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ALTERNATIVE THEOREMS FOR PSEUDO ALMOST
AUTOMORPHIC PROBLEMS

Yan Wang* and Yong Li

Abstract. This paper gives alternative theorems to investigate the existence
of pseudo almost automorphic solutions for semilinear evolution equations.
Moreover, we consider a parabolic equation to illustrate the theorem.

1. INTRODUCTION

The paper is concerned with the pseudo almost automorphic solutions to the
following semilinear evolution equation

d

1) d—;‘ = A(t)u(t) + f(t,u) + Ag(t,u) for t € R and A € [0, 1],
in a Banach space X. It is assumed that the linear operator A(t) satisfy the
“Acquistapace-Terreni” conditions introduced in [2], and f, g : R x X — X are
pseudo almost automorphic in ¢ uniformly for x € X.

To investigate the existence of solutions of the above mentioned problem, we

consider the following auxiliary semilinear evolution equation

du

2) i At)u+ f(t,u) for t € R,
where A(t) satisfies the “Acquistapace-Terreni” conditions, and f : R x X — X is

pseudo almost automorphic in ¢ uniformly for x € X. We show that if Eq. (2) has
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an s-mild pseudo almost automorphic solution then Eq (1). has an s-mild pseudo
almost automorphic solution.

The conception of almost automorphic fuctions more general than almost pe-
riodic functions was first introduced by S. Bochner in 1955 ([4]). Veech, Terras,
Shen, Yi and so on ([16], [17], [19]) , have given a series of fundamental results
in their works.

Pseudo almost automorphic functions are generalizations of asymptotically al-
most automorphic functions which were defined by N’Guérérkata in 1980s. Gener-
ally, consider the following function

f=g+0,

where f is almost automorphic, ¢ is continuous and bounded with M (||¢||) = 0.
M (-) is the “asymptotic” mean value, defined by

1 T
-r
In works of Ezzinbi, Liang, Xiao and so on ([7], [11], [20]), they investigated the
existence and uniqueness of pseudo almost automorphic solutions for some evolution
equations in Banach spaces.

In past decades, many important alternative theorems for Eq. (1) were studied
by Li, Mawhin and so on ([10], [14]). But alternative theorems for pseudo almost
automorphic problems are rarely studied. In the present paper, we use topological
degree methods to investigate them.

This paper is organized as follows: In section 2, we state some facts on pseudo
almost automorphic functions, and recall some properties of evolution families. In
section 3, we present the alternative theorems, which are applied to investigate the
existence of pseudo almost automorphic solutions for Eq. (2) instead of Eqg. (1). In
section 4, we illustrate the alternative theorem by considering a parabolic equation.
The main results of this paper are Theorems 3.1, 3.2 and 4.4.

2. PRELIMINARIES

Let X be a Banach space. We denote £(X), C(R, X) the spaces of linear
bounded operators on X, all X —valued continuous respectively. The notations
BC(R, X), AP(R, X) will stand for the spaces of bounded continuous functions
on R and its subspace of almost periodic functions (see H. Bohr [5]), respectively.
The notion D(A) is the domain of the linear operator A.

Definition 2.1. A function f € C(R, X) is said to be almost automorphic (a.a.
for short) if for any sequence {¢,}>°, C R, there exists a subsequence {¢,}>°,
and a function ¢ : R — X such that

3) f(t+tn) - g(t) and gt —tn) — f(t)
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hold pointwisely.
Denote by AA(X) the set of all a.a. functions.

Theorem 2.2. [9, pp.23]. If we equip AA(X) with the sup norm
1 fllso = sup | F()]],
teR
then AA(X) turns out to be a Banach space.

Denote

Ado(X) = {6 BORX): 1o [ foto)ae = o).

li
r——+

Definition 2.3. A function f € BC(RR, X) is called pseudo almost automorphic
(p.a.a. for short) if

f=9+9¢
with g € AA(X) and ¢ € AAo(X).

Denote PAA(X) the set of all p.a.a. functions.

Theorem 2.4. [20, Theorem 2.2]. PAA(X) is a Banach space with the sup
norm

[ flloo = sup [ F(1)]-
teR
Obviously, we have
AA(X) C PAA(X) c BC(R, X).
Definition 2.5. A function f : Rx X — X is called pseudo almost automorphic

in t with respect to the second argument x, if there exist functions g, ¢ : Rx X — X
with g(-,z) € AA(X) for each z € X and ¢ € AAy(R x X, X) such that

=9+,
where

AA)R x X, X) = {¢:Rx X — X : ¢(-,2) € BO(R, X) forall z € X

1 /" . .
and lim 2—/ |lp(t, z)||dt = 0 uniformly in x € X}.

r—-+oo 21
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Theorem 2.6. [11, Theorem 2.4]. Let f = g+ ¢ € PAA(R x X, X) with
g(,z) € AA(X) for each x € X and ¢(t,z) € AAo(R x X, X) satisfying the
following conditions:

(f1) g(t, ) is uniformly continuous in any bounded subset K C X uniformly for
teR.

(f2) f(t,z) is uniformly continuous in each bounded subset K C X uniformly
fort € R.

If 2(t) € PAA(R, X), then f(-,z(-)) € PAA(R, X).
We need the following results.

Throughout this paper, we assume that A(t) satisfies the “Acquistapace-Terreni”
conditions, that is,

(H1) There exist constants w > 0, ¢ € (5, 7), L, M >0, and p, v € (0, 1] with
w1+ v > 1 such that

Dy U0} € plA() ), 1RO A =) €

and
[(A(t) —w)R(A, A(t) — w)[R(A, A(t)) — R(A, A(s))]]] < Lt — s|*[A ™,
for s, t e R, A € ¥y := {A € C\{0} : |arg\| < ¢}.
Obviously, if (H1) holds, then there exists a unique evolution family (U (t, s))>s
generated by (A(t)):er With the following properties ([1, 6, 17]):
(E1) U(t,s)=U(t,r)U(r,s)and U(s,s) =1 fort > r > s;
(E2) (t,s)— U(t,s) is strongly continuous for ¢ > s.

We also make the following assumptions on (U (t, s))¢>s:
(H2) The evolution family (U(¢, s)):>s has an exponential stable:

U, s)|| < Nem®t=9) ¢ >,
where N, o > 0.

(H3) R(w,A(+)) € AP(R, L(X)).

Definition 2.7. Consider the following equation

4) Cc%‘ — A(t)u(t) + f(t) for t € R,

where f € PAA(X). A function v € PAA(X) is called s-mild solution of Eq.
@) if

(5) u(t) = / " U(te)f(€)de forall £ € R.

—00
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If (H1) holds, then Eq. (4) with the initial value u(a) = ¢ € D(A(t)) has a
unique mild solution, namely,

(6) u(t) = U(t, a) + / U(t, &) f(€)dE for ¢ > a.

Furthermore, if f is Holder continuous, then (6) is a classical solution of (4) with
the initial value u(a) = .
Set v(a) = [ Ula,€) f(€)dE, then

a

Ut.apo() = [ U0 5(©)d
Thus, for ¢ > a, we have that

t t

[vworew = [ veaned- [ veoned

—00 a

= v(t) = U(t,a)v(a),

namely, .

o) =Ultapla)+ [ UGO5Ed fort>a,

which shows that v(¢) is the mild solution of Eq. (4) with the initial value u(a) =
v(a). So, if the s-mild solution v(t) = [*__U(t,€)f(€)d¢ of Eq. (4) is paa,
then the mild solution of Eq. (4) with the initial value u(a) = ¢ is p.a.a., where
¢ € D(A(t)) is given. Therefore, in this paper we consider s-mild solutions instead
of considering mild solutions.

Theorem 2.8. [20, Theorem 3.3]. Let (H1)-(H3) hold. Assume that f €
PAAR x X, X) satisfies conditions (f1)-(f2), and it is Lipschitz continuous in
x uniformly for all ¢t € R, i.e.

() 1f(t2) = f(ty)ll < Lz —y| for all z,y € X,

where L < %. Then Eq. (2) has a unique s-mild p.a.a. solution.

Corollary 2.9. Suppose that (H1)-(H3) hold. If f € PAA(X), then Eq. (4)
admits a unique s-mild p.a.a. solution.

3. ALTERNATIVE THEOREM

Theorem 3.1. Consider the following equations:
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®) % — A(®ult) + f(t,u) forteR,
and
9) Ccll—? = A(t)u(t) + f(t,u) + A\g(t,u) forte R and X € [0, 1],

where f, g € PAA(R x X, X) are satisfied conditions (f1)-(f2). Assume the fol-
lowing conditions hold:

(i) There exists an open bounded subset @ ¢ PAA(X) such that every possible
solution u of Eq. (9) satisfies u ¢ 99).
(i)
deg(I — ©,9,0) #0,
where @ = ffoo U(t, &) f(&, u(€))dé is the s-mild solution of Eq. (8).
(iii) Let (H1)-(H3) hold, and assume that for any A > 0, (U(t, s)) t—s>h IS CcOM-
pact.

Then Eqg. (9) has an s-mild p.a.a. solution u € .
Proof.  Set
10 H(wN) = ®(w)+ A [ U (€ ul€))de for all (u,2) € 2 x [0,1]

Obviously, H is a map from PAA(X) x [0,1] to PAA(X).

First, we prove that H(-,\) : @ — PAA(X) is completely continuous for all
A€ [0,1].

Let ui, ug € Q, for all t € R. By (f1)-(f2), for every £ > 0 there existsa > 0
such that if |ju; — us|| < 6 then

[f (8 ur) = ft u2)ll < e and [lg(t, ur) — g(t, ug)|| <e.

Hence, for ||u; — uz|| < 0, we have that
@) - @) 0)

= | [ vtoneumene- [ veoseuei]
= | [ vt n©) - e
< [ |oto| e uen - ste.wien)ae
< /_ too Ne t=8gqe¢
N

= —¢&.
(0%
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Similarly, for Hu1 — u2H < 4, we have that

H/ Ut g(& ml df/ U(t,€)g(€, ual€)de]| < —g

IHua(8).3) = H{ua(t). V)]
< [#() (-2 O+ UG (e mENde—[ Ut e wa©)ae]

which proves that H(-, \) : @ — PAA(X) is continuous for all X € [0, 1].
Note that for u € €, there exists a positive constant .S such that || f (¢, u(t))| <
S. For t; > ty, e > 0 and u € €2, we have that

B(w) (1) — D(u)(t2)

_ /t“ml, @i+ [ 009 - U, 156 u(e)de

- [ vt s uenes [ w6 - U Ol e
+ [ 00 - Ut 9t uledg

_ / Ut €)1(6. u())de + /t::w(tl,s) U1, €)11(€, u(€))de

+/°O[U(t1,t2 ~ ) Ultats = DUt~ 212~ 0)
X f(te — o, u(ty — 0))do.

Similar to the proof of [15, Theorem 3.2], we can prove that {U(-,s) : s < -} is
equicontinuous. This implies there exists a ¢ € (0, 5) such that if |t —¢y| < ¢ and
t, top > s then

1U(t, 5) = Ulto, s)|| < e

Thus
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1) () — ®(w)(to)]| < NSt — to| +25S+5NS/ % do
€

< NS5+ 205 1+ 2ENS
e}

NS %NS
C 128 + ga ,

Qe
2

(&

which implies that ®(£2) is equicontinuous.
On the other hand, we note that

[ (u)(®)]| = H/_ U(t&)f(fw(f))deé/ 1T L€ w(€))lldg

t
< / Ne_o‘(t_g)Sdf:ES.
00 a

By Arzela-Ascoli Theorem, we know that ® is compact. Hence, ® is completely
continuous.

Similarly, we can prove that H(-, \) for all A € [0, 1] is completely continuous.

Thus

deg(I - H(7 )‘)7 Qv 0) = deg(I - (I)v Qv 0) 7é 07
that is, Eg. (9) has an s-mild p.a.a. solution u € Q. [ |

Theorem 3.2. Consider the following problems:

du

(11) i A(t)u(t) + f(t), t € R,
and
(12) CC%L — A(H)u(t) + f(t) + Ag(t,u) for t € R and A € [0, 1],

where f € PAA(X), and ¢ € PAA(R x X, X) satisfies conditions (f1)-(f2).
Assume the following conditions hold:

(i) There exists an open bounded subset @ ¢ PAA(X) such that every possible
solution u of Eq. (12) satisfies u ¢ OS2.

(i) There exists a unique s-mild p.a.a solution u €  for Eq. (11).

(iii) Let (H1)-(H3) hold, and assume that for any A > 0, (U(t, s)) t—s>h IS CcOM-
pact.

Then Eqg. (12) has an s-mild p.a.a. solution u € €.
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Proof. Set

(13)  H(u,\) = up + )\/ U(-,&)g(& u(§))dE for all (u, A) € Q x [0,1],

where ug(t) = [*__U(t, &) f(€)d¢ is the s-mild p.a.a. solution of Eq. (11). As
the proof of Theorem 3.1, H(-,\) : @ — PAA(X) for all X € [0, 1] is completely
continuous. Note (see [12])

deg(I,Q,up) = 1.

Therefore,
deg(I — H(-,\),Q,0) = deg(I — H(-,0),92,0) = deg(I,Q,up) =1,

that is, Eg. (12) has an s-mild p.a.a. solution u € €2. [ |
Corollary 3.3. Assume following statements are true:

(i) There exists an open bounded subset 2 ¢ PAA(X) such that every possible
solution w of Eq. (12) satisfies u ¢ OS2.
(i) f € PAA(X) is Lipschitz continuous, and g € PAA(R x X, X) satisfies
(f1)-(f2).
(iii) Let (H1)-(H3) hold, and assume that for any 2 > 0, (U(t, s)) t—s>h IS cOM-
pact.

Then Eqg. (12) has an s-mild p.a.a. solution u € (.

4. PARTIAL DIFFERENTIAL EQUATIONS

Let D C R™ be a bounded domain of class C2*7, for somen > 1and 5 € (0, 1).
Consider the following equation:
ut—Au—i—C(x,t)u:f(x,t,u,Vu), (fIf,t) GDXR,

(14)
u(z,t) =0, (z,t) € 0D x R.

We set
D(A):={ue WI? s u(z,t) =0 for all (z,t) € 9D x R},

and
Au = Au for u € D(A).
Let (T(t))¢>0 be the Cp-semigroup generated by A. Then

(i) By [18, Lemma 5.3], the semigroup (7'(¢));~o IS @ compact operator.
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(i) By [3, Proposition 4.1], ||T'(t)|| < 4e~% for all ¢ > 0.
Assume the following conditions hold for Eq. (14):

(H4) There exist functions o, 3 € C?1(D x R) with a(z,t) < B(x,t) such that
a(z,t) and G(z,t) are p.a.a in t for each x € D. Furthermore, and « and 3
are subsolution and supersolution of Eq. (14), respectively, that is,

a; — Aa+c(z,t)a < f(r,t,a,Va)in D xR, a<0ondD xR,
By — AB+c(z, t)3 > f(x,t,3,VB)inD xR, [F>00ndD x R.
(H5) Nonnegative function ¢(z,t) € C"’g(D x R) is p.a.a. int for all x € D with
c(x,t) #0.

(H6) f € C(D xR x R x R™) and f(-,-,&,¢) € C3(D x R) is uniformly on
bounded subsets of R x R™. For every r > 0, there exists a positive constant
K such that

f(2t.6,0) = f(y,5,& Q)| < K(lz —y["+ [t — 5|5 + | — €| +|¢ = C])
holds for all z,y € D, t, s € R, £, € € [-r,r] and ¢, € B(0,7) = {z €
R™: |x| <r}.

(H7) f(=z,t,&¢) is p.aa. intforall (z,£(¢) € D x R x R", that is, there exist
g(z,-, &) € AAR) and h(x,-, &, () € AAp(R) such that

f(fL',t,f,C) = g(fL‘,t,f,C) +h($,t,f,<).

(H8) f(D,R,R,R™) is a bounded subset of R. Moreover, there exist constants
M, L such that

|f(t,z,u,p)| < L+ M|p| for (z,t,u,p) € D x R x [a, 5] x R".

Remark 4.4. By (H6)-(H8), we have that f(z,t) = f(z,t,&(x,t), C(x, ) is
p.aa. intforalxe Dif& (isp.aa. int forall z € D. Furthermore, if u(x,t)
is p.a.a. int for each z € D then f(x,t, u(z,t), Vu(z,t)) is p.a.a. int for each
xz € D.

Lemma 4.5. If f € AA(R), then there exists a to € R such that f(ty) =
maxg f(t).

Proof.  If not, then for any ¢ € R, there exists a ¢, € R such that f(t) <
f(t+t1). And there also exists a to € R such that f(t+t1) < f(t+t2). Following
the above process, we can obtain a sequence {¢,}>° ; such that
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f)y < ft+t) <---< flt+t,) <---.
Since f € AA(R), there exists a subsequence {¢],}°°, C {t,}>, and a function

n=1

g € BC(R,R) such that lim,,_.o f(t +t/,) = g(t). Thus,

FO) < flt+t) << flt+t,) < - <g().

That is, for any ¢t € R, f(t) < g(t).
Since g(R) c f(R) (see [9, Proposition 1.32]), infscr(g(t) — f(s)) = 0 for all
t € R. Then
g(t) — f(t) < inf(g(t) — f(s)) =0,

seR
a contradiction. This completes the proof. ]
Lemma 4.6. Let g € AAy(X). Then the following statement is not true.

e There exist [ > 0 and « > 0 such that for |t| > [

lg(I = e,

Proof. If not. Then for any £ > 0, there exists ry > 0 such that if » > r( then

1 T
1 — t)||dt .
(15) 5 | latola <
Set r > max{ro, [}, then
= [ e = 5 o1t = [ atola
o g = 5 g o g
2r ), 2r Ji—r /=10 2r )
1
2 o ()|t
2r Sl /110
S 2r — 21
=T @
which is a contradiction to inequality (15). ]

According to Lemma 4.2 and Lemma 4.3, we conclude that for every f €
PAA(R), there exists ¢ty € R such that f'(to) = 0 and f" () > 0.

Theorem 4.7. Assume that conditions (H4)-(H8) hold. Then Eq. (14) admits
a p.a.a solution u € C*1(D x R) with o < u < 3.

Proof. Consider the following equations:

up — Au+ cu + k(u — a;—ﬁ)
- a+
(16) = Mh(7(u) = =) + Af (@, t, (), 11 (Vi) + Ara(u)

inDxRand A\ e [0,1],
u=0 on 0D x R and k >> 1.
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1 1 .
Let o, = @ — - and G,, = 8 + — for m € N. Obviously, o,,, 5, are p.a.a.
m
int for all x € X. We set

Bm, U > Bm,
Fu)=qu,  am<u<pby,

Oy U < Oy,

B, u>p,
r(u)=qu, a<u<p,
a, u<a,
p
ri(u) = { Il
u, |ul <N,

where N =max{|VaHl, |[VSHL, Nagumo constants of f with ccand 3 respectively}.
And

_u+/87 ’U,>/8,
r2(u) =40, a<u<p,

—u+aoa, u<cqa.

Set

P(u) = u — Au+ c(x7 t)u 4 k(u _ O‘(xv t) ;’ ﬁ(xv t))
Nk (F(u) — oz, 1) ;ﬁ(% t))
+)\f(1‘, 2 r(u), 7"1(V’U,)) + )\7"2(’11,)

for (z,t) € D xR, A € [0,1], and k >> 1.

Note there exists k; >> 1 such that if k¥ > k7 then

By — AL+ c(x,t) B+ c(z, t)/m+ kﬁ(%‘,t) ; a(z,t) n E

> 0.
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Then

P(Bm)
= B — AL+ c(z,t) B+ c(x, t) /m+ k(

Bz, t) — afz,t)
2

Bz, t) — oz, t) N i)

2 m

-k

(7, 6, 95) + 2
Bz, t) — a(x,t)

= (1=N(B— AB+c(z, 1)+ c(z,t) /m+ k 5 )

+X(Br — AL+ ez, 1) B+ c(x,t)/m — f(z,t,8,V3)) + % + %
> (1= N (Bi— MG+ e )8+ el 1) fm + KO . a@,t)y | % + %
> (1= N (B — AB+c(z, )+ c(z,t)/m+ kﬁ(x’t) ; a(,?) + %) + %
> 0.

On other hand,

1
ﬁm‘@DxR =—>0.
m

Thus, for m € N, 3, are supersolutions of Eq. (16).

Similarly, we can prove that for m € N, there exists ko >> 1 such that if
k > ko then «,,, are subsolutions of Eq. (16). Set k := max{ki, k2} + 1. Then a,
and (3, are subsolutions and supersolutions of Eq. (16) for m € N.

We claim that if u(x,t) is a p.a.a solution of Eq. (16) then
17) am < u < B in D xR, méeN.
If not, there exists ¢, € R and zy € D such that

(18) 0 <6 =wu(zo, to) — Bm(zo,to) = Ig)lii]:g(u(x, t) — Bm(z,1)).

Note 1
ulopxr = 0 and B, |opxr = p

we have that g € D. Then
Au(xg, to) < ABm(o,t0) = AB(z0, o),

V’U,(w‘o, to) = Vﬁm(w‘o, to) = Vﬁ(w‘o, to).



72 Yan Wang and Yong Li

Note

ug (o, to) — Au(xo, to) + c(x0, to)u(xo, to)
> Bm(xo, to) — ABm (o, to) + (o, to) Bm(z0, to) + c(x0, t0)0

ﬁ(w‘o,to) — Oé(xo,to) ﬂ(w‘o,to) — Oé(xo,to)
2 2

1
> —k( +E)+)\k

+Af(wo,to, B, VB) + c(x0,t0)0 — %

On other hand, since u(zo, to) is a p.a.a. solution of Eq. (16), we find that

ug(wo, to) — Au(xo, to) + c(xo, to)u(zo, to)

B(zo, to) — a(zo, o) N i) N \p 2 (20, to) — a0, to)
2 m 2

+)‘f(x07t07/87 V/B) — A0 — %

= —k(

This is a contradiction.
Set

Q= {u(-,z) € PAA(R) : ap, < u(,t) < B,y [Vu| < N}, m=1,2,---

For A = 0, we claim that Eg. (16) has a unique solution u € Q,,. In fact, if there
exists a p.a.a. u # 0 such that

(19) ur—Au+cu+ku=0in D xR, u=00n9dD x R.
Since u(z, t) is p.a.a., there exist 2o € D and ¢y € R such that

to) = t).
u(o, to) Ig)lgﬁu(wv )

Then
ut(w‘o,to) =0 and Au(xo,to) <0.

Thus
ug(xo, to) — Au(xo, to) + cu(xo, to) + ku(zo, to) > 0.

This is a contradiction. Therefore, Eq. (19) admits a unique p.a.a solution in ,,.
This yields that For A = 0, Eq. (16) has a unique solution v € Q,,.

By conditions (H4)-(H8) and Theorem 3.2, Eq. (16) has a p.a.a. solution
U, € Oy m € N,

In view of the proof in Theorem 3.1, {u,}2°_, is equicontinuous in D X
R, and it is uniformly bounded. Applying Arzela-Ascoli Theorem, there exists a
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subsequence of {u,(z,t)};_; and a function u.(z,t) € NY_; 2, =: Q such that
limyy,— 00 U (2, t) = uy(z, t), for all (z,t) € D x R. Thus Eq. (14) admits a p.a.a
solution u.(z, t) satisfying

10.

11.

12.
13.

14.

alz,t) <ug(z,t) < Bz, t). [ |
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