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RIESZ MEANS ASSOCIATED WITH HOMOGENEOUS FUNCTIONS
ON HARDY SPACES

Sunggeum Hong

Abstract. In this note we prove sharp weak type estimates for lacunary
maximal operators of Riesz means associated with homogeneous functions on
HP spaces, 0 < p < 1.

1. INTRODUCTION

We suppose that p € C°°(R™ \ {0}) is homogeneous function of degree one.
For a Schwartz function f € S(R"), we denote f(£) = [pn f(z) e <" da
by the Fourier transform and f¥(z) = [g. f(&) €'<"%> d¢ by the inverse Fourier
transform. For f € S(R™), we are interested in Riesz means Sg defined by

_ 5o
sire=(1-5) fo. eew

and the corresponding lacunary maximal function
SIf(x) = sup [S{f ().
kEZ

Letd, = n(1/p—1/2)—1/2be the critical index. In the case where p(¢&) = |¢|?,
E. M. Stein [10] showed that the maximal operator of Sg is of weak type (1,1)
for 6 > 61, and also proved it for any isotropic distance function p which is real
analytic. This is still true even though |¢|2 is replaced by an arbitrary distance
function p € C"*L(R™\ {0}) in A. Seeger [9]. At the critical index §; = (n—1)/2,
S. Sato in [8] proved that the lacunary Bochner-Riesz operator on H'(R™) converges
almost everywhere.
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In this article we obtain a sharp weak type (p, p) estimate on HP(R") (0 < p <
1) of the lacunary maximal Riesz operator S?, where we only assume homogeneity
and smoothness of p without any finite type condition. We note that H? are the
standard real Hardy spaces as defined (see [12]).

Theorem 1. Suppose 0 < p < 1 and 6 =&, = n(1/p—1/2) — 1/2. Then S?
maps HP?(R"™) boundedly into weak-L?(IR™); that is, there exists a constant C' such
that for all f € HP(R")

- [{zeR": SMf(x) > a}| < C(””Hﬂ)p

(0%
for all & > 0. The constant C' does not depend on f or «.

By a standard argument the theorem implies:

Corollary 1. For all f € HP(R™), § = 6, and 0 < p < 1, the operator ng
converges to f a.e. as k — oo.

Remark 1.

(i) Itis sharp in the sense that S¢ is a bounded operator of HP(R™) into LP(R™)
for 6 > 0,, but it fails to be of weak type (p,p) on HP(R™) for all 6 < 4,
(see [4D]).

(i) When 6; = (n — 1)/2, E. M. Stein [11] proved the existence of an f € H!
such that almost everywhere convergence of the Bochner-Riesz means fails.
For the case 0 < p < 1, it is well known that the maximal Bochner-Riesz
operator maps H?(R™) to weak LP(R") if § = d, in Stein, Taibleson and
Weiss [13].

(iii) In this problem, we do not have any finite type condition, and thus the tech-
niques in [8, 13] do not work. For the proof of Theorem 1, we shall use
Littlewood-Paley square-functions for H?(R™) (0 < p < 1) and adapt some
ideas of Christ and Sogge [4].

In what follows, the letter C' denote some positive constant that may not be the
same at each occurrence.

2. PRELIMINARIES

2.1. Hardy spaces

We shall use the equivalent characterizations of the Hardy spaces in terms
of atomic decompositions, and Littlewood-Paley square-functions ([6, 7, 12]).
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Definition 1. Let x € C5°(R) be non negative, have support in (1/2, 4) and be
equal to 1 on (1,2) suchthat )~ x(27"™s) = 1. Set x,,(s) = x(27™s). We define
Littlewood-Paley operators in R™ by L/m\f(f) = xm (|€]) F(£). For0 < p <1 we
define the Hardy spaces H? as the space of all tempered distribution for which the
quantity

< Q.

Lp

1Flan = | (Z \meP)% |

me”Z

Definition 2. Let 0 < p <1 and d be an integer that satisfies d > n(1/p — 1).
Let @ be a cube in R™. We say that a is a (p, d)-atom associated with Q if a is
supported on Q C R™ and satisfies

(i) llall ey < 1QI7Y7, (i) / a(a)a’ dr =0

where 3 = (b1, B2, - -+, Bn) 1S an n-tuple of non-negative integers satisfying |3| =
Bi+fo+- -+ Fp <d and 2P = zBra82 ... xPn,

If {a;} is a collection of (p, d)-atoms and {\;} is a sequence of complex num-
bers with 3772, [A;[P < oo, then the series f = 32, Aja; converges in the sense
of distributions, and its sum belongs to H?(R™) with the quasinorm

1/p
xD
| fll zo@ny = ___ inf Z R¥Ii
j=1 Xja;=f =1
2.2. Kernel estimates

We adapt a decomposition of the Bochner-Riesz multiplier (1—p)°. as in [2]. Let
¢ € C5°(R) be supported in (1/2,2) suchthat > .., p(2/s) =1for 0 <s <1.
For j € N, let U; = o(27t1(1 = p))(1 —p)% and W = (1 —p)% — > ;cn ¥y
For each j € Z, we now introduce a partition of unity =;,, v = 1,2,---, N;, on
the unit sphere ¥, which extends to R™ by way of 1L, (A5:¢) = =;,(¢), k € Z,
(e X, ={{eR": p(&) = 1}, and which satisfies the following properties ; there
are finite number of points (;1, (j2,- -+, (jn; € ¥, such that for v =1,2,--- | Ny,

Nj
(i) Y () =1forall¢ex,
v=1

(i1) Ej(¢) =1forall ¢ € £,N B(¢,277/2),

(iii) Zj, is supported in X, N B((j, c1279/2),

(iv) | DL, (€)] < o 2171972 for any multi index ~, if 1/2 < p(¢) < 2,
(v)  N; < e327=1/2 for fixed j,
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where B((p, r) denotes the ball in R™ with center {, € ¥, and radius » > 0 and the
positive constants c1, co, ¢3 do not depend on j. For each j, let Gé’” = [, II;,]Y
and Go = [¥o]"Y. In view of [5], the kernel G has a nice decay, and thus its
corresponding maximal operator satisfies Theorem 1. Thus we treat the estimates
for GJ”.

Set SV f = G3¥ = f where

(2.1) GPY (x) = 28 G (2Fx).
Denote G, = 3, >, GlY = > Gl and SOf = Gy * f.

Lemma 1. For fixed j € N and for v = 1,2,---, Ny, let T, (X,) be the
tangent space of ¥, at (j, € X, {efy 7~ be an orthonormal basis of T'¢,, (),

and ¢, be the outer unit normal vector to X3, at (j,, € X,. Then there are estimates
as follows : for any N € N

|Gy ()]
(2.2) < 09t 9—J 9—j(n—1)/2
SO T <ad, > DY T+ 202 <oy > Y

and

~ . . (s (nt1)
(G« G (a)] < C27 205
(2.3) 1 1
(1270 <z, e, > DV [T (1427972 < =, ef, > v

Sketch of Proof. For (2.2), see [9] for details. Consider the case (2.3). Fix
j and v. The multiplier for SJ"S7" is | W, IT;,|2, which has the same size and
smoothness properties as 2~7(*~1)/2 T1;,. Thus the same argument used for (2.2)
establishes the desired estimate. |

Immediately, from (2.2) we obtain

Lemma 2. The inequality

168" |y = €277

holds for all j and v.
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3. WEeaK TYPE (p, p) EsTimaTESON HP(R™), 0 < p <1

To prove Theorem 1 we shall need Lemmas 3 and 4 due to M. Christ [3] for
p = 1 and Stein, Taibleson and Weiss [13] for 0 < p < 1, respectively.

Lemma 3. For any o > 0 and any finite collection of dyadic cubes @ and
associated positive scalars A, there exists a collection of pairwise disjoint dyadic
cubes S such that

(1) > Ag<80alS| forall s,
QCS

(2) doISI<a Y Al

(3) > AR xe| <o
QF any S oo

Lemma 4. Suppose 0 < p < 1 and {f;} is a sequence of measurable functions
such that

(3.1) Hz: [fi(z)| > a >0} <a™
fori=1,2,3,---. If 32 [NP <1, then
x: i)\f(x) > o <2;19 a P
i=1 - S lep

We first consider the case 0 < p < 1. In view of Lemma 4, it is enough to
show (3.1) for S f in order to prove Theorem 1.

Proposition 1. Let 0 < p < 1. Suppose f is a (p, N)-atom (N > n(1/p—1))
onR™ and § = d, = n(1/p—1/2)—1/2. Then there exists a constant C' = C(n, p)
such that

|{z e R™: S f(x) > a}f < Ca™?

for all @ > 0.

Proof.  Since S} is translation invariant, we can assume that f is supported in
a cube @ centered at the origin. We write f = f7 if d(Q) is the side length of Q
and d(Q) =27,5 >0, and f = f° where d(Q) < 1 if j = 0. Then

{zeR": sup |S2f(z)] > a} C A UAUA3U A
keZ
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where

N o
reQ ssplSi)l > 5],
keZ

reR"\ Q" :supZZ\Si+sfj(x)\ > %},
kEeZ

{ 5>0 j>0

— {x ER™\ Q" :sup» > ST fi ()] > %}

k€Z <0 j>0

Ay
As
As
A= {rern @t SISt ) > 4,

4
kEeZ s>0

where Q* is the cube concentric with @ and with sides of twice the length.
The L!-boundedness of G, (see Lemma 2 and (2.1)) implies

S0 (@) < ClIGH1 [Iflle < ClIGKILIQITYP.

Consequently,
sup [S).f(z)] < C Q|7
keZ

for all z € Q*. From Chebyshev’s inequality we get
A < Ca™P.

Next, we concentrate on the estimates of the measures Ay, A3 and A4. For
this we claim that the following holds with € = i

2
(3.2) supz \stfj\ <027 a?P for s>0,

k€Z >0 L2(R")

) 1P
(3.3) supz \Sljﬁﬁfﬂ\ <(C2° for s<0,
kel 553 LP (R Q?)
and
s 0|2 —es | 2—

(3.4) H 216112) |Si.f \HLQ(RH) <C27%a P for s>0.

We first consider (3.3). In view of a result of Baernstein and Sawyer ([1], p.6), it
is enough to show

P
<C2
LY(D)

Z 9in(1—-p)

§>0

IS A

k
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where D = {z : 2775 < |z < 27751}, For this we use Littlewood-Paley theory
in H?, p < 1. For convenience we write >, L;f? = >, f/. Now we set fJ =

S Luff =2, f/ and also note that S]*° = 3, S7**¥. From a Littlewood-Paley
decomposition of f7, it then follows that

Si+s,ufj _ S]i+8’y( Z flj)

|k—1]<10

DS = DI XS )

k k |k—1|<10
Thus, it suffices to show that

Using this

. . C||P

(3.5) ZZ 9in(1-p) Z ‘S/Z:+8’Vf]g;‘ <0
>0 v k Ll(D)
Fix k, j, v and s < 0. Then, by Lemma 2 and (2.1)
' Si+8,uflg‘
LY(D)
ey [ 16 @y fwldyds

(3.6) Zk: {20—s<|z|<2i—s+1} Jy|<2i k k

< C2” jépQSNpHZ‘fk‘HLl(D

< 0o G )28NP(H Yo 1 oyt 22 1R m)-

|k—7]<10 |[k—j|>10

For the case |k — j| < 10 we use Schwartz’s inequality and Littlewood-Paley theory
in HP, and thus

> lk—j|<10 \fk

<CH STIAP) 1/2

<C|f

on

L*(R™)

HHl(Rn < C2inp=1),
We now consider the case |k — j| > 10.

If £ —j > 10, then

IN

kn Vak B ‘
? /Ia:|>2j+1/|y|<2j I’ (2% — y)[ 1 (y)| dy dx

1 9in(1-1/p) okn / 71 = da
ok|g|>2k—s+1 (1 + 2F[z])

< ¢ 2in(1=1/p) 9= (k=3)(N-n)

[FAAl
(3.8)

IN
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If we assume that &£ — j < —10, we use the moment condition in Definition 2.
Let P, denote the N-th order Taylor polynomial of the function x (z —-) expanded

near the origin. Then we have that P,(y) = 2" 3,y Cy [V (2k2)) (2ky)
for fixed k.
Thus we have

fi(z) = 2 / @5 — ) — PL(29)] £ (y) dy,
ly|<27
and

Hﬁinw

o) IO 2541 ) dy
(3.9) > yl<2 |y N+1 |

 23n(1-1/p) o(k—3) (N+1) / oz
ok|z|>2k—s+1 (14 2F[z|)N

| /\

9 kn
dx

IN

< ¢ 2in(1-1/p) 9(k—j)(n+1)

From (3.8) and (3.9), we have

(DR 41 = W /4 s

|k—j|>10 |k—j|>10

(3.10) <C 2in(e-1) max{1, 2—10p(N—n)7 2—10p(n+1)}

<C 2jn(10—1)7

by taking N > max{n,1/p, n(1/p—1)}.
Putting together with (3.6), (3.7), and (3.10), we get

(2i(n—1)/2 P
jn l—p j+87V J
PO DI
v=1 & LY(D)

< ot g,
After summing over j, the inequality (3.5) follows at once.

We turn to the case (3.2). The orthogonality property of S,i’LS’” yields

Supz ‘Sj"’sfj < Z Z‘Sﬂ+3fj 1/2

keZ 7>0 L2(R™) 7>0

B ZZZ ||Sj+8 ijH2

>0 v
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Since there are about ¢ 2/("~1)/2 values of v for each j, it suffices to show that
‘,V ‘—3 2 2 i n —n _ Tb—l 2 _s(n n
(3.12) STISE R < € a2 ppitn/rmn) gmin=1)/2 g=s(n/p=n)
k

forall j > s> 0and all v.
Expanding the left-hand side of (3.11), we reduce to

Sl < G e Gl P >
k
12 I DI LRTe O

k |k—1|<10

< CZ\ <GP RG> .

On the other hand, in view of (2.3) and (2.1), it is easy to see that || G}" + G7" || <
C 27792-97/P where C is independent of k. With this and by the Schwartz and
Minkowski inequalities, (3.12) is bounded by

c/ <Z\G”*G”* 8(@\2) (Z\f,i‘%@ﬁ) dx
k

1
2

< C2790 9=/ | <Z\fi_8\2> Hil(w)-
k

Here we note that for {f/°} ¢ L'(£2) N L*(£%) and a > 0, by the Calderon-
Zygmund theory we have

Iz ) s < Cale

where the side length of Q is 277,
With 6 = 0, = n(1/p —1/2) — 1/2, the above (3.13) is bounded by

(3.13)

I }
ot (1 ) o (S0 ) .
k
< Ca? 7P 2770 g7in/p gin
< C 2P 2-in/p=n) 9=j(n—1)/2 g—es

where i =j—s>0and e =n/p—n.
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Thus, summing over v = 1,2, ---,¢2/(»=1)/2 and j, we get (3.2) as desired.
As for (3.4), we follow the arguments used for (3.2). Therefore, from (3.2) through
(3.4), it follows by the application of Chebyshev’s inequality that

|Ag| + |As] + |A4] < CaP.
This completes the proof. ]

We turn to the case p = 1.

Proposition 2. If 6 = 0; = (n — 1)/2, there exists a constant C' = C(n) such
that
{z €R": S)f(x) > a}| < Ca™ ! || fllm(an

for all o > 0.

Proof. Let f(x) = Y Agag(x) be an element of H'(R™), chosen arbitrarily
except that the sum has finitely many terms, that >~ Ao < 2| f|| z: and that o« > 0 is
given. Let d(S) be the side length of S. Applying Lemma 3, set B =}, B; where

Bj = Y gcs,as)=2 Abg 1T d(S) = 27,7 > 0, and By = 355 405)<1 A@bQ
where d(S) <1if j=0. Now g = f — B and ||g|/c < C cv.
Consider
{2 eR" S f(2) >a} CQUURLUAUUQS

where € is the union of the double cubes S* and

Qy = {x € R" : sup |Sig(z)| > g},
keZ

5
_ : jtspg. @
0 = {xeR”.iZIZ)ZZ\Sk By(x)| > 5},
52>0 5>0
Oy = {x eR™\ O :supZZ\Si+sBj(x)\ > %},
k€Z 20 j>0

a
Q5 = {x eR": supz |SiBo(x)| > 3}

kEZ s>0

By the disjointness of the cubes S and Lemma 3-(2) we have

2l < YIs7 < &Y gl
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In order to estimate the measure of €2, we consider
1
S 112 < H 5 12) 22
| sup ISkl < (;\Skg\) I
2
- Z H829H2'
k
Using the Plancherel theorem and Chebyshev’s inequality imply
2
g C
1921 SC% < o ZP‘Q‘-

Next in order to estimate the measure of Q3, Q4 and 5, we shall show that the

following holds with ¢ = @:
2
(3.14) I sup » |87 Bj| < C27°a|B|yigny  for s>0,
kezZ >0 L2(R")
(3.15) sup Y |S1B;| < C2°|Bllggny  for s<0,
k€Z 20 LY(R™\Qq)
and
S 2 —€S
(3.16) ||iu;Z>\SkBO\HL2(Rn) < C27“a|Bollgpgny  for s>0.
S
In (3.15), for each s
SUPZ\Si+SBj‘ < Z“Z‘Sljc+sBj‘||L1(R"\Ql)’
k€Z ;>0 LT (R™\$1) >0k

and thus claim that

H Z‘Sli+sBj‘||L1(Rn\Ql) < C2° Z ‘)\Q‘
k QCS, d(5)=27

Set bg = 3, Lmbg = 32, b5 Since I (X510 08) = 0, it suffices
to show
| S Isirest)
k
Fix k, j, v and s < 0. Likewise (3.6)-(3.10), we have

| S st < CoInDI N 3
k k

< C27in=h/2gs,
LL(R™\Q1)

LY(R™\ Q1) | HLI(Rn\Ql)

S 02_j(n_1)/2 28'



1878 Sunggeum Hong

After summing over v = 1,2, ---,¢2/(»=1)/2 and j, (3.15) follows at once.

We proceed to the case (3.14). Then by the orthogonality property of %‘LS’”

supz 1S/ B; < Z 1

Z ‘SJ‘FSB ‘ 2
kezj>0 7>0

- ZZZ ||Sj+8 ’B; H2

>0 v

Since there are about ¢ 2/("~1)/2 values of v for each 7, it suffices to show that
j v 2 —es 9—j(n—
(3.17) SIS B, < Ca27@279mh2 N
k QCS, d(S)=2i—s

forall j > s> 0and all v.
Now set Bj_s = 3, Bj—s,m Where Bj_sm = 3 0 a(s)=2i-+ A@ bgy- Expanding
the left-hand side of (3.17), we have

Z\ < éi” * Gi’” * Bj_s,Bj_s > |
k
L 2 2T

k |k—m|<10

<C Z‘ < éi’y * Gi’y * Bj—s,kv Bj_&k > ‘
k

By the Schwartz, Minkowski inequalities, and Littlewood-Paley theory on H', the
above is bounded by

C/ <Z\G”*G”*Bj sk(z > Z\Bj sk %dx
1
<o [ [Ser e ([ me o)’ [Z\Bj )| da

(Z\Bj m) ..

2

< ¢ 27 in=1)/29=jn Z ol |
QCS, d(S)=2i

< C2~ j(n— 1/22 in (Rn)2

where ||G2Y % G4Y|| o < C 273(n=1)/2 9=in,
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Thus from Lemma 3-(1), it follows that

C a2/ N/2970n g > Aol
QCS, d(S)=2i-*
< Ca 270 N2 gD 2gmint)/2gin )
QCS,d(S)=27—3

< C 27 I D2 gl 294§y
QCS,d(S)=27—>5

< Ca 2—j(n—1)/2 9—€s Z ‘)‘Q‘
QCS, d(S)=2i—3

forall 0 <i=j—s<j/2and e = (n— 1)/4. Hence, we obtain the desired
estimate (3.17). Thus summing over v = 1,2, ---,¢2/("~1/2 and j, we get (3.14).
Finally, it follows (3.16) by the same method used for (3.14). |

Proof of Theorem 1. The case p = 1 is proved in Proposition 2. Suppose
now that 0 < p < 1. Let f = S22, \ifi € HP(R™). Then we see that S2f is
well-defined on H?(R™), since each S9 f; is the convolution of the atom f; with
the kernel Gj. Furthermore, we obtain that S?f satisfies a uniform weak type
estimate when f; is a (p, N)-atom (N > n(1/p — 1)) in Proposition 1. Since
IS2f(x)] < 32 Nl S2fi(x)| and 3252, |Ai|P < oo, the inequality (1.1) for p < 1
follows from Stein, Taibleson, and Weiss’s lemma (see [13]) on adding up weak
type functions. This completes the proof. ]
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