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ALGORITHMIC ASPECTS OF MAJORITY DOMINATION*

Hong-Gwa Yeh and Gerard J. Chang

Abstract. This paper studies algorithmic aspects of majority domina-
tion, which is a variation of domination in graph theory. A majority
dominating function of a graph G = (V, E) is a function g from V to
{—1,1} such that 3, ny,; 9(u) = 1 for at least half of the vertices v € V.
The majority domination problem is to find a majority dominating func-
tion g of a given graph G = (V, E) such that ) ., g(v) is minimized.
The concept of majority domination was introduced by Hedetniemi and
studied by Broere et al., who gave exact values for the majority dom-
ination numbers of complete graphs, complete bipartite graphs, paths,
and unions of two complete graphs. They also proved that the major-
ity domination problem is NP-complete for general graphs; and asked if
the problem NP-complete for trees. The main result of this paper is to
give polynomial-time algorithms for the majority domination problem in
trees, cographs, and k-trees with fixed k.

1. INTRODUCTION

In this paper we study algorithmic aspects of majority domination, which
is a variation of domination in graph theory.

In a graph G = (V, E), the neighborhood of a vertex v is Ng(v) ={u e V :
wv € E} and the closed neighborhood of v is Ng[v] = Ng(v) U{v}. The degree
degg(v) of a vertex v is the size of Ng(v). We denote A(G) as the mazimum
degree of a vertex of G. For any real-valued function g on V and S C V| let
9(S) = X pes g(v). For two disjoint graphs G = (V,E) and H = (W, F), the
union of G and H is the graph GUH = (VUW, EUF) and the join of G and
HisGxH=VUWEUFU{zy:ze€Vandyec W}).
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A majority dominating function of G = (V,E) is a function g : V —
{—=1,1} such that g(Ng[v]) > 1 for at least half of the vertices v € V. The
majority domination problem involves determining the majority domination
number Ymaq;(G) of a graph G, where 7;,4;(G) = min{g(V') : ¢ is a majority
dominating function of G = (V, E)}.

The concept of majority domination was introduced by Hedetniemi [5] and
studied by Broere et al. [2], who gave exact values for the majority domination
numbers of complete graphs, complete bipartite graphs, paths, and unions of
two complete graphs. They also proved that the majority domination problem
is N'P-complete for general graphs. They raised several interesting questions;
e.g., finding a good upper bound on 7y,,;(G U H) for connected graphs G and
H, is the majority domination problem NP-complete for trees?

In this paper, we study the majority domination problem from an algo-
rithmic point of view. In particular, we give polynomial-time algorithms for
the majority domination problem in trees, cographs, and k-trees with fixed
k. For technical reasons, we consider several generalizations of the majority
domination problem in the following sections.

2. MAJORITY DOMINATION IN TREES

This section gives a polynomial-time algorithm for the majority domina-
tion problem in trees. For technical reasons, we consider the following gen-
eralization of the majority domination problem. Suppose G = (V,E) is a
graph rooted at x,s € {—1,1}, ¢ is an integer with |t| < degqg(x), and i is
an integer with 0 < ¢ < |V|. An (z,s,t,i)-signed function of G is a function
g:V — {=1,1} such that g(z) = s and m(G, z, s,t,g) > i, where

m(G,z,s,t,9) = [{v: g(Ng[v]) + t > 1 when v = z and g(Ng[v]) > 1 when v # x}|.
The (z, s, t,1)-domination number of G = (V, E) is

Y(G,z,s,t,i) = min{g(V) : g is an (x, s,t,i) — signed function of G}.
Note that min () is considered to be +oc.

Lemma 1. If G is a graph rooted at x and with n vertices, then Ymq;(G) =
min{y(G,z, —1,0, [n/2]), 7(G, z,1,0, [n/2])}.

Proof. The lemma follows from the fact that ¢g is a majority dominating
function of G if and only if g is an (z, 5,0, [n/2])-signed function of G for some
se{-1,1}. 1

Lemma 2. Suppose G and H are two disjoint graphs rooted at x and
y, respectively. Let F be a graph rooted at x and obtained from the union of
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FIG. 1. Graphs G, H, and F.

G and H by joining a new edge xy (see Figure 1). If s € {—1,1}, t is an
integer with |t| < degp(z), and i is an integer with 0 < i < |V(F)|, then
v(F,x,s,t,4) = min{y(G,z,s,t +s,¢)+~v(H,y,s,s,i—1):s € {-1,1} and
0<i <i}.

Proof. Suppose f is an (z, s, t,1)-signed function of F such that f(V(F)) =
v(F,z,s,t,i). Let g (respectively, h) be the function f restricted over the set
V(G) (respectively, V(H)) and s* = h(y) = f(y). Note that f(Np[z]) +t =
g(Nele) + (¢ + %) F(Nplol) = g(Nale]) for v € V(G) — {a}: f(Nply]) =
h(Ngly]) + s; f(Np[v]) = h(Ng[v]) for v € V(H) — {y}.  Therefore,
m(F,z,s,t, f) = m(G,x,s,t+s* g)+m(H,y,s", s, h). Since f is an (z, s,t,17)-
signed function of F,g is an (z,s,t + s*,i*)-signed function of G and h is a
(y,s*,s,i — i*)-signed function of H for some 0 < i* < i. Thus, we have
y(Fyz,s,t,4) = f(V(F)) = g(V(Q@)) + h(V(H)) > min{y(G,z,s,t + §,i') +
v(H,y,s,s,i—1i):¢ €{-1,1} and 0 < ¢’ < i}.

On the other hand, for any s’ € {—1,1} and ¢’ any integer with 0 <’ <.
Suppose g is an (z,s,t + §',4)-signed function of G such that g(V(G)) =
v(G,z,s,t + §',¢') and h is a (y,s’,s,i — i’)-signed function of H such that
hV(H)) = v(H,y,s,s,i —i'). Define a function f of F by f(v) = g(v)
if v € V(G) and f(v) = h(v) if v € V(H). Since f(z) = g(z) = s and
m(F,z,s,t, f) = m(G,z,s,t+ f(y),9) +m(H,y, f(y), f(x),h) = m(G,z,s,t+
s’ 9)+m(H,y,s,s,h) >i+ (i —i') =i, we see that f is an (x, s, t,4)-signed
function of F' and hence y(F,z,s,t,i) < f(V(F)) = g(V(G)) + h(V(H)) =
(G, x,s,t+5" i) +v(H,y,s,s,i—1i). Tt follows that v(F,x,s,t,i) < min{y
(G,x,s,t+8,i")+v(H,y,s,s,i—1i):s €{-1,1} and 0 < ¢’ < i}. 1

Theorem 3. There is an O(n?)-time algorithm for computing the magority
domination number of a tree T with n vertices.

Proof. Note that a tree can be obtained from isolated vertices by a sequence
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of graph operations as described in Lemma 2. Using Lemma 2, at any iteration,
v(F,z,s,t,9) for s € {—=1,1} and [t| < degp(z) and 0 < i < |V(F)| can
be obtained in O(ndeg(x)) time. Once v(T,x,s,t,i)’s are obtained, we can
compute Ypmq;(T) in a constant time with Lemma 1. Thus, the total running
time to compute Ypmq;(T) is O(n Y, deg(z)) = O(n?). 1

3. MAJORITY DOMINATION IN COGRAPHS

This section gives a polynomial-time algorithm for the majority domination
in cographs. Recall that cographs are defined by the following rules: K; is a
cograph; if G and H are cographs, then so are GU H and G x H (see [3, 4]).

For an integer p > 0, a signed p-function of G = (V,E) is a function
g :V — {—1,1} such that there are exactly p vertices v € V with g(v) = 1.
For any integers t and p > 0, define v(G, t,p) = max{m(G,t,g) : g is a signed
p-function of G}, where m(G,t,g) = |[{v € V : g(Ng[v]) +t > 1}|. Note that
max () is considered as —oo.

Lemma 4. If G and H are two disjoint graphs, t is an integer, and p is a
nonnegative integer, then v(G U H,t,p) = maxo<y<p{7(G,t,p') +v(H,t,p —
/
P}

Proof. Suppose f is a signed p-function of GUH such that m(GUH, t, f) =
v(G U H,t,p). Let g (respectively, h) be the function f restricted on the set
V(G) (respectively, V(H)). Then, g (respectively, h) is a signed p*-function
(respectively, (p — p*)-function) of G (respectively, H) for some 0 < p* <
p. Therefore, v(G U H,p,t) = m(G U H,t, f) = m(G,t,g) + m(H,t,h) <
(G, t,p*) +y(H,t,p—p*) < maXOSP’SP{W(Ga tap/) +(H,t,p— p/)}'

On the other hand, for any integer p’ with 0 < p’ < p, suppose g is a
signed p'-function of G with m(G,t,g) = v(G,t,p’), and h is a signed (p —p')-
function of H with m(H,t,h) = v(H,t,p — p'). Define a function f of GU H
as follows: f(z) = g(z) if x € V(G) and f(z) = h(x) if z € V(H). Note that
f is a signed p-function of GU H. Therefore, v(GU H,t,p) > m(GUH,t, f) =
m(G,t,g) + m(H,t,h) = v(G,t,p') + v(H,t,p — p') for any integer p’ with
0 <p' <p. Thus, W(G UH,t,p)> maXOSp'SP{’Y(Ga tap/) + 7(H7 t,p— p/>}' i

Lemma 5. If G and H are two disjoint graphs with v, and v,, vertices
respectively, t is an integer, and p a nonnegative integer, then v(G x H,t,p) =
maxo<y <p{7(G,t +2p —2p" — v, p) +y(H,t +2p' — v, p— )}

Proof. Suppose f,g, and h are three functions from V(G x H),V(G) and
V(H) to {—1,1}, respectively, having f(z) = g(x) for all x € V(G) and
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f(x) = h(x) for all x € V(H). Note that f is a signed p-function of G x H
if and only if g (respectively, h) is a signed p’-function (respectively, (p — p')-
function) of G (respectively, H) for some 0 < p’ < p. Additionally, in this
case we have f(Ngxpm[v]) +t = g(Ng[v]) +t+2p—2p' —v,, for v € V(G) and
J(Naxm[v]) +t = h(Ng[v]) +t+2p" — v, for v € V(H). These observations
imply that the lemma can be proved with an argument similar to that used
in the proof of Lemma 4. 1

Lemma 6. If G = (V,E) is a graph with n vertices, then Ymq.;j(G) =
—n+2minF, where F ={p: 0 <p <n and v(G,0,p) > n/2}.

Proof. Suppose g is a majority dominating function of G' with vp,q;(G) =
g(V). Let p* be the number of vertices v € V with g(v) = 1. Then, g is a
signed p*-function of G and v(G,0,p*) > m(G,0,9) = |{v € V : g(Ng[v]) >
1}| > n/2. So, p* € F and hence Ypq;(G) = g(V) = p*—(n—p*) = —n+2p* >
—n + 2minyeF p.

\%

On the other hand, let p’ € F with p’ = minyer p. Since v(G,0,p’) > n/2,
there exists a signed p/-function g of G such that [{v € V : g(Ng[v]) > 1}| =
m(G,0,9) =~(G,0,p") > n/2. Therefore, g is a majority dominating function
of G and hence ¥y, (G) < g(V) =p' —(n—p') = —n+2p' = —n+2min,c 7 p.
Thus, Ymaei(G) = —n + 2minycr p. 1

Theorem 7. There is an O(n?)-time algorithm for the majority domina-
tion problem in cographs.

Proof. The theorem follows from Lemmas 4 to 6 and the definition of
cographs. Note that in Lemmas 4 and 5, we only need to consider integers ¢

for |t| < |[V(G)| + |V(H)|. 1

4. MAJORITY DOMINATION IN k-TREES

This section gives a polynomial-time algorithm for the majority domination
problem in k-trees for any fixed k. Recall that k-trees are defined recursively
as follows: the complete graph of k vertices is a k-tree; the graph obtained
from a k-tree by adding a new vertex joints to all vertices of a k-clique is
a k-tree, by a k-cliqgue we mean a pairwise adjacent vertex set of size k. A
vertex v is simplicial if N (v) is a clique. An ordering (vy, v, -, v,) of V is
a perfect elimination scheme if each v; is simplicial in the induced subgraph
Gi = G[{vi,Vit1, -+, vn}]. Note that a graph is a k-tree if and only if G has
a perfect elimination scheme such that |Ng,(v;)| =k for 1 <i<n—Fk A
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FIG. 2. A 2-tree G.

2-tree is shown in Fig. 2, where the vertex numbering indicates the ordering
of a perfect elimination scheme.

To compute the majority domination number of a k-tree, we generalize
the notation used in Section 2. Suppose G = (V, E) is a graph with specified
set X CV, s = (Sg)rex, t = (tz)zex, ¢ = (¢z)zex are vectors with integer
components s, € {—1,1}, |[tz] < degg(z) and |¢z| < degq(x) for each = € X,
and 7 is an integer with 0 <14 < |V|. An (X, s,t, q,1)-signed function of G is a
function g : V- — {—1, 1} such that g(z) = sz, 9(Ng(x)) = ¢ for each x € X
and m(G, X, s,t,q,g) > i, where m(G, X, s,t,q,9) = {v : g(Ng[v]) +t, > 1
when v € X and g(Ng[v]) > 1 when v ¢ X}|. The (X, s,t,q,1)-domination
number of G = (V, E) is v(G, X, s,t,q,i) = min{g(V) : g is an (X, s,t,q,1)-
signed function of G}. Note that min ) is considered to be +o0.

Lemma 8. If G is a graph of n vertices with a specified k-clique X,
then meaj(G) = min{V(GaX78767Q7 ’Vn/Q-‘) S = (Sx)xEX € {_171}k76 =
(O)xequ = (QI):EEX with |QQ:| < A(G)}

Lemma 9. Suppose G1,Ga,---,Gri1 are k+ 1 disjoint graphs with spec-
iﬁgd k-cliques X1, Xo,- -+, X411 respectively, where X; = {z%, ab,-- -, x}lﬁl} —
{z}. Let F be the graph with specified k-clique X = {x1,x2,---,x}, which is
obtained from the union of G1,Ga, - - -, Gx11 by identifying {x}, x?, e ,x?“}—
{33;} as a new vertex x; for 1 < j < k+1 (see Fig. 3 for k = 2). If
s = (Sz)zex,t = (tz)zex,q = (qu)zex are vectors with integer components
sy € {—1,1}, |tz] < degp(x), and |qz| < degp(x) for each x € X, and I an
integer with 0 < I < |V(F)|, then v(F, X, s, t,q,I) =
min{Zf:ill W(GivX’iv (Sx)IEGXi’ (tI)JUEXi? (qx)fEEXi7I’i) - (k - 1) Zfill Sz; ¢
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FIG. 3. Graphs G1,G2,G3, and F.

Seper €{-1,1},te, =0, |q$;| < A(Gy) for all i # j and Qi = 0 for all i,
Syi = Sg; and tx;-_ =to; + 21 Qot — (k—2)312j 8z, for all i # j,

J

fill Qoi — (k—2) Zi# Sp; = qu; for 1<j<k+1, and
Zfill IZ - (k: - 1) Zf—:i_ll /’L(qﬂfj’sxj?tl’j) = I}’
where p(z1, 22,23) = 1 if 21 + 22 + 23 > 1 and p(z1, 22, 2z3) = 0 otherwise.

Although the proofs of Lemmas 8 and 9 are complicated, they are similar
to those for Lemmas 1 and 2, therefore we omit the details.

Theorem 10. There is a polynomial-time algorithm for computing the
magority domination number of a k-tree for any firved k.

Proof. The theorem follows from Lemmas 8 and 9 and the fact that k-trees
can be obtained from complete graphs of k vertices by a sequence of operations
described in Lemma 9. 1

We conclude this paper by noting that since it is possible to embed a
partial k-tree for any fixed k into a k-tree in polynomial time [1], there is also
a polynomial-time algorithm for computing the majority domination number
of a partial k-tree.
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