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THE FIXED POINT PROPERTY AND UNBOUNDED SETS
IN BANACH SPACES

Wataru Takahashi, Jen-Chih Yao* and Fumiaki Kohsaka

Abstract. Let E be a smooth, strictly convex and reflexive Banach space, let
J be the duality mapping of E and let C' be a nonempty closed convex subset
of E. Then, a mapping S : C' — C' is said to be nonspreading [23] if

¢(Sz, Sy) + ¢(Sy, Sx) < ¢(Sx,y) + ¢(Sy, x)

for all z,y € C, where ¢(z,y) = ||z[|*> — 2(z, Jy) + ||y||* for all =,y € E.
In this paper, we prove that every nonspreading mapping of C' into itself has
a fixed point in C' if and only if C' is bounded. This theorem extends Ray’s
theorem [27] in a Hilbert space to that in a Banach space.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || - || and let
C be a closed convex subset of H. Let 7" be a mapping of C' into itself. Then
we denote by F'(T) the set of fixed points of 7. A mapping T : C' — C'is called
nonexpansive if ||Tz — Ty| < ||z — y|| for all z,y € C. A mapping F : C — C
is also said to be firmly nonexpansive if ||Fx — Fy||?> < (z — y, Fx — Fy) for all
x,y € C; see, for instance, Browder [6], Goebel and Kirk [10], Goebel and Reich
[11], and Takahashi [34]. Ray [27] proved the following theorem.

Theorem 1.1. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Then, the following are equivalent:
(i) Every nonexpansive mapping of C into itself has a fixed point in C;
(ii) C is bounded.
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Sine [33] gave a simple proof of Ray’s theorem by using that the metric pro-
jection is nonexpansive in a Hilbert space. We know that a nonexpansive mapping
is deduced from a firmly nonexpansive mapping. Recently, the first author [38]
defined the following nonlinear mapping S : C' — C called hybrid which is also
deduced from a firmly nonexpansive mapping:

3118z — Syl* < [l = ylI* + llz = Syl* + |y — Sz||?
for all x,y € C. Using Ray’s theorem, he proved the following theorem.

Theorem 1.2. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Then, the following are equivalent:

(i) Every hybrid mapping of C' into itself has a fixed point in C;
(it) C is bounded.

However, such theorems have not been extended to those of a Banach space.
Recently, Kohsaka and Takahashi [23] introduced the following nonlinear mapping
in a Banach space. Let E' be a smooth, strictly convex and reflexive Banach space,
let J be the duality mapping of £ and let C' be a nonempty closed convex subset
of E. Then, a mapping S : C' — C is said to be nonspreading if

¢(Sz, Sy) + ¢(Sy, Sz) < ¢(Sz,y) + ¢(Sy, x)

for all x,y € C, where ¢(x,y) = ||z||*> — 2(z, Jy) + ||y||? for all z,y € E. They
proved a fixed point theorem for such mappings. In the case when E' is a Hilbert
space, we know that ¢(x,y) = |z —y||* for all 2,5 € E. So, a nonspreading
mapping S in a Hilbert space H is defined as follows:

2|5z — Sy|* < ||Sz —y|* + | Sy — ||

for all z,y € C.

In this paper, motivated by these results, we try to extend Ray’s theorem to that
in a Banach space by the theory of convex analysis. We prove that if C is a closed
convex subset of a smooth, strictly convex and reflexive Banach space, then every
nonspreading mapping of C' into itself has a fixed point in C' if and only if C is
bounded.

2. PRELIMINARIES

Let E be a real Banach space with norm || - || and let E* be the dual of E. We
denote the value of y* € E* at x € F by (z,y"). When {z,} is a sequence in
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E, we denote the strong convergence of {z,,} to x € E by x,, — = and the weak
convergence by x,, — x. The modulus  of convexity of F is defined by

_ |zt
2

o0 = int {1 Nl < 10l < Lllo ol > ¢
for every € with 0 < ¢ < 2. A Banach space F is said to be uniformly convex
if 5(e¢) > 0 for every € > 0. A uniformly convex Banach space is strictly convex
and reflexive. Let C' be a nonempty subset of a Banach space £. A mapping
T : C — C is nonexpansive if ||Tz — Ty|| < ||« — y|| for all z,y € C. A mapping
T : C — C is quasi-nonexpansive if F(T) # () and ||Tx — y|| < ||« — y|| for all
x € Cand y € F(T), where F(T) is the set of fixed points of 7. If C' is a closed
convex subset of E and 7' : C' — C' is quasi-nonexpansive, then F(T") is closed
and convex; see Itoh and Takahashi [15].

Let E be a Banach space. The duality mapping J from E into 27" is defined
by

Jo ={2" € B : (z,2") = ||z|* = [|l2*||*}

for every z € E. Let U = {z € E : ||z| = 1}. The norm of E is said to be
Gateaux differentiable if for each z,y € U, the limit

Lzt iyl ]
t—0 t

2.1)

exists. In the case, E is called smooth. We know that F is smooth if and only if
J ia a single valued mapping of E into E*. We also know that F is reflexive if
and only if J is surjective, and E is strictly convex if and only if J is one-to-one.
Therefore, if E is a smooth, strictly convex and reflexive Banach space, then J is
a single-valued bijection.

Theorem 2.1. Let E be a smooth Banach space and let J be the duality mapping
on E. Then, (x —y, Jx — Jy) > 0 for all x,y € E. Further, if E is strictly convex
and (x —y, Jx — Jy) =0, then x = y.

Let F be a reflexive, strictly convex and smooth Banach space. The function
¢: E x E — (—00,00) is defined by

¢z, y) = l|z|* — 2(z, Jy) + Ily*

for x,y € F, where J is the duality mapping of F; see [1] and [19]. We have from
the definition of ¢ that

(2.2) o(2,y) = ¢(x,2) + ¢(2,9) + 2(x — 2, Jz = Jy)



736 Wataru Takahashi, Jen-Chih Yao and Fumiaki Kohsaka

for all z,y,z € E. From (||z||?—||y||?) < ¢(x,y) for all z,y € E, we can see that
¢(z,y) > 0. Further, we can obtain the following equality:

(23) 2<II) - Y, Jz — Jw> = ¢($, ’U)) + ¢(y7 Z) - ¢($, 2,’) - ¢(y7 ’U))
for z,y, z,w € E. If E is additionally assumed to be strictly convex, then
(2.4) Oz, y) =0z =y.

A multi-valued operator A: E — 2F" with domain D(A) = {z € E: Az # ()} and
range R(A) = |J{Az : z € D(A)} is said to be monotone if (z1 —z2,y1 —y2) > 0
for each x; € D(A) and y; € Ax;, i = 1,2. A monotone operator A is said to be
maximal if its graph G(A) = {(z,y) : y € Az} is not properly contained in the
graph of any other monotone operator. Let F be a Banach space and let f be a
function of E into (—o0, 0o] = RU {oo}. Then, f is proper if f(z) € R for some
x € E. f is convex if for x,y € F and t € (0, 1),

[tz + 1 =t)y) <tf(x) + (L= f(y)
f is lower semicontinuous if for every a € R, {z € E': f(z) < a} is closed. The

following is Rockafellar’s theorem.

Theorem 2.2. [30, 31]. Let E be a real Banach space and let f : E —
(—o0, 0] be a proper convex lower semicontinuous function. Then the subdiffer-
ential Of of f is as follows:

Of(z) = {v* € B*: f(y) = f(2) + (y — z,0*), Wy € B}, Vz€ B,
Then, Of: E — 2F" is a maximal monotone operator.
The following theorem is well known; see Browder [8], Rockafellar [32] and

Takahashi [35].

Theorem 2.3. [8, 32]. Let E be a reflexive, strictly convex and smooth Banach

space and let A: E — 2" be a monotone operator. Then A is maximal if and
only if R(J +rA) = E* for all r > 0.

Let F be a reflexive, strictly convex and smooth Banach space and let A C
FE x E* be a maximal monotone operator. For > 0 and x € E, consider

Jrx={ze€ E:JxeJz+rA(z)}.

We know from [35] that J,.x is a singleton. We denote J,. by J,. = (J +rA)~1J.
We call J, the resolvent of A for » > 0. For all » > 0, the Yosida approximation
A, is also defined by

1
A, = =(J = JJ,).
~( )
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3. A GENERALIZATION OF RAY’S THEOREM

In this section, we try to extend Ray’s theorem in a Hilbert space to that in
a Banach space. Let £ be a smooth Banach space, let C be a nonempty closed
convex subset of £ and let J be the duality mapping from F into E*. Then, we
say that T': C' — C is of firmly nonexpansive type [22] if

(T — Ty, JTx — JTy) < (Tx — Ty, Jx — Jy)
for all z,y € C. We have from (2.3) that for any z,y € C,

(Te — Ty, JTx — JTy) < (Tx — Ty, Jr — Jy)
< 2Tz —Ty,JTx — JTy) < 2(Tx — Ty, Jx — Jy)
> ¢(Tx,Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, x) — ¢(Tx,z) — ¢(Ty,y)
= ¢(Tz, Ty) + ¢(Ty, Tx) < $(Tz, y) + ¢(Ty, x).

This means that a firmly nonexpansive type mapping is nonspreading. The following
theorem extends Ray’s theorem in a Hilbert space to that of a Banach space.

Theorem 3.1. Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty closed convex subset of E. Then, the following conditions
are equivalent:

(i) Every firmly nonexpansive type mapping of C' into itself has a fixed point in
C;
(it) C is bounded.

Proof.  We know from [22] that if C is bounded, then every firmly nonex-
pansive type mapping of C into itself has a fixed point in C. So, we have that
(i1) implies (i). We will show that (i) implies (ii). Suppose that C is not bounded.
Then the uniform boundedness theorem ensures the existence of ™ € E* such that
sup,cc |2*(x)| = oco. Since E is a real Banach space, we have

|27 ()] = max{z"(z), —2*(z)}

< mes{aupe )l O}

for all z € C. Hence we have that sup,c 2* () = 0o or sup,cc{—z*(z)} = oo
and hence there exists y* € E* such that

(3.1) sup y*(x) = oo.
zeC
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Let us define a function g of E' into (—oo, 00| as follows:

—y*(x), ifzxeC,
g9(x) = .
00, ifx ¢ C.

Then, g is obviously a proper lower semicontinuous convex function of E into
(=00, 00]. Further, it follows from (3.1) that

inf — inf{—y*(z)) = — *(2) = —o0.
inf g(x) é?c{ y ()} Sup y (z) = —o0

This implies that g does not have a minimizer in E. For the proper lower semicon-
tinuous convex function g : E — (—o00, 00|, the subdifferential dg of ¢ is defined
as follows:

dg(x) ={z" € E* : g(z) + (y —x,2") < g(y), Yy € E'}

for all x € E. We know from Rockafellar’s theorem (Theorem 2.2) that the subd-
ifferential Og of g is a maximal monotone operator of E into E*. Since g does not
have a minimizer in E, we have that (9g) 10 = (). Further, from the definition of
g, we have that

D(dg) c C c J'R(J + dg) = E.

We can also define the resolvent J; of dg as follows:

Ji(x)={z€ E:JveJz+0g9(z)}, Vx € E.

We know from [34, 35] that J; is a single-valued mapping of F into C. Further,
for z,y € C, we have (Jyz, A1z), (J1y, A1y) € Jg. Since dg is monotone, we
have

(Jix — Jyy, Jo — JJyx — (Jy — JJry)) > 0.

Thus, we have
(Jix — Ny, JIhw — Jhy) < (1w — Sy, Jo — Jy).

Then, Jp is a firmly nonexpansive type mapping of C' into itself. We know that .J;
is also as follows:

Ji(z) = argryrg]{;l{g(y) + %(HyH2 —2(y, Jx))}, Vx € E.

Further, we have that

0€0g(z) <= Jz € Jz+ 0g(z)
<— z = Jiz.
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From (9g)~'0 = F(J;) and (9g)~'0 = (), we know that .J; does not have a fixed
point. This means that (i) implies (ii). ]

Using Theorem 3.1 and Kohsaka and Takahashi [23], we obtain the following
theorem.

Theorem 3.2. Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty closed convex subset of E. Then, the following conditions
are equivalent:

(i) Every nonspreading mapping of C' into itself has a fixed point in C;
(it) C' is bounded.

Proof. It follows from Kohsaka and Takahashi [23] that (ii) implies (i). Since
a firmly nonexpansive type mapping is nonspreading, we have from Theorem 3.1
that (i) implies (ii). ]

Using Theorem 3.1, we obtain the following result in a Hilbert space.

Theorem 3.3. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Then, the following conditions are equivalent:
(i) Every firmly nonexpansive mapping of C' into itself has a fixed point in C;
(ii) C is bounded.

Proof.  Since J=1 in a Hilbert space, every firmly nonexpansive type mapping
of C into itself is firmly nonexpansive. From Theorem 3.1, we get the desired
result. u

Since a nonexpansive mapping and a hybrid mapping in a Hilbert space are
deduced from a firmly nonexpansive mapping, we have Theorems 1.1 and 1.2 from
Theorem 3.3.
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