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A MASCHKE-TYPE THEOREM FOR PARTIAL
ENTWINING STRUCTURE

Ling Jia

Abstract. In this paper we first prove that the forgetful functor from the
category of partial entwined modules to that of modules has a right adjoint
functor. Then we give a Maschke-type theorem for a partial entwined module.

1. INTRODUCTION

During the study of operator algebras partial actions of groups have been intro-
duced by Exel [8]. With the further development many positive results have been
proposed [5],[6],[7]. S.Caenepeel and the other authors developed a theory of partial
actions of Hopf algebras [3] and pointed that its Galois theory have a remarkable
analogy with that of a weak Hopf algebra [4].

In this paper, we first recall definitions of partial entwining structures and give
some examples. Then we prove that the forgetful functor from the category of partial
entwined modules to the category of modules has a right adjoint functor. Finally
we give a Maschke-type theorem of a partial entwined module which generalizes
the relevant results of Doi-Hopf modules and entwined modules [1, 2].

Conventions.
Throughout the paper k is a field. We use the standard Sweedler’s notation for

comultiplication ∆ and comodule. The identity map from any k-space V to itself
is denoted by idV .

Definition 1. Let A be a k-algebra, C a k-coalgebra, and ψ : C⊗A → A⊗C
be a k-map. The triple (A,C, ψ) is called a right-right partial entwining structure
if the following are satisfied for any a, b ∈ A, c ∈ C:
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(1)
∑

(ab)ψ ⊗ cψ =
∑
aψbφ ⊗ cψφ;

(2)
∑
aψ1φ ⊗ cψ1

φ ⊗ cψ2 =
∑
aψφ ⊗ c1

φ ⊗ c2
ψ ;

(3)
∑
ε(cψ)aψ = ε(c)a.

A left-left partial entwining structure is a triple (A,C, ψ), where A is a k-
algebra, C a k-coalgebra, and ψ : C ⊗A→A⊗ C is a k-map satisfying (3)
and

(4)
∑

(ab)ψ ⊗ cψ =
∑
aφbψ ⊗ cψφ;

(5)
∑
aψ1φ ⊗ cψ1

φ ⊗ cψ2 =
∑
aψφ ⊗ c1

ψ ⊗ c2
φ.

We adopt the notation ψ(c⊗ a) =
∑
aψ ⊗ cψ. If the map ψ occurs more than

once in the same expression, then we use notations φ, δ, ψ, · · ·.

Remark 2. A partial entwining structure (A,C, ψ) is an entwining structure if
and only if

∑
1ψ ⊗ cψ = 1⊗ c.

Example 3. Suppose H is a Hopf algebra with an idempotent e verifying
∆(e)(e⊗ 1) = e ⊗ e and ε(e) = 1. Taking A := H, C := H and ψ : C ⊗ A →
A ⊗ C, c ⊗ a �→ a ⊗ ce, it is easy to prove that (A,C, ψ) is a partial entwining
structure.

Definition 4. Let (A,C, ψ) is a right-right partial entwining structure. A partial
entwined module M over (A,C, ψ) is a right A-module endowed a k-map ρ :
M → M ⊗ C, m �→ ∑

m[0] ⊗m[1] such that the following are satisfied for any
m ∈M, a ∈ A:

(6)
∑
m[0][0] ⊗m[0][1] ⊗m[1] =

∑
m[0] · 1φψ ⊗m[1]1

ψ ⊗m[1]2
φ;

(7)
∑
ε(m[1])m[0] = m;

(8)
∑

(m · a)[0] ⊗ (m · a)[1] =
∑
m[0] · aψ ⊗m[1]

ψ.

A morphism between two partial entwined modulesM and N is a right A-linear
map f : M → N such that

∑
f(m)[0] ⊗ f(m)[1] =

∑
f(m[0]) ⊗m[1]. MC

A (ψ)
denotes the category of partial entwined modules over (A,C, ψ).

Example 5. Let (A,C, ψ) is a right-right partial entwining structure and M
a right A-module, and let p = (φM ⊗ idC) ◦ (idM ⊗ ψ) ◦ (idM⊗C ⊗ uA) and
D = Imp, where φM denotes the right action of M and uA the unit of the
algebra A. Then it is easy to verify that p 2 = p and we claim that D is a partial
entwined module with the action given by p(m ⊗ c) · a =

∑
p(m · aψ ⊗ cψ) and

the coaction given by
∑
p(m⊗ c)[0] ⊗ p(m⊗ c)[1] =

∑
p(m⊗ c1) · 1ψ ⊗ c2

ψ for
any a ∈ A, m ∈M, c ∈ C.
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Firstly we show that the action is well-defined. In fact, for any a, b ∈ A, m ∈
M, c ∈ C,

p((m⊗ c− p(m⊗ c)) · a) =
∑

p(m · aφ ⊗ cφ − p(m · aψ ⊗ cψ))

= p(m · aφ ⊗ cφ)− p2(m · aφ ⊗ cφ) = 0;
∑

p(m⊗ c) · ab =
∑

p(m · (ab)ψ ⊗ cψ)

=
∑

p(m · aψbφ ⊗ cψφ) =
∑

(p(m⊗ c) · a) · b.
Obviously p(m⊗ c) · 1 = p(m⊗ c).

Next we show that the coaction is well-defined. Indeed, for m ∈M, c ∈ C,
∑

ρ(p(m⊗ c))

=
∑

p(m⊗ c1) · 1φ ⊗ c2
φ =

∑
p(m · 1φψ ⊗ c1

ψ) ⊗ c2
φ

=
∑

m · 1φψ1η ⊗ c1
ψη ⊗ c2

φ =
∑

m · 1φη ⊗ c1
η ⊗ c2

φ = ρ(m⊗ c).

Finally we show that the compatibility condition are satisfied. In fact, for any
a ∈ A, m ∈M, c ∈ C,

∑
ε(p(m⊗ c)[1])p(m⊗ c)[0]

=
∑

ε(c2ψ)p(m⊗ c1) · 1ψ = p(m⊗ c);
∑

p(m⊗ c)[0] · 1φψ ⊗ p(m⊗ c)[1]1
ψ ⊗ p(m⊗ c)[1]2

φ

=
∑

p(m⊗ c1) · 1δ1ψφ ⊗ c2
δ
1
φ ⊗ c2

δ
2
ψ

=
∑

p(m⊗ c1) · 1δ1ψ1φ ⊗ c2
δψ

1
φ ⊗ c2

δψ
2

=
∑

p(m⊗ c1) · 1δ1ψ ⊗ c2
δ
1
ψ ⊗ c2

δ
2

= p(m⊗ c)[0][0] ⊗ p(m⊗ c)[0][1] ⊗ p(m⊗ c)[1];
∑

(p(m⊗ c) · a)[0] ⊗ (p(m⊗ c) · a)[1] =
∑

p(m · aψ1φδ ⊗ cψ1
δ
) ⊗ cψ2

φ

=
∑

p(m · aψ1φ1δ ⊗ cψφ1
δ
) ⊗ cψφ2 =

∑
p(m · aψ1δ ⊗ cψ1

δ
)⊗ cψ2

=
∑

p(m · aψδ ⊗ c1
δ)⊗ c2

ψ =
∑

p(m⊗ c)[0] · aψ ⊗ p(m⊗ c)[0]
ψ .

Theorem 6. The forgetful functor F : M C
A (ψ) → MA has a right adjoint

G : MA →MC
A (ψ).

Proof. By Example 5 we know that D is an object in MC
A (ψ) for any M ∈

MA. Thus we define a functor G : MA → MC
A (ψ) as follows: for any M ∈

MA, G(M) = D; for any f : M → N ∈MA, G(f) = f ⊗ idC .
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Firstly we prove that G(f) is well-defined for any f : M → N ∈MA. In fact,
for any m ∈M, c ∈ C, G(f)(p(m⊗c)) =

∑
f(m ·1φ⊗cφ) =

∑
f(m) ·1φ⊗cφ =

G(f)(m⊗ c).
Secondly we prove that G(f) is a morphism in MC

A (ψ). Indeed, for any m ∈
M, c ∈ C, a ∈ A,

G(f)(p(m⊗ c) · a)
=

∑
f(m · aφ) ⊗ cφ =

∑
f(m) · aφ ⊗ cφ = G(f)(p(m⊗ c)) · a;

((G(f)⊗ idC) ◦ ρD)(p(m⊗ c)) =
∑

f(m · 1φδ1η ⊗ c1
δη)⊗ c2

ψ

=
∑

f(m) · 1φ1δ ⊗ cφ1
δ ⊗ cφ2

=
∑

f(m) · 1φ1ηδ ⊗ cφ1
δ ⊗ cφ2

η
= (ρp(N⊗C) ◦G(f))(p(m⊗ c)).

Thirdly we define the unit κ of the adjoint. For any M ∈MC
A (ψ), κM : M →

D, m �→ ∑
p(m[0] ⊗m[1]). Then κM ∈MC

A (ψ). In fact, for any m ∈M, a ∈ A,

κM(m · a) =
∑

p((m · a)[0] ⊗ (m · a)[1])

=
∑

p(m[0] · aψ ⊗m[1]
ψ)

= p(m[0] ⊗m[1]) · a = κM (m) · a; (κM ⊗ id) ◦ ρM(m)

=
∑

p(m[0][0] ⊗m[0][1])⊗m[1]

=
∑

p(m[0] · 1φψ ⊗m[1]1
ψ) ⊗m[1]2

φ

=
∑

p(m[0] ⊗m[1]) · 1φ ⊗m[1]2
φ = ρD(κM (m)).

Next we define the counit ι of the adjoint. For any M ∈ MA, ιM : D →
M, p(m⊗ c) �→ ε(c)m. Hence we have to prove that ιM is well-defined. Indeed,
for any m ∈M, c ∈ C, ιM (p(m⊗ c) =

∑
ε(cψ)(m · 1ψ) = ε(c)m = ιM (m⊗ c).

It is very easy to verify ι is right A-linear.
Finally we will prove G(ιM) ◦ κG(M ) = idG(M ) and ιF (N) ◦ F (κG(N)) =

idF (N) for any M ∈ MA, N ∈ MC
A (ψ). In fact, for any m ∈ M, c ∈ C, n ∈

N, G(ιM) ◦ κG(M )(p(m ⊗ c)) =
∑
ε(c2φψ)p(m ⊗ c1) · 1φ1ψ = p(m ⊗ c) and

ιF (N) ◦ F (κG(N))(m) =
∑
ε(m[1]

φ)m[0] · 1φ = m.
Therefore we complete the proof.

It is well known that the classical Maschke’s theorem has been generalized
in many forms such as Maschke-type theorems for Doi-Hopf modules, entwined
modules[1],[2] and weak entwined modules[9]. Now we will give a Maschke-type
theorem for a partial entwined module.



A Maschke-type Theorem for Partial Entwining Structure 1575

Definition 7. Let (A,C, ψ) be a partial entwining structure and σ : C →
C∗ ⊗ A, c �→ ∑

c(1) ⊗ c(2) a k-module map. We call the map σ a normalized
integral map in (A,C, ψ) if the following conditions are satisfied for any c, d ∈ C

and a ∈ A:
(12)

∑
dψ(1)(cφ)aψφdψ(2) =

∑
d(1)(c)d(2)a;

(13)
∑
dδ1

φ(1)(cψ)(1δ1φ)ψd
δ
1
φ(2) ⊗ dδ2 =

∑
d(1)(c2φ)1φψd(2)

δ ⊗ c1
ψδ;

(14)
∑

1φψc2φ(1)(c1ψ)c2φ(2) =
∑
ε(c)1.

Lemma 8. Let (A,C, ψ) be a partial entwining structure with a normalized
integral map σ, M,N in M C

A (ψ) and f a morphism in MA. Then the map f :
M → N, m �→ ∑

m[1]
(1)(f(m[0])[1]

)f(m[0])[0]
·m[1]

(2) is a morphism in M C
A (ψ).

Proof. First we show that f is right A-linear. In fact, for any m ∈ M and
a ∈ A,

f(m · a) =
∑

(m · a)[1]
(1)(f((m · a)[0])[1]

)f((m · a)[0])[0]
· (m · a)[1]

(2)

=
∑

m[1]
ψ(1)f(m[0] · aψ)

[1]
f(m[0] · aψ)

[0]
·m[1]

ψ(2)

=
∑

m[1]
ψ(1)(f(m[0]) · aψ)

[1]
(f(m[0]) · aψ)

[0]
·m[1]

ψ(2)

=
∑

m[1]
ψ(1)(f(m[0])[1]

φ)f(m[0])[0]
· aψφm[1]

ψ(2)

=
∑

m[1]
(1)(f(m[0])[1]

)f(m[0])[0]
·m[1]

(2)a = f(m) · a,

where we get the second and the fourth equations from the definition of MC
A (ψ),

and we obtain the third equation because f is right A-linear.
Next we prove that f is right C-colinear. Indeed,for any m ∈M we also have,

∑
f(m)[0] ⊗ f(m)[1]

=
∑

m[1]
(1)(f(m[0])[1]

)(f(m[0])[0]
·m[1]

(2))
[0]

⊗ (f(m[0])[0]
·m[1]

(2))
[1]

=
∑

m[1]
(1)(f(m[0])[1]2

φ)f(m[0])[0]
· 1φψm[1]

(2)
δ
⊗ f(m[0])[1]1

ψδ

=
∑

m[1]
δ
1

φ(1)
(f(m[0])[1]

ψ)f(m[0])[0]
· (1δ1φ)ψm[1]

δ
1

φ(2) ⊗m[1]
δ
2

=
∑

m[1]1
φ(1)(f(m[0]) · 1δφ)[1]

(f(m[0]) · 1δφ)[0]
·m[1]1

φ(2) ⊗m[1]2
δ

=
∑

m[0][1]
(1)(f(m[0][0]))[1]

(f(m[0][0]))[0]
·m[0][1]

(2) ⊗m[1]

=
∑

f(m[0])⊗m[1]

where we get the fourth equation by the fact that N is an object in MC
A (ψ).
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Theorem 9. If there exists a normalized integral map in (A,C, ψ), then a
morphism in M C

A (ψ) has a section(resp. retraction) in MA has a section(resp.
retraction) in MC

A (ψ).

Proof. Let M,N ∈ MC
A (ψ), and assume that f : M → N ∈ MC

A (ψ) has a
section g : N →M ∈MA. Let g as mentioned in lemma 8, then for any n ∈ N ,

(f ◦ g)(n) =
∑

n[1]
(1)(g(n[0])[1]

)f(g(n[0])[0]
· n[1]

(2))

=
∑

n[1]
(1)fg(n[0])[1]

fg(n[0])[0]
· n[1]

(2)

=
∑

n[1]2
φ(1)(n[1]1

ψ)n[0] · 1φψn[1]2
φ(2) = n.

where we get the second equation from the fact that f ∈ MC
A (ψ), and we obtain

the last equation by Definition 7.
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