are deduced, which include Corollaries 6.1 and 6.4.
We refer the readers to §6 for details.

Throughout this paper, 0 = (0,---,0), 1 =(1,---,1), z,y,u,a,b,a, 3,7, -
will denote the points in R, s,¢,p,--- € R, and A\, w, - - - are functions defined on
R’Y. For a = (a1, aa,- -+, ap) € {0,1}7 let |a] = |ou| + |oa| + - - + |

2. PRELIMINARIES

In this paper, we write A € Sy if A : R} — R” is of the form A\(z) =
(AM(z1), -+, An(xy)) and each A : [0, 00) — [0, 00) is strictly increasing, Ax(0) =
0, and lim; o Ax(t) = oo. Without loss of generality, we shall further assume that
each Ay is piecewise smooth. More precisely, for each k&, there exist countably many
¢ and a disjoint decomposition of subintervals of [0, c0), say Ue[ay, by), SO that Ay
is C' on [ay, by for each .

The following is an integral analogue of [1, Lemma 2.3]. It examines the
convergence problem of subsequence type from the statistical convergence of a
given function, and will be used to derive the convergence of deferred means from
the (N, w) summability (see Theorem 2.3).

Theorem 2.1. Let f(x) Lland X e Sy Suppose that (2.1) holds for all &:

(2.1) Ae(t) < Mt (t>1tp) and M,(t) >m (almostall ¢ > 0),

where M > 0, to > 0, and m > 0 are constants. Then f(/\f1 (z1), -+, Ao (2)) =
[ forall 0 < 3 <1, where
2.2) )\z() t for £ =0,
: t) =
g Molt)  for£=1.

Proof. It suffices to prove the case 6 = 1. Lete > 0 and a > 0. Set
E* = X\(E), where

E={z:0<z<a,|f(A(x1), -, A\n(zn)) = 1] > €}
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The Jacobian of the mapping = +— A(z) is Aj(x1)--- A, (zy), so by the second
condition in (2.1) and [17, Theorem 7.26],

\E*\:/ dy:/ \J,\(x)\dem”/dx:m”\E\.
A(E) E E

Putting this with the first condition in (2.1) together yields

PR R
ai-- -Gy —\m /) Alar) - Alan)

M\" 1
:<_) e wes Il ALERESONORIET]

m

128

— 0 as min(ag,- - ,a,) — o0.

Hence, f(Ai(z1), - Anlzn)) > 1. n
Theorem 2.1 is false if any of the two conditions in (2.1) is removed. Consider
the functions f : [0,00) — [0, 1] and A : [0, 00) — [0, c0), defined by the rules:

£ )_{ 0 ifzelk+¢(k),k+ ¢(k+1)] for some k € NU {0},

1 otherwise
and
k+ ok for ¢t = 2k with kK € NU {0},
E+¢(k+1) fort=2k+1 with k€ NU{0},
where ¢(k) T, #(0) = 0, and X is linear on each subinterval. Whenever k + ¢(k) <
a<k+1+q§( + 1), we have
k
Z(¢(€+1)—¢())<\{0<w<a fx <D (B(L+1) = 6(0)
£=0 =0

and k < {0 <z <a: f(x) =1} < k+ 1. These imply

L0 ifo(k)/k — oo,
f(x)ﬁ{ 1 if (k) /k — 0.

On the other hand, st-lim; o, f(A(¢)) does not exist. Moreover, A\ € S;. For
o(k) = Z’;:O 2, the first condition in (2.1) fails, but the second one holds. We
get another case, if ¢(0) = 0 and ¢(k) = Z’;Zl 1/¢% for k = 1,2,---. These two
examples indicate that both conditions in (2.1) are required in Theorem 2.1.

Next, we consider the convergence problem of deferred means. For this purpose,
we introduce an equality in the following.
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Lemma 2.2. For z,,y, € C, where 0 < o < 1, we have

(2.3) Z (-l y, = Z Z (_1)|a|+|ﬂ|xﬂ Z (—1)|7|y7

0<a<1 0<a<l \a<p<1 0<y<a

Proof. We prove (2.3) by the mathematical induction. For ag, a1, by, b1 € C,
it is trivial that aopbg —a1b1 = (ao — a1)60 + a1(60 — bl). In particular,

S 0~ afof) = 3 [(af — o + a5 0F —09)],

where

ag‘: Z (_1)|&|+|ﬂ|x(ﬁ’0)7 bg: Z (‘Umy(&,o)v

a<p<i 0<y<a
al = Z (_1)|&|+|ﬂ|x(ﬂ~’1)7 ¢ = Z (_1)|le(%1)7
a<p<i 0<9<a

and £ € C™! is obtained from ¢ € C™ by deleting the last coordinate. Suppose
that (2.3) holds for the case n — 1. Then

S Dzaye = D0 CD¥rgoan - Y. (D ¥zEnyen

0<a<1 0<a<i 0<a<
_ +3l.,. . 3
= 2 [ X e ﬁx(ﬂp)) > s
0<a<i \a<p<i 0<y<a

0<a<i \a<f@<i 0<y<a
= Y (agdy —afd?)= > [(af—af)bi+af () —bT)]
0<a<i 0<a<i

Z [(af —a)bG + af (bG — )]

— Z Z~((—1)|5‘|+|B|$(@,0)—(—1)|5‘|+|B|$(@,1)> Z (=)Mys0)
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+ 1 Y (1)“%(@1)} { 3 <(1)&y(a,0)(1)&y(a,1))”

0<y<a
— Z Z (1)a+ﬂxﬂ) ( Z (1)7%)_
0<a<1l \a<p<1 0<y<a

This shows that (2.3) holds for the case n. The proof is complete. ]

Denote by D'} (respectively D™) the class consisting of all A € S; so that each
Ax dilates at infinity in the sense of (2.4) (respectively (2.4*)):

(2.4) litminf)\kT(t) > 1 (k=1,---,n),
(2.4%) lim inf > 1 (k=1,---,n).

t=00 A(t)

For a fixed o = (aq,---, ) € {0,1}", A € D%, and a weight w : R} — C,
define

25) 2w = [ty
Ei XX FEp
where
[0, zk] if a, =0,
(2.6) B, = {
[Tk, A\k(zr)]  iFag =1.

If A € D", (2.6) will be changed to (2.6%):

{ [0, A(xg)] if a, =0,
Ej =

Me(ar), ze]  if o = 1.

(2.6%)

Consider the subclass st-D7 (w) of D" and the subclass st-D™ (w) of D™. We
write A € st-D'} (w) (respectively A € st-D" (w)) if A € D'} (respectively A € D)
and both of (2.1) and (2.7) hold:

ANSW
L3 (@) < oo foreach0<a<1.

(2.7) st-lim sup A}\W(x)

r—00

Here st-lim sup ¢(z) is defined as the supremum of those r satisfying

T Hu:0<u<a,¢(u)>r}#0

a—oo a1 - - Q

n
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(cf. [7, 11]). For A € D%, we have W(A(2)) = > g<nc1 AW (2). Thus, for
such X and positive w, (2.7) can be replaced by the following equivalent condition:

. W(A(x))
(2.7%) st- hgrgrisolip w < 00

Obviously, (2.7*) is the statistical version of the integral form of [16, Eq.(2.8)].
Hence, st-D'} (w) can be regarded as a substitute of A, given in [16]. Analogously,
for A € D™ and positive w, (2.7) is equivalent to (2.7**):

: W (z)
(2.7**) St- harjri)solip m < 00,

which is the statistical version of the integral form of [16, Eq.(2.9)]. This indicates
that st-D” (w) is a substitute of A, defined in [16]. From §6, we shall see

st-D' (w) 2 {A\,:p>1} and st-D"(w) 2 {A,:0 < p <1},

where w € st-SVA and A, denotes the mapping = — px (see §6 for details).

The following theorem shows the convergence property of deferred means ob-
tained from the (V,w) summability. This result is an integral analogue of [1,
Theorem 3.1]. It plays an important role in the proofs of Theorems 4.1 and 4.2.

Theorem 2.3. Let f(z) = I (N, w). Then for each A € st-D" (w),

1
28) (Aiwm) F)(y)dy 1,

/[J317>\1(J31)] XX [, An (€0)]

and for each X € st-D" (w),

~1
(26" (Aivv(x)) / F)wly)dy =5 1.
Mi(z1),z1] X X [An(zn),2n]

Proof. We suppose A € st-D'! (w) and the proof for A € st-D" (w) will be car-
ried out in a similar way. For each 0 < a <1, let z, = W(A] "% (xy),- -, AL—on
(z)) and yo = Tuf(A\ " (21), -+, AL~ (x,)), where \f is defined by (2.2).
Then the left side of (2.3) becomes f[mlm(ml)]me[mw\n(mn)] f(y)w(y)dy. On the

other hand, the readers can prove that -, 5 (—1)/*Plz5 = AT=*W(z). From
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(2.3), we obtain

—1
(2iwe) [ Fy)eto)dy
[Z1,A1(z1)] X X [Zn An(zn)]

1-« T
- * (%) ( S PO . ,A;”"“””)
0

0<a<1 <y<a
=T, Aaten)) + 3 { sy
a#0

For a # 0, theterm *3 o (- -+)” in (2.9) tends to O statistically as min(z1, - - -,
xn) — oo. This can be proved by using Theorem 2.1 and the linearity of the
statistical convergence. From (2.9), we get (2.8). This finishes the proof. ]

3. TAUBERIAN CONDITIONS FROM f () 5 I To f(z) — I

The following gives a Tauberian result from f(x) o f(z) — 1 and gener-
alizes [14, Theorem 2].

Theorem 3.1. Let f(x) L (3.1) or (3.1*) holds, then f(x) — [, where

e {ma(, g - @) o
6 g (g - sl) =

Proof. We adopt the same proof of [2, Theorem 2.1]. It is easy to see that
A € DU < X' € D", where A~! denotes the inverse function of \. This
indicates that (3.1) <= (3.1*). Hence, it suffices to prove the case of (3.1). Let
e > 0. By (3.1), we can find A € D and Ny > 0 such that

(3.2) min(xy, -+ ,z,) > N1 =  sup ’f(u) — f(x)’ < €.
r<u<A(z)

We have assumed that f(x) Lyl Thus, there exists Ny > 0 so that for min(aq, - - -,

an) Z N2y

{u:OSuSa,\f(u)—l\Ze}

al...an
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where
An(t)

K= min(inf M) , inf

e >>1forsome to > 0.
t>tg T t>to

Set Ny = maX(Nl, No, to). For min(xl, s
An(x)) > Na, and so (3.3) tells us that

7$n) > Ny, we have min(/\l(xl)7 oo

AL (=) (I ves)

- ﬁ(ww ~a).

{uso<usa@nirw -1

This enables us to find v* = (uj, - - -, u)) with the properties: =z < v* < A(x) and
| f(u*) — 1] < e. Putting this with (3.2) together yields
[f(@) = U< |f() =l + sup [f(u)— flz)] < 2 u
r<u<(z)

Theorem 3.1 is an integral analogue of [2, Theorem 2.1]. We know that \(z) =
px with p > 1 isin D, so (3.1) can be replaced by (1.4). We indicate that the A
in (3.1) can not be relaxed to those of the form A(z) = (A1 (z1),- -, An(zy)) with
the property:

liminf)\kT(t):l (k=1,---,n).

t—o00

This is illustrated by the functions f : [0,00) — [0,1] and A : [0,00) — [0, 00),
defined in the following way:

o) 0 ifz=0 or r=norz=n+,; L for some n € N,

x pry
1 |f:c—n+ > for some n € N,

f is linear on each subinterval, and

AE) = Tt if t €[0,2),
t+& ifte200).

In this case, f(x) o, f(z) =0, li]frninf@ =1,and sup |f(u)—f(z)| <

e a:<u<a:+9%3
2 1)2
LJ;) for 2 <n <z <n+1. Hence,
n
2 1)?
limsup< sup | f(w) —f(x)|> < lim L—:) —0.
=00  \z<u<A(z) n—00 n
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For real-valued f, we have the following corresponding result of Theorem 3.1,
in which (3.1) and (3.1*) are replaced by the combination of (3.4) and (3.4%):

(3.4) sup {hminf( inf  (f(u)— f(x)))} >0,
AeDy T—00 z<u<(z)

(3.4%) sup {hminf( inf (f(x)— f(u)))} > 0.
Axepn || ¥ AMz)<u<z

Theorem 3.2. Let f be real-valued. If f(x) *4 7 and one of (3.4)-(3.4*) holds,
then f(z) —

Proof. It is easy to see that (3.4) <= (3.4%*). By (3.4), we have the following
fact instead of (3.2):
(3.5) min(zy, -+, x,) > Ny = inf (f(u)— f(z)) > —¢

r<u<(z)

The proof of Theorem 3.1 with this change leads us to

—e< inf  (f(u) = f(2)) < (f(u*) = 1) = (f(x) = 1) <e—(f(z) 1),

r<u<(z)

where v* is defined there. This implies sup (f(x) = 1) < 2¢ and
min(z1,,xn)>No

therefore, lim sup(f(x) — 1) < 0. To replace (3.4) by (3.4*), we see that a similar

proof to the above also lead us to liminf(f(x) — ) > 0. Therefore, f(z) — 1. m

Theorem 3.2 is an integral analogue of [2, Theorem 2.3]. It generalizes [14,
Theorem 1]. The same functions f and A given after Theorem 3.1 indicate that the
A in (3.4) (respectively (3.4*)) can not be relaxed to those with equality sign instead
of the inequality sign in (2.4) (respectively (2.4%)).

4. TAUBERIAN CONDITIONS FROM f () 5 1 (N, w) To f(z) 251

The (N,w) summability can be related to the original convergence by the use
of controlling the magnitudes of A f(x;w) and M, f(x;w), which are defined
below:

M+f(x'w)

-1 / F)w(y)dy — f(x)
[z, 1 (@1)] X X [n,An (T0)]

! / ()~ F(2)) wy)dy (A€ st-D" (),
[Z1,A1(z1)] X X [Zn An(Tn)]
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M; f(z;w)
— f(@) — (AW ()" / ) (y)dy

Ai(z1),z1] XX [An(zn),zn]

— (AW(a) ™! / (F(2)— () w(y)dy (Aest-D" ().

Ai(z1),z1] X X [An(zn),2n]
The following is an integral analogue of [1, Theorem 3.2]. It generalizes [5, Theo-
rem 2].
Theorem 4.1. Let f(x) Sy (N,w). The following four assertions hold:
(i) Suppose st-D™ (w) # 0. Then f(x) % 1 if and only if for all ¢ > 0,

1
4.1) inf  limsup {x:OSxSa,\M;f(x;w)\ Ze} = 0.
A€st-D%} (w) a—oco Q102" - an
(ii) Suppose st-D™ (w) # 0. Then f(z) = 1 if and only if for all € > 0,
(4.1%) /\esti_rlljfz(w) liisgp . {x 10 <z <a M flryw)| > e} =0.

(iii) Condition (4.1) can be replaced by M f(z;w) =L, 0 for some A € st-
D'} (w), and condition (4.1*) can be replaced by M f(x;w) L, 0 for some
A € st-D™ (w).

(iv) Moreover, if M, f(z;w) —L, 0 holds for some \ € st-D™ (w), then it holds

forall A € st-D} (w). The same situation happens to M, f(z;w) L, 0 with
A€ st-D7 (w).

Proof.  Consider (i). Assume that f(x) Ll Let A e st-D% (w). From (2.8)
and the linearity of the statistical convergence, we get

-1
M flasw) = (g;wm) F)w(y)dy — f(x)

/[J31,>\1(J31)] XX [T, An (@n)]

S 1=o.

Hence, (4.1) follows. For the converse, write f(z) = M, f(z;w) — My f(z;w),
where

-1
NI flasw) = (Aiwm) / F()w(y)dy.
[1,A1(z1)] X X [Zn An(Tn)]
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We have
{r:0<zx<a,|f(x)—1]>¢€}

C {x : OSxSa,\M;f(x;w)—l\ > %} U{x : OSxSa,\M;f(x;w)\Z%}.

By (2.8) and (4.1), we infer that f(z) 7. This completes the proof of (i). The
above argument also verifies both of the first parts in (iii) and (iv). As for A € st-
D™ (w), it can be carried out in a similar way. We leave it to the readers. |

Theorem 4.1 indicates that any of (4.1) and (4.1*) is a Tauberian condition
from f(z) = 1 (N,w) to f(z) < 1. However, the example that f(z) = 1 for
x1 =--- =z, > 0 and 0 otherwise tells us that it is no longer the case, whenever
“f(x) s replaced by f(x) — [. It is easy to see that for such f, (4.1) and
(4.1%) hold, f(z) 2 0 (N,w), f(z) 20, but f(z) - 0.

For real-valued f, we have the following analogue of Theorem 4.1. It is an
integral analogue of [1, Theorem 4.1] and generalizes [5, Theorem 1].

Theorem 4.2. Let f(x) Ly (N,w), where f and w are real-valued, st-
D (w) # 0, and st-D™ (w) # 0. Then f(x) 2L 1 if and only if both of (4.2)-(4.2%)
are satisfied for all ¢ > 0:

(4.2 >\€stl-rl]j:‘_(w) TSP aian - - {x <z <a, M f(r;w) < e}

and

4.2% nf i 0<a<a M faw) < Lo
( ) >\€stl-rll7ﬁ(w) ﬂiﬂp ajas - - - an {x <z <a M, f(zw) < 6}

Proof.  Suppose f(x) Ll Lete>0. For\ e st-D" (w), we have
{z:0<z<a Mf(r;w)<—€ C{r:0<x<a,|Mf(r;w)|> e}

By Theorem 4.1, (4.2) holds. A similar argument also applies to (4.2*). Conversely,
assume that both of (4.2) and (4.2*) hold. Write f(z) — [ = (J\Z/jf(x;w) —1) -
M f(x;w), where M, f(z;w) is defined in the proof of Theorem 4.1. By (4.2)
and (2.8), for ¢ > 0 and 0 > 0, there exists A € st-D'} (w) such that

|

(4.3) lim sup <4

a—oco @142 0p

{x:OSxSa,M;f(x;w)g—

DO ™
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and

1
(4.4) lim sup
a—oco A1G2 - Gp

{x:OSxSa,M;f(x;w)—lZ%}':0_

Putting (4.3)-(4.4) together first and then letting 6 \, 0 yields

(4.5) lim sup
a—oco @142 - - -Gp

=0.

{x:OSxSa,f(x)—lZe}

On the other hand, consider the expression f(z)—1 = (M f(z;w)—1)+M; f(z;w),
where

~1
NIy flasw) = (Aiwm) / F()w(y)dy.
A (z1),z1] XX [An(zn),2n]

To modify the above proof by changing (4.2) and (2.8) to (4.2*) and (2.8*), respec-
tively, we see that

(4.6) lim sup =0.

a—oco @142 0p

{x:OSxSa,f(x)—lS—e}

Putting (4.5) and (4.6) together, we get f(x) 247, This completes the proof. ]

5. TAUBERIAN CONDITIONS FROM f(z) 25 | (N, w) 10 f(z) — I

We have seen in §4 that (4.1) and (4.1%*) are not Tauberian conditions of (1.2).
The purpose of this section is to find conditions under which such an implication
holds. Consider the following slow oscillation conditions:

o0 (e (L - sel)) -
and
61 e (e 1) s =0

Clearly, (5.1) = (3.1) and (5.1*) = (3.1*). For w € st-SVA (see §6 for the
definition), we have (1.4) = (5.1) and (1.4) = (5.1*). The following is an
integral analogue of [2, Corollary 2.2]. Our result not only extends [6, Corollary
2] and [12, Corollary 2] from 1-dimensional case to n-dimensional case, but also
relaxes the (IV, w) summability to its statistical version.
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Theorem 5.1. Let f(z) Sy (N,w), where w > 0. If st-D" (w) # () (respec-
tively st-D” (w) # () and (5.1) (respectively (5.1%)) holds, then f(x) — L.

Proof.  We show the case of (5.1) and leave (5.1*) to the readers. It is clear
that

MY f(zw0)] < sup |f(u) — f()].

r<u<(z)

Thus, (5.1) = (4.1). By Theorem 4.1(i), f(z) . Putting this with Theorem
3.1, we get the desired result. ]

Next, assume that f and w are real-valued. Instead of (5.1)-(5.1*), we consider
the following slow decrease conditions:

(5:2) sup {liminf ( inf  (f(u) - f(x))>} >0
A€st=D7} (w) T—00 z<u<(z)

and

(5.2%) sup {lim inf < inf (f(z)— f(u)))} > 0.
AEst-D™ (w) T—00 AMz)<u<z

It is clear that (5.2) = (3.4) and (5.2*) = (3.4*). The following is an integral
analogue of [2, Corollary 2.4]. It extends [6, Corollary 1] and [12, Corollary 1]
from 1-dimensional case to n-dimensional case, and relaxes the (N, w) summability
to its statistical version.

Theorem 5.2. Let f be real-valued. Assume that f(z) Ly (N,w) and (5.2)-
(5.2*) hold, where w > 0, st-D'} (w) # 0, and st-D™ (w) # 0. Then f(x) — L.

Proof. The inequality

M f(z;w) > inf () = (@),

r<u<A(x

where w > 0, shows the fact that (5.2) = (4.2). Similarly, (5.2*) — (4.2*). By

Theorem 4.2, f(z) L 1. We have (5.2) = (3.4) and (5.2*) = (3.4*), so Theorem
3.2 ensures that f(x) — . |

6. OTHER TAUBERIAN CONDITIONS

In §3-85, the Tauberian conditions introduced there involve the classes: Sy, D,
D", st-D" (w), and st-D" (w). We have

st-D' (w) € D} € Sy and st-D" (w) € D" C 8.
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In the following, we shall further investigate the subclasses of st-D’ (w) and st-
D™ (w), and then derive new types of Tauberian conditions.
Following [1, 2, 3], we write w € st-SVA if w(z) = wi(x1) - - -wp () and

Wi(pt)

Wi(t) !

st- lim inf
t—o0

> 0 forall p > 0with p #1 (k=1,---,n),

where Wi (t) = fot wi(z)dz. For the definition of “st-lim inf”, we refer the readers
to [7, 11]. It is obvious that st-SVA is the n-dimensional statistical version of SVA
defined in [1, 2, 3]. For w € st-SVA,

st-D' (w) 2 {A\,:p>1} and st-D"(w) 2 {A,:0 < p <1},

where A\, denotes the mapping x — px. Moreover, the following result is true.

Corollary 6.1. We have (1.4) = (5.1) = (3.1) and (6.1) = (5.1*) =
(3.1*), where w € st-SVA and

(6.1) Oir;fd {hmsup( sup | f(x) — f(u)])} =0.

T—00 pru<lz

Hence, the conclusions of Theorems 3.1 and 5.1 remain true, if the Tauberian
conditions involved there are replaced by any of (1.4) and (6.1).

It is easy to see that for p > 1,

62)  swp |f(w) - f@)] < sup (Z\ﬂw,k,u)—f(x,kuu)\)
k=1

r<<u<pr r<<u<pr
n
<Yosu( s U0~ )],
=1 Y27 Y <vp<pyg

ve=y¢ for {#k

where f(x, kou) = f(x1, -, Tp—1, Uk, Ukt1, -+ ,Up). This leads us to the fol-
lowing consequence of Corollary 6.1.

Corollary 6.2. We have (1.3) = (1.4) and (6.3) = (6.1), where

(6.3) inf {hmsup( sup !f(x)—f(u)!)} =0 (k=1,---,n).
0<p<1 ([ z2—00 pz) <up <z}
ug=xp for (#k
Hence, for w € st-SVA, the conclusions of Theorems 3.1 and 5.1 remain true, if the
Tauberian conditions involved there are replaced by any of (1.3) and (6.3).
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It should be noticed that (1.3) <= (6.3). Moreover, Corollary 6.2 is an integral
analogue of [2, Corollaries 3.1 & 3.2] for Schmidt-type condition. Our result extends
[9, Corollary 3], [14, Theorem 4] and [15, Corollary 3] from w, = 1 to general w,
and relaxes the (N, w) summability to its statistical version.

For p > 1 and zx < s < pxy, Set

f*(xv ku 8) - f(xlv oy Xk—1y S, Th41, " " 7wn)'
By the Mean-Value Theorem, there exists ¢ € (xx, s) such that

Pk = o)< 2| (L) @rofe-1

<2M(p—1) for min(s,x1,- - ,x,) > Ny,

where M is a suitable constant satisfying

(6.4) s‘ (aa—m)*(x, k, s)

Hence, Corollary 6.2 has the following consequence.

SM (mln($7x177xn)ZN07k:177n)

Corollary 6.3. We have (6.4) = (1.3). Hence, for w € st-SVA, the conclu-
sions of Theorems 3.1 and 5.1 remain true, if the Tauberian conditions involved
there are replaced by (6.4).

Corollary 6.3 is an integral analogue of [2, Corollaries 3.1 & 3.2] for the Hardy-
type condition. It extends [9, Corollary 4] and [14, Corollary 4] from w, = 1 to
general w, and relaxes the (IV, w) summability to its statistical version.

For real-valued f, the Tauberian conditions (1.4) and (6.1) are replaced by (6.5)
and (6.5%), stated below:

(6.5) sup {lim inf < inf (f(u)— f(x)))} >0,
p>1 T—00 r<<u<pr
(6.5%) sup {liminf < inf (f(z)— f(u)))} > 0.
0<p<1 T—00 pru<lz

Like Corollary 6.1, we have the following result.

Corollary 6.4. Let f be real-valued. Then (6.5) = (5.2) = (3.4) and (6.5%)
= (5.2*) = (3.4*), where w € st-SVA. Hence, the conclusions of Theorems
3.2 and 5.2 remain true, if the Tauberian conditions involved there are replaced by
(6.5) and (6.5%*), respectively.
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For real-valued f, (6.2) is changed to

in <f<u>—f<w>>zsz( inf (f(v)—f(y)))-
k=1

r<u<px y>x Y <V <pYk
= ve=y¢ for {#k

This lead us to the following consequence of Corollary 6.4.

Corollary 6.5. Let f be real-valued. Then (6.6) — (6.5) and (6.6*) —-
(6.5%), where

(6.6) sup{liminf < inf (f(u) — f(@))} >0 (k=1,---,n),
p>1 | z—0 ap <up <pz
ug=xp for (#k

(6.6*) sup {liminf < inf (f(x) — f(u)))} >0 (k=1,---,n).
0<p<1 | T—o0 pry <up <z}
ug=xp for (#k

Hence, for w € st-SVA, the conclusions of Theorems 3.2 and 5.2 remain true, if the
Tauberian conditions involved there are replaced by (6.6) and (6.6*), respectively.

Conditions (6.6) and (6.6*) are known as Landau-type conditions. The readers
can check that (6.7) implies both of (6.6) and (6.6*), where

(6.7) 3{<%>*(x, k,s)} > _M

(min(s, 21, - - ,an) > Nos k=1,---,n),

where Ny > 0 and M > 0 are suitable constants. This gives the following result.

Corollary 6.6. Let f be real-valued. Then (6.7) — (6.6) and (6.7) =
(6.6x). Hence, for w € st-SVA, the conclusions of Theorems 3.2 and 5.2 remain
true, if the Tauberian conditions involved there are replaced by (6.7).

Corollaries 6.5 and 6.6 are the integral analogues of [2, Corollaries 3.4 & 3.5].
Our results extend [9, Corollaries 1 & 2], [14, Theorem 3] and [15, Corollaries 1
& 2] from wy, = 1 to general w, and relax the (N, w) summability to its statistical
version.
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