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EXISTENCE AND NONEXISTENCE OF GLOBAL SOLUTIONS
FOR A NONLINEAR WAVE EQUATION

Shun-Tang Wu and Long-Yi Tsai

Abstract. The initial boundary value problem for a Kirchhoff type plate
equation in a bounded domain is considered. We prove the existence of global
solutions by the similar arguments as in [11]. We derive the blow-up properties
of solutions by energy method. Moreover, the estimates of the lifespan of
solutions are also given.

1. INTRODUCTION

In this paper we consider the initial boundary value problem for the following
nonlinear wave equation :

(1.1) ugy + aA%u — M(||Vul3)Au = f(u),
with initial conditions
(1.2) u(z,0) = ug(z), w(z,0) = uy (), x € Q,

and boundary condition

(1.3) u(z,t) = %u(m, t)=0,2 € 90,t >0,

N
where A = 5 2 and Q ¢ RN, N > 1, is a bounded domain with a smooth
2 a2

boundary 0%2 so that Divergence theorem can be applied. Here o > 0, f is a
nonlinear function like f(u) = |u’~?u, p > 2, M (s) is a positive locally Lipschitz
function like M(s) = mqg+bs?, mg > 0,b>0,v > 1and s > 0, v is the normal
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unit vector pointing toward the exterior of 2 and % denotes the normal derivative
on 0f.

First, we mention some of the known results related to the problem (1.1). When
f = 0, Woinowsky-Krieger [26] first proposed the problem (1.1) — (1.3) in the
one-dimensional case as a model to describe the dynamic buckling of a hinged
extensible beam under an axial force. The derivation of this model also can be
found in [10, 9, 23]. Dickey [9] considered (1.1) with hinged boundary condition
and the existence of solution was established. Later, Ball [2] extended the work of
Dickey to both the cases of hinged ends and that of clamped ends, and he obtained
the existence of weak solutions for (1.1) by using the technique of Lions [18].
For the general space dimension NV, Mederiors [20] considered the problem (1.1)
with f = 0 in abstract framework. When the influence of the internal damping is
considered, the problem (1.1) was treated by Brito [3] and Biler [5] for the linear
damping case. On the other hand, for the nonlinear damping case, Komémou-
Patcheu [17], Vasconcellos [24] and Aassila [1] investigated the problem (1.1) with
f = 0. Recently, Cavalcanti et. al. [7] considered the problem (1.1) with nonlinear
damping and internal force for general domains, and obtain the global existence
of weak solutions. Concerning the nonexistence of global solutions, Kirane et. al.
[15] and Can [6] studied the blow-up properties of (1.1) with a dynamic boundary
condition in the case that M = 0. Later, Guedda and Labani [12] discussed the
nonexistence result of the problem (1.1) for the nontrival function M.

When « = 0 in the equation (1.1), it is Kirchhoff equation which has been
modeled in describing the nonlinear vibrations of an elastic string. Kirchhoff [16]
was the first one to study the oscillations of stretched strings and plates. In this
direction, there has been a large literatures concerning the existence and nonexistence
of global solutions and some properties of solutions with initial and null Dirchlet
boundary conditions [13, 14, 21, 27].

In this paper, we shall discuss the existence, uniqueness, global existence and
blow-up properties of solutions for the problem (1.1) — (1.3) in a bounded domain
Q in RY. The content of this paper is organized as follows. In section 2, we
give some lemmas and assumptions which will be used later. In section 3, we first
use Galerkin approximation method to study the existence of the linear problem
(3.1) — (3.3). Then, we obtain the local existence of regular solutions for the
problem (1.1) — (1.3) by using contraction mapping principle, and the uniqueness
of solution is also given. By using density arguments, we derive the local existence
of weak solution in Theorem 3.3. In section 4, we first define an energy function
E(t) in (4.7) and show that it is a constant function of ¢. Then, we obtain Theorem
4.4, which shows global existence of solutions under some restrictions on the initial
data. In the last section, the blow-up properties of local solution for the problem
(1.1) — (1.3) with small positive initial energy are obtained by using the direct
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method [19]. Moreover, the estimates for the blow-up time 7 are also given. In
this way, we can extend the result of [2] to nonzero external force term f(u) and
to more general M (s), and the result of [20] to nonzero external force term f(u).

2. PrReELIMINARY RESULTS

In this section, we shall give some lemmas and assumptions which will be used
throughout this work.

Lemma 2.1. (Sobolev-Poincaré inequality [22]). 1f2 <p < ﬁ, then

lull, < By H(—A)% uH2 for u e D ((_A)%) ,

holds with some constant B, where we put [a]t = max{0,a}, ﬁ = oo If
[a]* = 0 and denote [|-||,, to be the norm of L7(£2).

Lemma 2.2. [19]. Let § > 0 and B(t) € C?(0,00) be a nonnegative function
satisfying

(2.1) B'(t) —4(0 + 1)B'(t) + 4(6 + 1)B(t) > 0.
If
(2.2) B'(0) > r2B(0),
with 7o = 2(d + 1) — 24/(0 + 1)J, then
B'(t) >0,
for t > 0.

Lemma 2.3. [19]. If J(¢) is a nonincreasing function on [t ¢,00), ty > 0 and
satisfies the differential inequality

(2.3) J'(£)% > a+bJ(t)2Fs for t > t,
where a > 0 and b € R, then there exists a finite time 7'* such that
li J(t) =0
i J(0)

and the upper bound of T'* is estimated respectively by the following cases :

(i) Ifb<0andJ(ty) < min{l, \/_Zb} then

/_a
T <to+

1 —b
In .
V=bo = ()
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(if) 1fb =0, then

(iii) If b > 0, then

or

) _
Tt <t + 25 {1 L+ e B ]

)

where ¢ = (£)25.

Now, we state the hypothesis on f :
(A1) f(0) =0 and there is a positive constant %k, such that

() = F@) < = o] (jul? =2 + o) |

foru,veRand2<p§2%:5);(2<p, if N <4).

3. LocAL EXISTENCE

In this section, we shall discuss the local existence of solutions for wave equa-
tions (1.1) — (1.3) by using contraction mapping principle.

An important tool in the proof of local existence Theorem 3.2 is based on
studying the following linear problem :

(3.2) ug + aA?u — p(t)Au = fi(x,t) on Q x (0,7T),
with initial conditions
(3.2) u(x,0) =wup (), ut(z,0) =u; (x), € Q,

and Dirichlet boundary condition
(3.3) u(x,t) = %u(m,t) =0, €9, t>0.

Here, T' > 0, f; is some fixed forcing term on Q x (0, T'), and 1 is a positive locally
Lipschitz function on [0, co) with x(t) > mo > 0 for ¢ > 0.

Lemma 3.1. Suppose that ug € U, uy € HZ(Q)NH?(Q) and f; € WH2(0, T}
L*(Q)). Then the problem (3.1) — (3.3) admits a unique solution « such that
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u € L®(0,T;U),us € L°°(0,T; HY(Q) N H?(Q))

and
U € LOO(O, T‘7 L2(Q)),

where
U={ue H}Q);A*ue L*(Q)}.

Proof. Let (w,)nen be a basis in U and let V,, be the space generated by
wi, -, Wy, n=1,2,---. Let us consider

un(t) = rin(t)w;
=1

to be the solution of the following approximate problem corresponding to (3.1) —
(3.3)

/Qu;;(t)wdx +a /Q Auy,(t)Awdx + u(t) /QVun(t) - Vwdz
(3.4)

= / fi(z, t)wdx for w € V,,,
Q

with initial conditions

(3.5) Un(0) = ugn = Y _ pinw; — ug in U,
=1
and
(3.6) U (0) = uin = Y ginw; — ug in Hy(Q) N HA(Q),
=1

where pi, = [ uowidz, gin = [ uiw;dz and v’ = %.
By standard methods in differential equations [8], we prove the existence of solutions
to (3.4) —(3.6) on some interval [0, ¢,),0 < t,, < T'. In order to extend the solution

of (3.4)—(3.6) to the whole interval [0, T'], we need the following a priori estimates.

Step 1. Setting w = 2u/,(¢) in (3.4), we obtain

d 2
— (Jlup (O)|I5 + | Aunll3 + 1) [Vua (t)3
(37) dt < 2 2 2)

=2 [ Aot e+ 10 [Vua 0]
Q
Note that by Holder inequality and Young’s inequality, we have

(3.8) 2 < LA + [l (8)]l5 -

/ o, Ol (8)da
Q
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Then, by integrating (3.7) over (0, ¢) and using (3.8), we obtain

[y (0[] + e | Aunll3 + p(t) [ Ve (2) 13
(3.9)

U O [ :
<ert [ (14280 [l + wo) IVl

where c1 = [[urn 3 + @ [[Auon |3 + p(0) [Vuon |3 + [5 [1/1]13 dt.
We observe that conditions (3.5) and (3.6) and the assumption of f; implies that ¢
is bounded. Thus, by employing Gronwall’s Lemma, we see that

(3.10) [ty ()12 + || Aun|2 + u(t) [ Vun(8)]3 < Ly,

for t € [0, T] and L; is a positive constant independent of n € N.

Step 2. To estimate «/(0) in L?-norm, we let t = 0 in (3.4) and put w =
2u(0), we deduce that

a2 (0)]1% < [[ua(0)], [er | A%uon]|, + £(0) | Augully + | f1ll,)] -

Thus, using (3.5) and (3.6), there exists a positive constant L, independentof n € N
such that

(3.11) [|um (0|, < Lo.

Next, we are going to give an upper bound for ||, (t)]|, -

Step 3. Taking the derivative of (3.4) with respect to ¢ and setting w = 2u/" (t),
we have

d 2 2 2
— (||l (¢) 5t Al (t) 5+ u(t) YV, (t) 5
vy (O O w0 1901

o) / Vi (8)- V() dz 12 (1) |V ()2 [ (e, byl (8)
Q Q
By Holder inequality and Young’s inequality, we note that

(1) 2 < M2 (|| a3 + [lun]f3)

() /Q Vun(t) - Vu!!(£)dz

and we also get

(3.14) 2 < 1Al + llenll3

/ £, )l ()
Q

where M; = sup |p/(t)].
0<t<T
Thus, by integrating (3.12) over (0,¢) and using (3.13), (3.14), (3.11) and (3.10),
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we obtain
lun®)l5 + e[| Au (1)]5 + 1) [[Vur ()5

(s)]

< e+ /Ot <2 + %) (Hug(s)H; + u(s) HVUZ.KS)H;) ds,

where co = p(0) ||Vur,||2 + L3 + o | Aur,||3 + TLEMZ + [ 1113 dt.
Then, by Gronwall’s Lemma and using (3.5) — (3.6), we have

(3.15) )2+ @ Auy @) + u®) [V )2 < L,

for all t € [0, 7] and L3 is a positive constant independent of n € N.
Therefore, from (3.10) and (3.15), we see that

(3.16) u; — u weak-* in L*® (0,T; H3(Q)) ,
(3.17) uj — o' weak-* in L™ (0,T; H}() N H*(Q)),
(3.18) w, —u' weak-* in L (0,T; L*(Q)),
(3.19) u — '’ weak-* in L (0,T; L*(Q)) .

Thus, by passing the limit in (3.4) and using (3.16) — (3.19), we obtain

T T
/ / (uet + aA?*u — p(t) Au) vodzdt = / / fi(z, t)vldzdt,
0o Jo 0o Jo

for all € D (0,T) and for all v € U. From above identity, we have

(3.20) ug + A% — p(t)Au = fi(x,t) in D' (Q x (0,7)).

2075

On the other hand, since u”, pAu and f; € L™ (0,T; L*()) and by (3.20), we

deduce that A%u € L> (0,75 L*(Q2)), so u € L= (0,T;U).
In addition

ug + aA*u — p(t)Au = fi(z,t) in L (0,T; L2(Q)) )

Next, we want to show the uniqueness of (3.1) — (3.3). Let u(Y), u(®) be two

solutions of (3.1) — (3.3). Then z = u(!) — u(?) satisfies

(3.21) / 2" (t)wdx + a/ AzAwdx + p(t) / Vz(t) - Vwdz =0 for w € U,
Q Q Q
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2(2,0)= 0,2 (2,0) =0, z€Q,
z(x,t) = %z(m,t) =0, z€0Q, t>0.
Setting w = 22/(t) in (3.21), then as in deriving (3.10), we see that

12/ ()15 + 1) IV 2(0)15 + a [ Az(8)]13

<[ 1+ LB 1)1 + ) 19:018] s

Thus, by employing Gronwall’s Lemma, we conclude that
Hz’(t)”2 = |[Vz(t)|l, = ||Az(t)||, = 0 for all t € [0, T].

Therefore, we have the uniqueness.
Now, we are ready to to show the local existence of the problem (1.1) — (1.3).

Theorem 3.2. (Regular Solution). Suppose that (A1) holds, and that ug € U,
up € HYH(Q)NH?(Q), then there exists a unique solution « of (1.1)—(1.3) satisfying

u € L0, T;U),us € L>®(0,T; Hy(Q) N H*())

and
Ut € LOO(O, T; L2(Q))

Proof. Define the following two-parameter space :
v € L0, T; H3(Q)), vy € L>(0,T; HY(Q) N H2(Q)) :
T,Ro —
’ e(v(t)) < R%, t € [0,T], with v(0) = ug and v;(0) = u;.
for T > 0, Ry > 0 and e(v(t)) = |Jus(t) |3+ ||Av(t)||3. Then X7 g, is a complete

metric space with the distance

1
(3.22) dy.2) = swp (I8 (= 2)I3+ 1y — )3
0<t<T

where y, z € X7 R,
Given v € Xr r,, we consider the following problem

(3.23) uy + aA?u — M(||Vo|3)Au = f(v),
with initial conditions

(3.24) u(z,0) = up(z), w(x,0) = uy(z), x € £,
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and boundary condition

(3.25) u(z,t) = %u(m, t)=0,2 € 9Q,t>0.

First of all, we observe that

d
SMATUIR) = 22090l [ Fo-Vuda
(3.29) < 20, vl ol
S M2R37

where My = sup{|M'(s)|;0 < s < B?RZ}. And by (A1), we note that f €
WL2(0,T; L3(2)). Thus, by Lemma 3.1, there exists a unique solution v of (3.23)—
(3.25). We define the nonlinear mapping Sv = w, and then, we shall show that
there exist 7' > 0 and Ry > 0 such that
(I) S : XT,RO — XT,R07
(ii) S is a contraction mapping in X7 g, with respect to the metric d(-, -)
defined in (3.22).

Multiplying (3.23) by 2w, and then integrating it over 2 x (0, ¢), we obtain

(3.27) %el(u(t)) L+ D
where
ex (u(t)) = [l + o | Aul} + M(IF0l3) Va3,
o n = (Mol ) 19l
and

=2 / F(0)usd.
By (3.26) and (3.28), we have )
(3.29) 11| < Mo Rer(u(t)),
and by (A1), Holder inequality and Lemma 2.1, we get
L] < 2k /Q WP || da

(3.30)

IN

—1 —1
2k BY ([ A5 [l

< 2k BV RE ey (u(t))?.
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Then, by integrating (3.27) over (0, ¢) and using (3.29) — (3.30), we deduce

t
e1(u(t)) < e1(ug) + /0 <2M2R361(u(3)) n leBf—le—lel(u(s))%) ds.
Thus, by Gronwall’s Lemma, we have
(3.31) e1(u(t)) < x(uo, uy, Ry, T)%e>M216T

where
X(uo, u1, Ro, T) = \/e1(uo) + k1 By 'R 'T.
Hence, from (3.31) and (3.28), we obtain
e(u(t)) < kax(ug, u1, Ry, T)?e*M2RT

where ko = (Al
Therefore if the parameters 7" and Ry satisfy

(3.32) kax(uo, u1, Ro, T)%€*M2R6T < R2,

then S maps X7 g, into itself.

Next, we will show that .S is a contraction mapping with respect to the metric
d(-,-). Let v; € X g, and MONS X7 Ry @ = 1,2 be the corresponding solution to
(3.23) — (3.25). Letw(t) = (uM) — u@) (1), then w satisfy the following system :

Wy + aA*w — M (||[V1)3) Aw
(3.33)
— f(or) = fv2) + [M (I901]) = M (IVe2l3)] Aa),

with initial conditions
(3.34) w(0) =0, wy(0) =0,

and boundary condition

(3.35) w(z,t) = %w(m, t)y=0, z€0Qandt > 0.

Multiplying (3.33) by 2wy, and integrating it over €2, we have

d
336) = [lwdl}+ MV ) V) +a|Awlf] = I+ L+ 1,

where
=2 [M (I90r]B) = M (1Veal)] | AP,
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I =2 /Q (f(vr) — f(v2)) wedz,

and

s = (M0l 1Vw]E.

To proceed the estimates of I;,7 = 3,4, 5, we observe that

aay Mol S 2TV Vel Ve - Vol | au®||_ et
< ALB?R2e(v; — vg)%e(w(t))%,

(3.38) L] < 4ky BYRE 2e(vy — vg) Te(w(?))?,

and

(3.39) |I5| < MaRGe(w(t))

where L = L(Ry) is the Lipschitz constant of M (r) in [0, Ry).
Thus, by using (3.37) — (3.39) in (3.36), we get

d
(3.40) L + M (013 [Fw (O] + o [ Au

D=

< 2MyR2e(w(t)) + cse(vy — va) Fe(w(t))?,

where c3 = 4 <LB%R3 + le{’Rg_2> :
Then, integrating (3.40) over (0, ¢) and using (3.34) — (3.35), we deduce

(3.41) e(w(t)) < /0 [2Ms R2e(w(s)) + cse(v1 — va)be(w(s))3]ds.

Thus, by Gronwall’s Lemma, we obtain

e(w(t)) < c%TQeQMQR(Q)T sup e(v; — vg).
0<t<T

By (3.22), we have
(3.42) d(u',u?) < C(T, Ro)zd(v1, va),

where 22.2M>B2R2T
C(T, Ry) = 212?251t

2079

Hence, under inequality (3.32), S is a contraction mapping if C(T, Ry) < 1. Indeed,
we choose Ry sufficiently large and 7" sufficiently small so that (3.32) and (3.42)
are satisfied at the same time. By applying Banach fixed point theorem, we obtain

the local existence result.
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Next, we are in condition to show the existence of weak solution for the problem
(1.1) = (1.3).

Theorem 3.3. (Weak Solution). Supposed that (A1) holds and that uo € HZ(92)
and u; € L?(Q). Then the problem (1.1) — (1.3) possesses a unique solution u
such that

ue C([0,T]; HY(Q)) N C* ([0, T]; L*(R)) .

Proof. Since U x (H{}(Q) N H?(Q)) is dense in HZ(2) x L*(£2), there exists
{uf,u} € U x HE(Q) N H?(Q) such that {uf®, u"} — {ug,u1} in HZ() x
L*(Q) as m — oo.

By Theorem 3.2, for each m € N, there exists a unique solution w,, such that
U, € L*(0,T;U), ul, € L=(0,T; HY(Q) N H2(Q)) and /!, € L>°(0,T; L*(Q))
satisfies

(3.43) w4+ aluy — M|Vt ||3) At = f(tm),
(3.44) U (2,0) = ug' (), up, (z,0) = uf*(z), z € Q,
B
(3.45) U (2, 1) = Eum(x, t)=0,2 € 9Q,t>0.

By using similar arguments as in the Step 1 of Lemma 3.1, we deduce
9 —~
(3.46) et ()13 + | A (8)13 + B (| Fun(®)]3) < L

for all ¢ € [0,7] and L is a positive constant independent of m € N, where
M(s) = Jo M (r)dr.

Let my > my be two natural numbers and consider z,, = w,, —un,, . Repeating
similar discussions used in (3.33) — (3.40) and observing that {u{'}, {uf*} are
Cauchy sequence in U and Hg (Q2) N H?(Q), respectively, we, then, have

GAT) a5+ M ([V2ms3) V2l + o [ A3 — 0,

as m — oo, for all ¢ € [0, 7.
Therefore, from (3.46) and (3.47), we see that

up, — win C ([0, T]; H3(Q)),
up, — v’ in C ([0, 7]; L*(Q)),

Up — u weak-* in L™ (0,T; H3(Q)),

~

ul, — ' weak-* in L™ (0,T;L*Q)).
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By the above convergence results, it is sufficient to to pass the limit in (3.43), we
obtain

wt + a2y — M (yyvuug) Au = f(u) in L®0,T; H-Q)).

The uniqueness of weak solutions can be obtained by using the similar discus-
sions as in [4]. We omit the details.

4., GLoBAL EXISTENCE

In this section, we consider the global existence of solutions for a kind of the
problem (1.1) — (1.3) :

(4.1) uge + A%y — M(||Vull3)Au = [ulP2u, p>2,
4.2) u(z,0) = up(x), u(x,0) = ui(x), x € Q,

(4.3) u(z,t) = %u(m, t)=0,2 € 9Q,t>0.

Let

(4.4) L(t) = I(u(t) = || Aully +mo | Vull3 — ull?,
(4.5) (1) = I(u(t) = o |[Aully + M([Vuly) [IVul; — [ul?,
and

(4.6) J(t)

o 1~ 1
Tu(t) = 5 |1 Aul3+ S0 (IVull3) ~ - ul,

for u(t) € H3(Q), t > 0 and M(s) = [ M(r)dr.
We define the energy of the solution w of (4.1) — (4.3) by

@) B(t) = 1wl + J(0)

Lemma 4.1. E(t) is a constant function on [0, T'].

Proof. Multiplying (4.1) by w,, integrating by parts over Q2 x (0, ¢), and using
the boundary conditions (4.3), we obtain

E(t) = E(0), for t € [0,T].
Remark. By (4.6), (4.7), the assumption of M and Lemma 2.1, we have

1 2 [0 2 1~ 2 1
B(t) = 5l + 5 1l + 537 (19ul) — ful

(4.8)

AV

1 1
STl =l ¢> 0,
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where [ = CEB1_2 -+ myg and By is the Sobolev’s constant given in Lemma 2.1.
By Poincaré inequality, we get

(4.9) E(t) > G(|Vu(®)]2), t >0,
where

1 BP
(4.10) G(\) = =IN? — =L\,

2 p

1
Note that G(\) has the maximum at \; = <#) ?~2 and the maximum value E; is
1

o (1 1 =2p

(4.11) By =G(\) =177 (5 - 1—9) B,

Adapting the idea of Vitillaro [25], we have the following Lemma:

Lemma 4.2. Assume that £ (0) < E;. Then
(i) if [[Vuolly < A1, then ||[Vu (t)]|, < Aq for ¢ > 0.
(if) If ||[Vuolly > A1, then there exists Ao > A; such that ||Vu (¢)|, > Ao for
t>0.

Lemma4.3. Let u be a solution of (4.1) — (4.3). Assume that 0 < || Vugl|, <
A1 and

p—2

p =
(4.12) = % (l(;f 2)E(0)> <1,

then I5(t) > 0, for all ¢t € [0, T"), where [ is given in (4.8).

Proof. We note that ||[Vugl||, < A1 implies I (ug) > 0, hence by the continuity
of u(t), we have

(4.13) L(t) >0,

for some interval near ¢t = 0. Let t,,.x > 0 be a maximal time (possibly tyax = T'),
when (4.13) holds on [0, tmax)-
From (4.6) and (4.4), we have

«a mo 1
J(t) 2 5 1Aull3 + - IVu(t)]l; - EHu(t)Hi

(4.14)
p—2 [ 2 2] , 1
= —— |a||Au||5 + mo || Vul(t + —1i(¢).
oy [ 1Aullz +mo [Vu®)lz| + Zh(t)
From (4.14) and using Poincaré inequality and Lemma 4.1, we get
2p 2p 2p
4.15 ! 2 < J(t) < ———=E(t) = ——E(0).
(4.15) IVull3 < ~=500) < ~Z5B() = =5 E(0)
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Then, from Poincaré inequality, (4.15) and (4.12), we obtain

—2
B? 2p T
P < BP P 2L E(0 l 2
wrg Il BIVaE< B (2 E0) T v
= BL|Vull3 < 1||Vul3 on [0, tmax)-
Thus
(4.17) Li(t) > 1|Vl — [[ull2 > 0 0n [0, tmax)-

This implies that we can take ¢,,,x = 7. But, from (4.4) and (4.5), we see that
Ig(t) > Il(t),t € [O,T]
Therefore, we have I(t) > 0, for ¢ € [0,T].

Remark. (4.12) holds if and only if 0 < E(0) < Ej.
Next, we want to show that T' = oo, by using the similar arguments as that of
[11].

Theorem 4.4. (Global existence). Assume that ug € HZ(Q) and u; € L?()
with the conditions that 0 < || Vugl[, < A; and 0 < E(0) < Eq. Then the problem
(4.1) — (4.3) has a unique weak global solution satisfying

u e C(0,00; HZ())NC*(0,00; L*(Q)).
Proof. We define
1 2 [0 2 1~ 2 1 p
Bx(t) = 5 s + 5 18l + 537 (I9u()]3) + - u(r)},

Then, from Lemma 4.1, we obtain

(4.19) Ej(t) = 2/ lulP~? wuyda.
Q
Note that by using (4.11), (4.7) and Lemma 4.1, we have
2p 2p 2p
4.2 Aul)? < =—J(t) < —=—E(t) = ——E(0).
(4.20) o dully < oI < STSE() = TS E(0)

On the other hand, by Holder inequality, Poincaré inequality and (4.20), we get

'/ JulP~2 wuyda

< el e,y

2(p—1)
_H Hg(p 1)

IN

5 lull3 +

IN

1 2 2(p—1) 2(p—1
5 lull3 + 5 B2 A 370

2(p-1) p—2
1 o Bj 2p o 9
— E(0 —||A .

IN
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Then integrating (4.19) over (0, t) and using above inequality, we obtain
(4.21) Ey(t) < caBa(t),

2(p—1) —2
where ¢; = max {1, % <a(;—f2)E(0)>p } :

Thus, we deduce
Es(t) < E5(0) exp(cat),

for any ¢ > 0. Therefore by the standard continuation principle, we have 7' = oc.

5. BLow-upr PROPERTY

In this section, we shall discuss the blow up phenomena for a kind of the problem
(1.1) = (1.3) :

(5.1) ugy + aA%u — M(||Vul|5)Au = [ufP 2 u, p> 2.
In order to state our results, we make further assumptions on M :

(A2) There exists a positive constant 0 < § < 22 such that

(20 + 1)M\(s) — M(s)s > 26mygs, for all s > 0.

Definition. A solution w of (5.1), (1.2) and (1.3) is called blow-up if there
exists a finite time 77* such that

-1
(5.2) lim (/ u2dx> =0.
t—T*— [¢)

Now, let u be a solution of (5.1) and define

(5.3) a(t) = / ulde, t > 0.
)

Lemma 5.1. Assume that (A2) holds, then we have

(5.4) a" (1) —4(6+1) luell3 > Q1(t), for ¢t >0,
where
(5.5) Q1(t) = —4 (1 +26) E (0) 4 461 || Vul3.

Proof. Form (5.3), we have
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(5.6) o (t) = 2 /Q wigda.
By (5.1) and Divergence theorem, we get
67 a (®) =2l — 20| Aul} 2 (| 7ul3) [Vull} + 2 lul.
Then, by (4.7), we arrive at

a” (1) —4(8+1) [lull3

— (=4 — 85) E (0) + 460 | Au|f? + 2 (1 - 2+Tf5) Jull?

+ [+ 46) A7 (I7u®I3) — 20 (I7u®)13) I7ut) 3]

Therefore by (A2) and Poincaré inequality, we obtain (5.4).

Now, we consider four different cases on the initial energy E (0).
(1) If E(0) <0, then from (5.4), we have

a (t)>a (0)—4(1+20)E(0)¢t, t>0.

Thus we get o’ (t) > 0 for ¢ > ¢}, where

. _ a’ (0)
(5.8) t —m&x{m, 0}.

(2) If E(0) =0, then a” (t) > 0 for t > 0.
Furthermore, if «/ (0) > 0, then @/ (¢) >0, ¢t > 0

(3) If 0 < E(0) < Ey and ||Vugl| > A1.
From (5.5) and Lemma 4.2, we see that

Qu(t) = (=4 —88) E(0) + 401 |[Vull3

2p

(5.9) > (—4— 85) E(0) + 45172 B, **
45  2p

= (4+80) |—E(0)+ 1] -

44+85p—2
Then, choosing § = 222 and from (5.4) and (5.9), we obtain

(5.10) a"(t) > Qu(t) > ks > 0,
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where k3 = 2p (E; — E(0)).
Thus we get o’ (t) > 0 for ¢ > ¢5, where

(5.11) #£ = max { —2 () 0} :

(4) For the case that £ (0) > E4, we first note that, by using Holder inequality and
Young’s inequality, we have from (5.6)

(5.12) a' (t) <a(t)+ |lulls-
Hence by (5.4) and (5.12), we deduce

a"(t)—4(0+1)d (t)+4(0+1)a(t)+ Ky >0,

where
K1 =(4+80)E(0).
Let K
_ 1
b(t)=al(t)+ E) t>0.
Then b (t) satisfies (2.1). By (2.2), we see that if
/ Ky
(5.13) a (0) > ro [a (0) + 050 5)] ,

then o’ (¢) > 0,¢ >0, here ro =2(6 + 1) — 24/(0 + 1)0.
Consequently, we have

Lemma 5.2. Assume that (A2) holds and that either one of the following state-
ments is satisfied:
(i) E(0) <0,
(i) £(0) =0anda’(0) >0,
(iii) 0 < E(0) < Eq and ||[Vugl|, > A1,
(iv) E; < E(0) and (5.13) holds,

then o’ (¢t) > 0 for ¢t > to, where ¢y, = ¢ is given by (5.8) in case (i), to = 5 is
given by (5.11) in case (¢i7) and ¢y = 0 in cases (ii) and (iv).

Now, we will find the estimate for the life span of a () .
Let

(5.14) J@®)=a(®)°, fort>o0.
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Then we have )
J () = —6J )5 d (t)

and

(5.15) J"(t) = —6J OV (1),
where

(5.16) V(t)=d" (t)a(t)— (1+06)d (t)°.

By using Holder inequality in (5.6), we get
(5.17) a’ (t) < 2 Jully [lull, -

Thus, by (5.4) and (5.17), we obtain from (5.16)

V) > [Qut)+ 41 +0) wll] at) - 4(1+6) alt) )
= QI =t
Therefore, by (5.15), we have

(5.18) J" (1) < —8Q1 (1) ()5, t > 1.

Theorem 5.3. (Nonexistence of global solutions). Assume that (A2) holds and
that either one of the following statements is satisfied:

(i) £(0) <

(i) B ()—Oanda()>0

(iii) 0 < E(0) < E; and ||Vuglls > A1
)

(iv) B, < E(0) < gcﬁfg)) and (5.13) holds,

then the solution « blows up at finite time 7'* in the sense of (5.2).
Moreover, the upper bound of T is estimated as follows:
In case (i),

. J (to)
T* <t - Sk

Furthermore, if J (¢9) < min {1, . /f‘—él} then we have

! In \/jzﬂll
V—>P1 \/jzﬁll—J

T <tg+
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In case (ii),
. J (to)
T=h—7 (to)

J (to)
Nk

or
T <to+

In case (iii),

. J (to)
T* <t - Sk

Furthermore, if J (ty) < min {1, j“—gg} we have

=

L =
n .
V=P e (k)

T <ty +

In case (iv) ,
NGT
or 5
3041 C =1
T <to+2"5 S {11+ e) ()7 ],
0 N [ (to)]
5

where ¢ = (%) , here o1 and 3, are in (5.21) and (5.22) and a9 and 3, are
in (5.23) and (5.24)respectively.

Note that in case (i), to = ¢} is given by (5.8), to = 5 is given by (5.11) in case
(¢i7) and to = 0 in cases (i7) and (iv).

Proof. (1) For E(0) <0, from (5.18) and (5.5), we have
(5.19) J"(t) < 8 (4+85)E(0)J (1)

Note that by Lemma 5.2, .J' (t) < 0 for ¢ > ty,. Multiplying (5.19) by .J' (¢) and
integrating it from ¢, to ¢, we have

T (£)2 > a1 + B ()>T5 for t > to,

where

a1 = 52J(t0)2+% [a/ (t0)2 —8F (0) J(tO)_Tl
(5.21)

> 0.
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and
(5.22) B = 86%E (0).

Then by Lemma 2.3, there exists a finite time 7 such that lim J(¢) = 0 and
t—T*—

this will imply that lim ([, u’dz) ™" =0.
t—=T*~
(2) For the case of 0 < E(0) < Ey, from (5.18) and (5.10), we get

J"(t) < —OksJ (£)'F for t > to.
Then as the same arguments in (1), we have

T ()% > o + BoJ (£)2F5 for t > to,

where
2k -1
— 527 (t)275 | (tg)? 3 J(ty) T
(5.23) “ (t0)™" |a" (to)" + 37557 (t0) 7
> 0.
and
(5.24) g, = _ 2had”
' 2T 159

Thus, by Lemma 2.3, there exists a finite time 7* such that lim ([, u2dz) ' = 0.

t—T*—
(3) For the case of £y < E(0)
Applying the same arguments as in part (1), we also have (5.21) and (5.22). We
observe that
a' (tg)®
8a (to) '

a; >0 iff £(0) <

Hence, by Lemma 2.3, there exists a finite time 7* such that lim ([, u?dz) 1.
t—T*—
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