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A MASCHKE-TYPE THEOREM FOR PARTIAL
ENTWINING STRUCTURE

Ling Jia

Abstract. In this paper we first prove that the forgetful functor from the
category of partial entwined modules to that of modules has a right adjoint
functor. Then we give a Maschke-type theorem for a partial entwined module.

1. INTRODUCTION

During the study of operator algebras partial actions of groups have been intro-
duced by Exel [8]. With the further development many positive results have been
proposed [5],[6],[7]. S.Caenepeel and the other authors developed a theory of partial
actions of Hopf algebras [3] and pointed that its Galois theory have a remarkable
analogy with that of a weak Hopf algebra [4].

In this paper, we first recall definitions of partial entwining structures and give
some examples. Then we prove that the forgetful functor from the category of partial
entwined modules to the category of modules has a right adjoint functor. Finally
we give a Maschke-type theorem of a partial entwined module which generalizes
the relevant results of Doi-Hopf modules and entwined modules [1, 2].

Conventions.

Throughout the paper % is a field. We use the standard Sweedler’s notation for
comultiplication A and comodule. The identity map from any k-space V to itself
is denoted by idy .

Definition 1. Let A be a k-algebra, C a k-coalgebra, and ¢ : C® A — AQC
be a k-map. The triple (A, C, ) is called a right-right partial entwining structure
if the following are satisfied for any a,b € A, c € C:
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(1) > (ab), ® ¥ =Y apby @ c¥?;
(2) Yayply® 1’ @y = > ape ® c1? ® co¥;
(3) S e(c¥)ay = e(c)a.
A left-left partial entwining structure is a triple (A, C,v), where A is a k-

algebra, C' a k-coalgebra, and ¢ : C ® A— A® C'is a k-map satisfying (3)
and

(4) > (ab)y ® ¥ =S aghy @ V9,
(5) Yayply® Cw1¢ ® Vs = Yy ® 1 ® eo?.

We adopt the notation ¢)(c ® a) = > ay, @ ¢¥. If the map ¢ occurs more than
once in the same expression, then we use notations ¢, 4, 1, - - -.

Remark 2. A partial entwining structure (A, C, ) is an entwining structure if
andonly if Y 1y, ®c¥ =1®c.

Example 3. Suppose H is a Hopf algebra with an idempotent e verifying
Ale)(e®1l)=e®eande(e) =1. Taking A:=H, C:=Hand ¢ : C® A —
AR C, c®a— a® ce, it is easy to prove that (A, C,) is a partial entwining
structure.

Definition 4. Let (A, C, v) is a right-right partial entwining structure. A partial
entwined module M over (A, C,1) is a right A-module endowed a k-map p :
M — M ®C, m — ) mjy @ mp such that the following are satisfied for any
mée M, ac A

(6) Ym0 ® Mgy ® mpy = 3 mpg) - Loy @ mup? @ mpp?;
(7) oelmp)mig = m;
(8) Y (m-a)g® (m-a)y =S myg - ay ® mp”.

A morphism between two partial entwined modules M and N is a right A-linear

map f : M — N such that Zf(m)[o] ® f(m)[l] = > f(my)) @ mp. M ()
denotes the category of partial entwined modules over (A, C, ).

Example 5. Let (A, C, ) is a right-right partial entwining structure and M
a right A-module, and let p = (¢ ® ide) o (idy ® ¥) o (idyge @ ua) and
D = Imp, where ¢, denotes the right action of M and u 4 the unit of the
algebra A. Then it is easy to verify that p? = p and we claim that D is a partial
entwined module with the action given by p(m ® ¢) -a = Y p(m - ay ® ¢¥) and
the coaction given by >~ p(m ® ¢) @ p(m @ ¢)yy = Yop(m @ c1) - 1y @ co¥ for
anya€e A, me M, ceC.



A Maschke-type Theorem for Partial Entwining Structure 1573

Firstly we show that the action is well-defined. In fact, for any a,b € A, m €
M, ceC,

p((m®c—p(m® c)) me ap @ c? —p(m-ay @ c?))
=p(m-a¢®c¢)—p2(m-a¢®c¢) =0;
Zp(m@c)-ab :Zp(m-(ab)w ® c¥)
=Y p(m-agbs©c??) = (p(m@c)-a)-b.

Obviously p(m®¢) -1 = p(m ® c).
Next we show that the coaction is well-defined. Indeed, for m € M, c € C,

> plp(m® )
= Zp(m@q) 12 @ = Zp(m-lw ® %) ® c?
= Zm-lwln(@clw"@cf = Zm-1¢n®cl’7®62¢ =p(m®c).

Finally we show that the compatibility condition are satisfied. In fact, for any
a€ A meM, ceC,

> elp (m ® )p))p(m @ )y

=D ¢

> p
— Zp

= ZP m®ecy)-lslyply ® 2" @ ey

(e2")p(m @ 1) -1y = pl(m @ o)
(m® C)[o] Ly @ p(m @ c)y," @ p(m @ ¢)y3”
(m®er) - 1slyg ® co 5% @ esly”
(
= ZP (m®ecy)-1sly @ 6261w ® 2%y
= p(m ® ¢)jg110) @ P(M & €))7y @ P(M & )y
> (pm@0)-a) @ (pm e c) - @)y = D plm- ayles ©c1’) @ 'y

— Zp(m caplyls ® cwlé) ® ¥y = Zp(m cayls @ cwlé) ® ¥y

=Y pm-ay@c’) @’ =) pm®c)g - ap®@pm®c)g”.

Theorem 6. The forgetful functor F : M{(¢) — My has a right adjoint
G: My — MG ().

Proof. By Example 5 we know that D is an object in M§ () for any M €
My4. Thus we define a functor G : M4 — Mf{(w) as follows: for any M €
My, GIM)=D;forany f: M — N € My, G(f) = [ ® idc.
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Firstly we prove that G(f) is well-defined for any f : M — N € M. In fact,
forany m € M, c€ C, G(f)(p(m®c)) =3 f(m-1,0c?) =3 f(m) 150c? =
G(f)(m® o).

Secondly we prove that G(f) is a morphism in M (+). Indeed, for any m €
M, ceC, a€A,

G(f)(p(m®c)-a)
=Y flm-ag)®@c® =) f(m)-a,©c® =G(f)(p(m®c))-q;
(G(f) @ idc) o pp)(p(m @ c)) = D f(m - 1gsly @ e1”") @ c2”
= Zf(m) 1pls ® C¢16 ® c?y
=37 f(m) 1915 © 1 © %" = (pyvec) 0 G (M ® o).
Thirdly we define the unit » of the adjoint. For any M € M§ (v), ka: M —
D, m > p(mj) @ mypy)). Then kyy € MY (). In fact, for any m € M, a € A,
kp(m-a) = ZP((m ~a)g) ® (m - a)y)
=D p(my) - ay ©myy*)
= p(myg) @ mpy) - a = kp(m) - a; (ky @ id) o par(m)
= 2 p(mygjio] & mpgjn)) @ mpy
= Zp(m[o] gy ® m[1]1w) ® m[1]2¢
= _plmyg @ myy) - 1y ® mpp® = pp(sar (m)).

Next we define the counit . of the adjoint. For any M € Mg, tpr : D —
M, p(m ® c) — e(c)m. Hence we have to prove that ¢y, is well-defined. Indeed,
forany me M, c€ C, iy(p(m®c) =Y e(c¥)(m-1y) =e(c)m = iy (m @ c).
It is very easy to verify ¢ is right A-linear.

Finally we will prove G(iar) o kgry = idary and tpvy © Fkgvy) =
idp(ny forany M € Ma, N € Mf{(w). In fact, forany m € M, c € C, n €
N, Gliar) © kg (p(m ® ¢)) = Y e(ea?)p(m @ e1) - 1yl = p(m @ c) and
tr(n) © Flkan)(m) = Y e(mp®)mp) - 1, = m.

Therefore we complete the proof. ]

It is well known that the classical Maschke’s theorem has been generalized
in many forms such as Maschke-type theorems for Doi-Hopf modules, entwined
modules[1],[2] and weak entwined modules[9]. Now we will give a Maschke-type
theorem for a partial entwined module.
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Definition 7. Let (A,C,%) be a partial entwining structure and ¢ : C —
C*® A, c— S eV ®c® ak-module map. We call the map o a normalized
integral map in (A, C, ) if the following conditions are satisfied for any ¢,d € C
and a € A:

(12) 3 d*M(?)ayed”® =32 dW(e)d®a;
(13) Z d61¢(1)(cw)(151¢)wd61 o2 ) & d62 = Z d(l)(62¢)1¢¢d(2)5 & Cl¢5;
(14) Z 1¢¢62¢(1)(61w)62¢(2) = 26(6)1.
Lemma 8. Let (A4, C, ) be a partial entwining structure with a normalized

integral map o, M, N in M§(¢)) and f a morphism in M 4. Then the map f :
M — N, m Zm[l](1)(f(m[O])[l])f(m[O])[O] -myy?) is a morphism in M § ().

Proof.  First we show that f is right A-linear. In fact, for any m € M and
a€A,
f(m-a)= Z (m - a)m(l)(f((m : a)[o])[l])f((m : a)[o])[o] - (m- a)[11(2)
=D "W flmygy - ap)yy fmpgy - a) gy - mip
= mew(l)(f(m[o]) ~ay) (F(myg)) - ag)g - mp)
= > m* O (f ) ) () g - awermyy *@

= Zm[l] m[O] m)f(m[O])[O] ) m[l](2)a = f(m)-a,

¥(2)

where we get the second and the fourth equations from the definition of M§ (+),
and we obtain the third equation because f is right A-linear.
Next we prove that f is right C-colinear. Indeed,for any m € M we also have,

> fm)g @ fm)py
= > mp D (f (mye)) ) (m) 'm[11(2)>[0]
= > mu Vg ") g g - Lewmn @y @ fmgg) g, ™
=3 " (Flm) ) i)y - (Late) iy, " @ g
= " mup O (f(my) - Lsg) 3y (F(mpo) - 1ag) g mup?? @ mpy’
= 2 o (o)) gy (F (miogo) g - miogn™® & mpy
=Y fmg) @mpy
where we get the fourth equation by the fact that N is an object in M§ (). ]

(f(m[O])[O] ) m[l](2))[1]
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Theorem 9. If there exists a normalized integral map in (A, C,), then a
morphism in M §(+) has a section(resp. retraction) in M4 has a section(resp.
retraction) in M§ (v).

Proof. Let M,N € M (v), and assume that f : M — N € M§(¢) has a
section g: N — M € M,4. Letg as mentioned in lemma 8, then for any n € N,

(fog)(n) = Zn[1](1)(9(n[01)[1])f(9(n[o])[0] @)
=> npy (l)fg(n[o])[l]fg(n[o]) " " @
=D Vg - Lowmp®® = n

where we get the second equation from the fact that f € M§ (), and we obtain
the last equation by Definition 7. [ ]
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