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LOCAL EXISTENCE OF SOME NONLINEAR VOLTERRA
INTEGRODIFFERENTIAL EQUATIONS WITH INFINITE DELAY

Jung-Chan Chang, Cheng-Lien Lang*,
Chun-Liang Shih and Chien-Ning Yeh

Abstract. The paper will investigate the local existence, uniqueness of solution
to integrodifferential equations with infinite delay. We assume that the linear
part is not necessarily densely defined and satisfies a Hille-Yosida condition.
Moreover, the continuity of solutions with respect to initial conditions is also
studied.

1. INTRODUCTION

In this paper we study the well posedness of the following integrodifferential
equation with infinite delay in a Banach space (X, || - ||)

(RVID) u'(8) = Au(?) +/0 k(t,0,u(0))d0 + F(t,u), t€[0,T],

’LLQZL,OGP

where A : D(A) — X denotes a Hille-Yosida operator, the phase space P is a
linear space of functions mapping (—oo, 0] into X satisfying some axioms which
will be described later, ' is an X -valued function defined on [0, 7] x P and the
function u(-) € P is defined by

ut(0) = u(t+6) for 6 e (—o0,0].
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A is a Hille-Yosida operator with type (M, w) means that there exist w € R and
M > 1 such that (w,4+00) C p(A) (p(A) is the usual resolvent set of A) and
satisfies

M
H()\—A)_nH S m fOI‘ a“ A>w and n € N.

The D(A) may be nondense in X. The domain D(A) endowed with the graph
norm || -||p(4) becomes a Banach space. The map z — k(t, s, ) is assumed to be
defined from (D(A), || - [|p(a)) to X in this work.

In [12], the authors consider the following equation

W' (t) = Au(t) + [y k(t, 0,u(0))dd + f(t), t € [0,T],
u(0) =z € D(A).

(1.1)

They have established local existence and uniqueness for the equation (1.1) under
some suitable assumptions. Moreover, some properties of solutions are also studied.
As in [12], the equation (1.1) is the abstract version of the initial boundary value
problem for a nonlinear \olterra integrodifferential equation of hyperbolic type

u(t, ) = Au(t, z) + /t G(t,s,u(s,x),.. .,Dfu(s,w))ds—i— f(t, x),
0

(t,z) € [0,00) x Q,
Bu(t,z) =0, (t,x) € [0,00) x 09,
u(0,2) = z(z),z € Q,

where A and B denote suitable linear partial differential operators on a subset Q
of R™ and on its boundary 052 , respectively, and the kernel G does not depend on
the derivatives D% v of order greater than the order of A. For the study of equation
(1.1), we also refer to [6, 7, 13] and [17].

Recently, the following class of differential equations with delay is studied by
many authors ([1, 2, 8, 9, 10, 14])

u'(t) = Au(t) + F(t,u), te[0,T],
(1.2)
ug =@ € P.

There have been a great deal of works contributed to the study of partial differential
equations with delay by using different methods under different conditions. The
most classical work is due to Travis and Webb [16]. The investigation of functional
differential equations with infinite delay in an abstract admissible phase space was
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initiated by Hale and Kato [5], Kappel and Schappacher [9], and Schumacher [15].
The method of using admissible phase spaces enables one to treat a large class
of functional differential equations with infinite delay in the same time and obtain
general results. For a detailed discussion on this topic, we refer the reader to the
book by Hino et al. [8].

So, it is easy to see that equation (RVID) is the mixed type of equation (1.1)
and equation (1.2). We shall investigate it basing on the results on equation (1.2)
and generalize the method used in [12] to solve it. Under different assumptions,
equation (RVID) was also studied in [11]. In [11], we assume that F' and & satisfy
a local Lipschitz and global Lipschitz condition, respectively. In this paper, we
consider the symmetric conditions: k satisfies the global Lipschitz condition and &
satisfies the local Lipschitz condition. Using the similar computation under different
space, we also show the local existence to equation (RVID).

In section 2, we recall some preliminary results about the equation (1.1) and
equation (1.2). Some basic notations and assumptions are also given in this section.
In section 3, we prove the local existence and uniqueness of solutions to equation
(RVID) which are the main results of this paper. Moreover, some properties of
solutions are also studied. In section 4, we give an example to show that our results
are valuable.

2. LINEAR CAUCHY PrROBLEMS WITH INFINITE DELAY

First, A always denotes a Hille-Yosida operator with type (M, w) in this paper.
Suppose that 7" is a positive number, A(0,7") denotes the set {(¢,s);0 < s <t <
T} C R? and D is the Banach space D(A) equipped with the graph norm || - I DAy
Let k: A(0,T) x D — X. We make the following assumptions.

(H1) E is continuous. The derivative 0;k(t,s,x) exists and is continuous from
A(0,T) x D into X. k and 0,k satisfy the local Lipschitz condition: for
each r > 0 there exists b(r) such that

[k(t, s, 2) = k(t, 5, y)|| < b(r)l[x = yllpay
and
|0:k(t, s, ) = Oik(t, s, 9) ]| < 0(r)l|z = yllp(ay
for each (t,s) € A(0,T) and ||=||p(ay, 1Yl pcay < 7
Throughout this paper, we assume that the phase space (P,|| - ||») is a Ba-

nach space consisting of functions from R~ into X satisfying the following axioms
introduced at first by Hale and Kato in [5].
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(Al) There exist a positive constant A and functions K(-), M(-) : Rt — RT,
with K continuous and M locally bounded, such that for any ¢ € R and
a>0,ifz:(—0c0,0+a] - X, z, € Pand z(-) is continuous on [o, o + al,
then for every t € [0, o + a] the following conditions hold.

(i) z; € P,
(i) [lz@)| < H||z[p,

(iii) |zl < K(t = 0) iugtHw(S)H +M(t = o)|zo||p.

(A2) For each function x(-) in (Al), t — x; is a P-valued continuous function for
t € lo,0+al.
In our situations, the following more restrictive conditions are needed.

(B) If {¢,} is a Cauchy sequence in P and {¢,} converges compactly to ¢ on
(—00,0], then ¢ € P and ||¢, — ¢||p — 0.

(C) For a sequence {¢,} in P, if ||¢,||p — 0 as n — oo, then ||¢,(0)|| — 0, as
n — oo, for each 6 € (—o0, 0].

Under the conditions (B) and (C), the following properties hold.

Theorem 2.1. [[8]]. Let P satisfy axiom (B) and let f : [0,a] — P, a > 0, be
a continuous function such that f(¢)(6) is continuous for (¢, 6) € [0, a] x (—o0, 0].

Then . .
[ / f<t>dt] 0= [ s

Theorem 2.2. [3]). Let P satisfy axiom (C) and let f : [0,a] — P, a > 0, be
a continuous function. Then for all § € (—oc, 0], the function f(-)(6) is continuous

and . .
[ / f<t>dt] 0= [ s

The following consequence is useful in our proof. Before stating a useful con-
sequence, we note that u; means (u’);. The proof can be found in [11].

for 6 € (—o0, 0].

for 6 € (—o0, 0].

Theorem 2.3. Suppose that phase space P that satisfies axioms (B) or (C). If
a>0and u: (—oo,a] — X is continuously differentiable on [0, 7] with v € P,
then ¢ — wu, is continuously differentiable on [0, a] with (u:)" = wj, where (u;)’
denotes the Fréchet derivative of u;.



Local Existence of Some Nonlinear Volterra Integrodifferential Equations with Infinite Delay 135

The following assumptions are considered.

(H2) F € C1([0,T] x P, X) and for ¢ € [0, T], there is a constant L such that

[[F(t, 1) — F(t,2)|| < Ll[Y1 — abal|p

and

[[D1F(t,91) — D1F(t,92)|| + || D2F (¢, 901) — Do F(t,12)[| < L|[1h1 —2l|p

for 41, 19 € P and D; denotes the derivative with respect to the sth variable.

Remark 2.4. Let P satisfy axiom (B) or (C). Suppose that u : (—oco, T] — X
is continuously differentiable on [0, T'] with wg, uf, € P. If F' satisfies (H2), then it
is easy to see that

d
EF(S, us) = D1F(s,us) + Do F(s,us)(ul)

for s € [0, 7.
For solving the equation (RVID), we recall the basic estimates for abstract

Cauchy problems.

Theorem 2.5. ([4]). Suppose that f € W-1([0,T], X)and x € D(A) such that

Az + f(0) € D(A). Then there exists a unique v € C'1([0, 7], X) N C([0,T], D)
that satisfies

(ACP) {“’ = Au(t) + f(t), t€[0,T],

u(0) = .
Moreover, one has the following estimates for each ¢ € [0, 7.
@ [fu())]] < Me!(|[u(O)||+ [y e[| f(s)]|ds).
(0) [[Au()]| < [1F ()] + Me' (|| Au(0) + FO)]| + fy [le™f'(s)lds).

The existence of solutions to equation (1.2) can be found in [1].

Theorem 2.6. ([1]). Suppose that F' satisfies the hypothesis (H2), P satisfies
the assumption (B) or (C), ¢ € P is continuously differentiable with ¢’ € P,
©(0) € D(A) and ¢'(0) = Ap(0) + F(0,p) € D(A). Then there exists a unique
u € C([0,T], X)N C([0,T], D) which satisfies the equation (1.2).
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In the whole paper, we assume that k satisfies the hypothesis (H1), P always
satisfies the axiom (B) or (C), and F satisfies the hypothesis (H2). According to
Theorem 2.6, we assume that ¢ always denotes the initial condition of equation
(RVID) and satisfies the assumptions in Theorem 2.6.

3. LocAL EXISTENCE AND UNIQUENESS OF SOLUTIONS TO EQuATION (RVID)

In this section, the local existence and uniqueness to equation (RVID) will be
proved.

Definition 3.1. We say that a function u : (—oo, T] — X is a classical solution
of equation (RVID) on [0, T if w satisfies the following conditions.

(i) uljpry € C'([0,T], X)NC([0,T], D).
(ii) w satisfies (RVID) on [0, T].
(i) wu(t) = p(t) for —oo <t <0.
Let 7 € [0, 7] and define the set Z(7) by
Z(1) = {u: (o0, 7] = X;ug € P and uly - € C([0,7], D)}

Obviously, Z(7) is a vector space. Moreover, it is easy to see that (Z(7), |- [|z(-))
becomes a normed space if we define

|[ullz(ry = l[uollp + sup [|u(s)|[pa)
0<s<t

for uw € Z(r). We show that (Z(7), || - [|z(-)) is a Banach space. It is sufficient
to show the completeness of Z(7). To do this, let {u™} be a Cauchy sequence of
Z(r). From the definition of || - || 7, it follows that {(u")o} and {u"|;y,} are
Cauchy sequences of P and C([0, 7], D), respectively. So, {(u")o} and {u" | -}
are convergent in P and C([0, 7], D), respectively. Suppose that f; = nh_)Iglo (u™)o

and fo = lim u"|o -, by hypothesis (A1)(ii), one can derive that

f1(0) = lim (u")p(0) = im u"[[0,71(0) = f2(0).

So, {u"} converges to v in (Z(7), || - ||z()) where v is defined by vo = f; and
v|[o,7] = fa. Consequently, (Z(7),]| - ||z(-)) is @ Banach space.

Next, we define

Zo(r) = {u € Z()iwo =g and sup [fu(s) = 9(0)l by < 1}
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Then it is easy to see that Z,(7) is a nonempty closed subset of Z(7). For each
u € Z,(7), we consider the following abstract Cauchy problem:

2 (t) = Az(t) + /Ot k(t,0,u(0))d0 + F(t,xy), te][0,71],

o = @.

(ACP,)

By Theorem 2.6, we know that equation (ACP,,) has a unique solution, say Su. So,
we define P from Zy(7) into Z(7) by Pu := Su for u € Z (7). If we can find a 7
such that the range of P is contained in Z,(7) and P has a fixed point, then the proof
for the local existence of solutions to equation (RVID) is completed. For finding
this 7 and the fixed point, the following lemmas are needed. For convenience, we

define K, := sup K(s), M; := sup M(s) and the function J : C([0, 7], D) —
0<s<rt 0<8<7‘

C([0,7], X) by (Ju)(t) = [y k(t,0,u(0))d6 for each u € C([0,7], D). LetY
be a Banach space. For each u € C(]0, 7'] Y) we use ||ul|¢(jo,r,y) to denote the
sup-norm.

Lemma 3.2. For each 7 € [0,T] and w1, up in Zy(7), there is a «; () such
that

|| Puy — P'LLQHC([O 7,x) < o (7)[|ur — uQHC([O 7],D)

where a4 (7) depends on M, w, L and b, and increases in 7 with lim «;(7) = 0.

T—0t

Proof. From the definition of P, Pu; — Pus is the unique solution to the
following equation:

2 (t) () + [y k(t, 0,u1(0))d0 — [3 k(t, 0, u2(0))d0
F( 7(Pu1)t)_F( 7(Pu2)t)7 tE[O,T],

zg = 0.
By Theorem 2.5, we know that
[[(Pu1)(t) — (Pu2)(t)]]
< Melwlf[/ot /O (s, 0, 11(8))d6 — k(s, 0, us(0))||dds

+/ 1F (s, (Pur)s) = F(s, (Pug)s)||ds]
0

t
< MelvI [72[)(1)“11,1 — ’UIQHC([O’T]’D) + LKT/O [|(Puy) — (Pu2)HC([O,s],X)d3]-

for t € [0, 7]. Then the existence of a;(7) comes from Gronwall’s inequality. =
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Lemma 3.3. Suppose that 7 € [0,T], t € [0,7] and w € Zg4(7), then the
following properties hold.

(a) There is a constant 31(7) independent of w such that
|| Pulleo.n,x) < B1(7).
(b) There is a constant 32(7) independent of w such that

sup || DoF (1, (Pu)t)|| < Ba(7)-
0<t<r

(c) There is a constant 33(7) independent of w; and uy such that
[(Pur)t = (Pu)illp < K7[|A(Pu1) — A(Pug)llcqo,n,x) + B3(7)-
(d) There is a constant 54(7) independent of w such that

sup [|(Pu)i|lp < Ba(7).
0<t<r

B; can be chosen so that it depends on w, M, L, b and 7. Moreover, j3; is
increasing in 7 for i = 1,2, 3, 4.

Proof.

(@) Letu; € Zy(7) be a fixed element. From the definition of Z,(7), we know
that ||ul|c(jo,7,0) < 1+ [l0(0)[|p(ay for each u € Z,(7). So, by Lemma
3.2, it is easy to see that

[[Pullc(o,7,x) < a1(T)2(1 + [|(0)|| p(a)) + [[Putlleo,n,p) = Bi(T).
(b) From the assumption of F', we know that
sup ||DaF'(t, (Pu)y)|

0<t<r

<L swp [[(Pu)llp+ sup [[D2F(t,0)]
0<t<r 0<t<r

< LM:|[¢llp + LE-||Pul|c(o,r,x)+ sup |[D2F(20)]|
0<t<r

< LM llellp + LE-f1(r) + sup |[DaF (1, 0)] = (7).
<t<t
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(c) Since Pu; — Pus is a solution of

{w'(t) = Ax(t)+(Jur) () = (Juz) () + F (¢, (ur)e) = F(L, (u2)e), t€[0,7],
z(0)=0

and Theorem 2.3, we have

[|(Pua); — (Pug)illp

< Ky sup, [|A(Pu1)(s) = A(Puz)(s) + (Jur)(s) = (Juz)(s)

+F(s, (Pu1)s) — F(s, (Pug)s)||
31 < KA|JA(Pur) — A(Pu2)HC([o 0,x) + [|Jur — Juzl|c(o,4,x)

+ sup ||F(s, (Pu1)s) — F(s, (Pua)s)||}
0<s<t

< KT{HA(Pul)—A(Pu2)\\C([o,t],X)Jr?b(l)T(\\@(0)\\D(A)+1)
+2LK;f1(1)} = K;||A(Pur) — A(Pus)l|c(o.9,x) + B3(7)-

(d) According to (c), it is sufficient to show that || A(Pu)||c((o,7),x) is uniformly
bounded. Let u; € Z4(7) be a fixed element. By Theorem 2.5, Remark 2.4
and definition of P, we see that

[|A(Pu)(t) = A(Pu) ()|
< |[E(t, (Pu)e) = F(t, (Pur)o) || + [[(Ju)(8) = (Jur ) (1)]]

Ml / 1(Tu) () — (Jur)(s)]|ds

[ I GG, (Pu)) = FGs (P s
< L Pu - Puluc([o,ﬂ,X) +Iu)(e) - ()

+Me'w't[/0 [1(Tw)'(s) = (Jur)'(s)[|ds

+ | [ID1(F(s, (Pur)s) — D1F (s, (Pu)s)l|ds

(3.2)

/HD2F (Pu1)s) = DoF (s, (Pu)s)|| - || (Pua)s][ s

/0 [D2F (s, (Pu)s)|| - [[(Pu1)s = (Pu)gl[pds]
= A1+ Ay + A3+ Ay + As + As
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for u € Zy(r). For Ay, (a) implies that
Ay = LK;||Pu — Pui|lc(o,7,x) < LE261(7).
For As, hypothesis (H1) implies that
A <b(1)7[|u = wllc(or1,0) < 26(1)7(|[0(0)]p(a) + 1)

For As, hypothesis (H1) also implies that
t
Az < Me'w“[/ ||k(t, 0,u(0)) — k(t,0,u1(0))||do
0

b [ 0,000 o, 0(0)) 0]
< Me[b(1)7||u — u1lleon,.0) + 017w — utllo(o.01,0))
< 2MeTb(1) (7 + 71|l (0)| peay + 1)-
For (Ay), it is easy to see that
Ay < 2rMelITLE B (7).
From (c) and axiom (A2), we know that
. [(Pu)illp < K-[|A(Pur) — A(Pu)llc(o,5,%)
3.

+03(7) + sup [|(Pu1);||p.
0<r<r

So, (b) and (3.3) imply that

t
A5 < Me23y(r) /0 (K| A(Pur) — A(PW)|o(o..x) + B(7)

+ sup |[(Pu1);|lp}ds
0<r<r

t
< McIT2a,(r)] /O K| A(Pur) — AP)le(o.o.x)ds + 5(7)

+7 sup ||(Pua);lp}.
0<r<r
For (A4g), (b) and (c) imply that

t
Ap < 52(T)M€|w|7{/0 K ||A(Pu) — A(Puy)||c(po,6,x)ds + 703(T) }-
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Consequently, from the estimates for A; for i = 1,2 - - -6, it follows that there
exist C1(7) and Cq(7) which are increasing in 7 such that

t
|(APuy) ()= (APug) (t)]] < Cl(T)+C2(T)/ [|APuy—APuz||c(fo,5],x)ds-
0

By Gronwall’s inequality, there exists 34(7) such that
|A(Pu) — A(Pua)|lcqjo,r,x) < BalT)-

So, we can choose (34(7) = B4(7) + || A(Pu1)||c (0.7, x)-
Finally, the properties of g; are easy to see from their choices. |

Lemma 3.4. For each 7 € [0, 7] and w1, ug € Zy(7), there is an o (7) such
that

|[[Pu1 — Pual|c(jo,7,p) < 2(T)l|ur — u2llcqo,,0)
where lin% as(7) = 0 and it depends on L, M, w and b.

Proof. Lett € [0,7]. According to Lemma 3.2, it is sufficient to find a
C(r) such that || A(Puz) = A(Pur)llcox) < C(0)llur = walloqo,q)py with
P_)n% C(7) = 0. First, according to Lemma 3.2, we see that

[|(Pu1); — (Pug)tll
< [[A(Pu1)(t) — A(Pug) (@) + [[(Ju1)(t) = (Juz) @]
HI[F(t, (Puy)e—F(t, (Pug)q]
< [[A(Pu1)(8) = A(Pug) (8)[ [+ [6(1)7+ LK ()] [ur— w2l 0,71, 0)-
Using (3.2), (3.4) and a similar argument to Lemma 3.3, we have
1A(Puz)(t) = A(Puw) (@)
< [|F(t, (Pur)e) — F(¢, (Pu2)e)|| + [[(Jua)(t) — (Juz) (0)]]

+M;|W|t[/ot‘ |(Jur)'(s) = (Juz)'(s)]|ds
(3.5) +H£(F(37 (Pug2)s)—F(s, (Pu1)s)||ds

< LK-||Pug — Pul[c(o,r,x) + [[(Jur)(t) — (Juz)(D)]|

ML [0 () = () ()]s
. 0

+ [ UDAF (s, (Pun).) - DiF(s. (Pus),) s
0

(3.4)
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+/0 |D2F (s, (Put)s) = DaF (s, (Pug)s)|| - [|(Pua)llpds

+/ | D2F (s, (Pu2)s)|| - [|(Pua)y — (Puz)yl|pds]
0

< {LK,a1(7) + b(1)7 + Me“I"b(1)[1 + 7]
+r Ml LK oy (1) + TLEK, Mel“I" 8y (7)o (1)
+TM€|W|752(T)[5(1)Z + LKron (7))} ur — u2lleqo,1,0)
M I () [ 1A = AP oo, x s

where ; is the number in Lemma 3.3. Then, the existence of C(7) can be found
by Gronwall’s inequality and definitions of 5;(7) and (7). [ ]

Theorem 3.5. There is a 7 € [0, 7] such that equation (RVID) has a solution
on [0, 7].

Proof.  According to Lemma 3.4, there is a 7 € [0, 7] such that ||Pu; —
Pu?HZ(Tl) < %Hul—ugHz(ﬁ) for each U, U2 € Zgo('rl)- Ifwecanfindar € [0, 7'1]
such that P(Z (7)) C Z,(), then the existence of solution on [0, 7] is deduced by
Contraction Mapping Principle.

. @(0)7 le [077_1]7 i
Define hi(t) = Obviously, hy € Z,(r1). From the
(P(t)v le (—OO, 0]

definiton of P, there is a 7 < 7 such that sup [|(Ph1)(t) — »(0)||pea) < 1

0<t<r
Hence,
sup ||(Pu)(t) — ¢(0)||Ipca)
0<t<r
< sup [[(PR) () = @(O)l[pa) + [[Ph1 = Pullco.r)
11
<5+ §Hh1 —ul|z(m)
< = + L 1
2 2
for uw € Z,(7). So, Pu € Z,(r) for u € Z,(7) and the proof is completed. n

Theorem 3.6. The solution of equation (RVID) is unique on any interval
[0, 7] C [0, T] if it exists.
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Proof. ~ Assume that « and v are two solutions in [0, 7]. Let ¢ := max{t €
[0,7];u= v on [0,]}. Suppose that £ < T and set yo := v; = u;. Then

i t
h(t) = / k(t, 0, u(0))d0 — / k(t, 6, v(6))d6
0 0
for each ¢ € [0,]. We consider the following equation

(36) w'(t) = Aw(t) +/£ k(t,0,w(0))d0 + h(t) + F(t,we), te [t 7],

wz = Yo-
Noting that yo € P and is continuously differentiable by axiom (A2) and Theorem
2.3. By a similar argument in Theorem 3.5, we know that there is an ¢ € [0, 7 — {]

such that equation (3.6) has a unique solution on [£, # 4 ]. But this contradicts the
definiton of #. It follows that « = v and the solution is unique. |

We say that u : [0,7*) — D(A) is a maximal solution of equation (RVID)
if v € C*(]0,7], X) N C([0, 7], D) is another solution of equation (RVID), then
T < T*

From the previous discussion, the maximal solution can be obtained via the
usual extension procedure. Next, we study the property of the maximal solution to
equation (RVID).

Lemma 3.7. Suppose that w : [0, 7) — D(A) is a maximal solution of equation
(RVID) with 7 < T" and lim sup | |[u(t) || p(a) is finite. Then the following conditions
t—T

hold.

(i) There are constants cq, ¢ € RT such that
c1 = sup{||k(t, s,u(s))|[;0< s <t <7}

and
co = sup{||0ik(t, s,u(s))|];0< s <t < 7}.

(i) There are constants cs, c4, c5 € R™ such that
cs = sup{||F(t,u)|;0 <t < 7},

cqg = sup{||D1F(t,u)|[; 0 <t < 7}

and
c5 = sup{||D2F(t,u)|[;0 <t < 7}.
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(iii) There are constants cg, c¢; € R such that
cg = sup{[[u/(1))[[;0 <t < 7}

and
cr = sup{||u]|p;0 < t < T}.

Proof.  Since lim sup [|u(?)[| p4) is a finite number, there is a constant C' > 0
t—T1
such that sup |[|u(t)||p4y < C. Let 0 < s < ¢ < 7. From assumption (H1), it

o<t<r
follows that

K (t, s,u(s))|| < ||k(t,s,u(s)) — k(t,s,0)]| + ||k(t, s, 0)||
(3.7) < b(CO)|[u(s)|[pay + (s I|k(t, s,0)]|

<CH(O)+ sup |kt 5,0

0<s<t<t

According to & is continuous on A(0,T") x D, it follows that sup ||k(¢,s,0)]]
0<s<t<r
is finite. So, from (3.7), the existence of ¢; is deduced.
The rest of proofs for (i) and (ii) are similar.
Finally, we show the existence of ¢g and ¢7. Since u is a maximal solution of

equation (RVID), it follows that

W' @) < [|Au(®)]] + /0 k(2 s, u(s))[[ds + | F' (2, )|

fort € [0, 7). Then the existence of ¢ is deduced from the boundedness of || Au(-)|],
(i) and (ii). The existence of ¢; immediately comes from ¢z and hypothesis (Al). m

Theorem 3.8. Suppose that « : [0, 7) — D(A) is a maximal solution of equa-
tion (RVID). Then one of the following properties holds.

(a) 7=T and u can be extended to a solution of equation (RVID) on [0, T7.

(0) hffl sup [[u(t)|| p(a) = oo

Proof.  Suppose that (b) is not true. It implies that the maximal solution v of
equation (RVID) is contained in a bounded set of D and 7 # T. Let v > 0 such
that 0 <t < t+~ < 7. Define

v(t) :=u(t+v) —u(t)
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and
t+y t
G(t) == F(t+7, upy) — F(t,up) +/0 E(t+7,9, u(@))d@—/o k(t,0,u(0))do
for 0 <t <t+~ < 7. Then v satisfies
V'(t) = Av(t) + G(t), te[0,7—7),
vy = Uy — P.
So, Theorem 2.5 implies that there is a ¢ > 0 independent of ¢ and ~ such that
@ pay = [lut +v) — u®)|[pa)
< ¢{llu(y) = u(0)][ +[4v(0) + G(O)|[ + [|G@)]]

+ [+ [ 126}

= (A1 + Ay + Ag + Ay + As)

for t € [0,7 — ). We will show that for any ¢t € [0,7 —~] and € > 0, there is a
d > 0 such that [[u(t + ) — u(t)|| pa) < e for 0 <y < 6. If itis true, then u is
uniformly continuous on [0, 7). So, u can be extended to [0, 7] and the maximallity
implies that 7 = T'. It follows that (a) is true. Hence, the main work of the rest
proof is to estimate A; for = 1,2,3,4,5. Itis easy to see that Ay = ||u/(y)—u'(0)]].
So, the continuous differentiability of » implies there is a §; < 7 such

3
C(A1+ Ag) < 1
for v < ;. Next, from Lemma 3.7, we know that there are ¢, co € R™ such that
Az = |G| < |[F(E A+ v, upy) — F (8 u)]

t t4y
—|—/ [|E(t+,0,u(0)) — k(t, Q,u(é))Hdé?—i—/ [|k(t+~,0,u(0))||d0
0 t

t+’y d
< [ FG ullds + ey +ex,
t ds
By the definitons of £ and w, there is a d2 such that

&
CA?)SZ

for v < §,. Moreover, from the estimate of As, it follows that there is a d3 such
that

Mr%/HG\W

»Jklt‘f)
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for v < d3. It is easy to see that

SLG(s) = (5 + 7, 04) — - Fls,) + Ks 47,54+ 7,u(s + 7))

s+ s
—k(s,s,u(s))+/0 ks(s—i—fy,é,u(ﬁ))dﬁ—/o (s, 0, u(0))d0

for s € [0, 7 — ). By lemma 3.7(ii) and (iii), it follows that the set

d d
H‘%F(S +’Yvus+'y) - EF(&US)H;S € [077_ 7)}

is bounded. So,
tod t o d d
- < _F - _F
Auwmwm_ﬂuw<wm%ﬂ>dsm%mm

b [t 7,5 3, s ) — K, s, w5l
(3.8) 0

t 0
+/°/ k(s 47,0+, u(0+7))]|d6ds
0 J—y
t S
+/ /Hm@+wﬁ+7mw+w»—m@ﬁmwmuws
0 0

By (3.8), Lemma 3.7(i) and boundedness of || F(- + v, u.1,) — LF(-, )], we
know that there is a d4 such that

(A5 <

=] M

for v < d4. Finally, § := min(dy, 9o, d3, d4) is the desired number. ]

We conclude this section by showing the well posedness of solutions to the
equation (RVID). The following lemma is needed.

Lemma 3.9. Suppose that v is the unique solution to equation (RVID) with
initial condition ¢ on [0, ¢] for some ¢ > 0. In addition that ¢» € P is continuously
differentiable with ¢’ € P, ¥(0) € D(A), ¥/(0) = A(0) + F(0,1) € D(A) and
the equation (RV D) with initial data « also has a unique solution v on [0, ¢]. If
[[v[leqo,s,0) < 1+ lulleo,s,0) for s € [0, ], then there is an increasing function

C :[0,t] — R such that

1w = vlloqo,s,0) < Cls) ([l = Yllp + [l" = ¥'llp + [1e(0) = ¥(0)][ p(a))-
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Proof. Let w := w —v. Then w is the unique solution of the following
equation

w'(s) = Aw(s) + (Ju)(s) — (Jv)(s) + F(s,us) — F(s,vs), s€[0,1],
wo = — 1.

Following the argument in the proof of Lemma 3.2 and Lemma 3.4, we can get the
desired conclusion. We give a sketch of the proof here.
Let s € [0,¢] and set the constants o := 1 + ||ul| ¢ o,¢,p) @Nd X := Mel“l*.
From hypothesis (H1), (H2) and axiom (A1), it follows that the following in-
equalities hold.

(3.9) lJugllp < Kil|w'l| (0,6, 0) + Me| €l

D3 F (s, v,)|| < L|lvsllp + sup [|DaF(s,0)]
0<s<t

(3.10)
< L(Kia+ Myl|[y]|p) + sup [[D2F(s,0)]],
0<s<t
[willp < Killw'llco,5,0) + Mell" — 4| |p
(3.11) < K[| Awl | o,5,x) + Jo b@)|wlleo.1,0)dr

+LK||wlc(o,5,0) + LMl — ¥[|p] + Mlle’ —¢'||p,
(312)  [|D2F(r,us) — DoF(r,v5)|| < LKt[|w|c(0,6,0) + LMt|[ — ]|p-
Moreover, we have the fact

I[P )~ Flonlar]

< [ UDAF(07) = DiF(r. o)

(3.13) o .

+ [ IDF(r ) = Do 00|l
0

S
+AHDﬁMWMM%—MWM

On the other hand, by Theorem 2.5, we have

Hw(S)HS)‘[H‘P(O)_w(o)“D(A)‘f’/ / b(o)|wlle(p,0,p)d0dr
(3.14) 0 /o

S

+ ; (LKA |w||cqo,,0) + LMl|o — 1||p)dr]
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and
|[Aw(s)|

< |[(Ju)(s) = (Jv)(s) + F(s,us) = F(s,vs)]]

(3.15) +A(||Ap(0) — Ay (0)|| + Lilp — ¥|p)

A IGO0 =TI )~ F o) ar

Adding (3.14) to (3.15), we substitute (3.9)-(3.13) into (3.15), then a similar argu-
ment to (3.5) and Gronwall’s inequality deduces the existence of C(-). ]

Theorem 3.10. Suppose that u(-, ) is the unique solution to equation (RVID)
on a maximal interval of existence [0,7(¢)) and ¢ € [0,7(y)), then there exist
positive constants C' and ¢ such that for ¢ € P, ¢ is continuously differentiable
with ¢" € P, 4(0) € D(A), ¥'(0) = Ay (0) + F(0,) € D(A) and

e = ¥llp + ll¢" = ¥'llp + 11(0) = ¥ (0)l | pay < 6,

we have

[u(s, ) = uls, ¥)llpcay < Clle = Yllp + 1" = ¢'llp +119(0) = ¥ (0)]| p(a))

for all s € [0, t].

Proof. Lett € [0,7(p)). We put a := 1+ [[u(-, ¢)|[c(jo,,p)- Let C(t) be
the number defined in Lemma 3.9. Choose ¢ € (0, 1) such that C(¢)é < 1 and let

Bs :={¢ € P;¢' € P, 1(0) € D(A), ¢'(0) = Ay(0) + F(0,¢) € D(A),
o = ®llp + [l = ¢'llp + lle(0) = ¥(0)[| pay < 6}
We will show that
[lu(s, ) = uls, )|l < CA) (|l = Yllp + 11" = ¥'llp + l(0) = $(0)[Ip(a))
for s € [0, t] but first, we prove the following claim.

Claim. Let € B; and let Ty = sup{s > 0; |[u(7,¥)||p) < afor 7 €
[0,s]}. Thent < Tj.

Suppose the claim is false, i.e. Ty < t. By Lemma 3.9, we know that there
exists C'(Tp) such that C(T,) < C(t) and

[lu(7, ) = u(r, ¥)lIpay < C(To) (|l = Yllp+ 10" = ¥'lp +l(0) =¥ (0)][ p(a))
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for 7 € [0, Tp]. So, we obtain that
l[[u(s, ¥)lIpay < C#)d +a—-1<a

for s € [0, Tp]. By the continuity of u(-, ), it implies that T, can not be the largest
number s > 0 such that ||u(,1)|| pcay < o for each ¢ € [0, s]. So, it follows that
Ty > t. We complete the proof of the claim.

Finally, we know that |[u(s,v)||p(a) < « for s € [0,¢] and ¢ € B; from the
claim. Using Lemma 3.9 again, we deduce the conclusion by setting C' := C(¢). m

4, AN EXAMPLE

In this section, we apply our abstract results to the following partial differential
equation

0
wi(t, ) + wy(t,z) = f(w(t —n,x)) + c/_ Gi(s)w(t + s, z)ds

(4.1) —|—/0 Ga(t—s,wy(s,x))ds, (t,x)€[0,T] x [0, 1],
w(t,0) =w(t,1), tel0,T],
w(t,x) =wo(t,x), (t,x)€ (—o0,0] x[0,1],

where 7 and ¢ are positive constants, G : (—o0,0] — R, G2 : [0,T] x R — R and
f:R—=R.

Let X = C([0, 1], R) equipped with supnorm || - || and define the linear operator
A from D(A) into X by Ay = —/ for y € D(A) = {y € C'([0,1],R); y(0) =
y(1)}. Noting that A is not densely defined and D(A) = {y € C([0, 1], R); y(0) =
y(1)}. In [12], it has been shown that A is a Hille-Yosida operator on X. Let

~ > 0. We choose phase space

P = {¢ € C((—00,0], X); lim 99 (0) exists in X}

with ||| := sup ||e??4(0)|| for ¢» € P. It had been shown that P satisfies the
6<0

axiom (A1) and (A2). Furthermore, it had been also shown that P satisfies the
axioms (C) in [8].
The equation (4.1) can be transformed into

(4.2) u'(t) = Au(t) + /0 k(t,s,u(s))ds+ F(ut), t € [0,T]

uy = ¥,
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by setting
u(t)(§) = w(t,€), (t,€) €[0,T]x [0, 1],
@(0)(&) = wo(0, ), (0,€) € (—o0,0] x [0, 1],
k(t, s, 9)(§) = Ga(t — 5,¢'(£)), 9 € D(A),

F(6)(€) = / G1(5)(6(5))(€)ds, & € P.€ € [0,1].

In addition, we suppose that
(i) f is continuously differentiable and f’ is Lipschitz continuous.
(i) G1(-)e™™ is integrable on (—o0, 0].
(iii) G2 € C'([0,T] x R, R) and for each > 0 there is a constant b(r) > 0 such

that
|Ga(t, x) — Ga(t, y)| < b(r)|z — y|

and
|0:Ga(t, x) — 0y Ga(t, y)| < b(r)|x —yl

for each ¢t € [0,7] and |z|, |y| < 7.

(iv) wo € CH((—00,0] x [0,1],R) NP with lim (e’ sup \agwo(é? &)]) < o,

0——o00 0<€£<
(.UO(O 0) —wo(O 1) (%,LUQ(O 0) (%,LUQ(O 1) and (%,LUQ(O f) 8—§WQ(0,5)+
Flwo(=n,€)) + [2 Ga(s)wo(s, €)ds for & € [0,1].

First, we show that % satisfies the hypothesis (H1). Obviously, from the definition
of k and Go, it is easy to see that (¢, s, v) — k(t,s,v) and (¢, s,v) — 9k(t, s, )
are continuous functions from A(0,7") x D(A) into X. Moreover, by assumption
(iii), it follows that

k(t, 5, 91) = k(L 5, 4)|| = o |Ga(t = 5, ¢1(C)) — Galt = 5,45(0))]
< sup b(r)|¢(C) — ¥5(¢)]

= b(r )le Uall < b(r)|[¥1 — Y2l p(a)

for (t,s) € A(0,T) and o1, 2 € D(A) with |41 p(ay, |1 p(ay < 7. Similarly,
we also can show that

1O:k(t, 5, 401) = Ock(t, s, o)l < b(r)|[1 — ol < (r)[[¢1 = allp(a)
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for (t,s) € A(0,T) and o1, 92 € D(A) with [[v1]|p(ay, [[¥1]]pa) < r. Conse-
quently, k satisfies the hypothesis (H1).
Next, for ¢1, ¢2 € P, in [2] the authors show that

sup / G1(5)](61)(5)(€) — d2()(O)]ds

OSCOSI
< / Gi(s)ds_swp_ (s ¢ I(62)(5)(0) - da(s)C)])

Hence, from assumption (i) and (ii), it follows that F' satisfies the hypothesis (H2)
with

0
F'(¢)(¥)(§) = f’(¢(—n)(£))¢(—n)(£)+6/_ G1(s)(¥(5))(€)ds

for ¢, ¥ € P. Finally, from Theorem 3.5 and Theorem 3.6, it follows that there
exists a 7 € [0, T'] such that equation (4.2) admits a unique solution on [0, 7].
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