TAIWANESE JOURNAL OF MATHEMATICS
Vol. 13, No. 3, pp. 1043-1052, June 2009
This paper is available online at http://www.tjm.nsysu.edu.tw/

COMMUTATORS OF FRACTIONAL INTEGRAL OPERATOR
ASSOCIATED TO A NONDOUBLING MEASURES
ON METRIC SPACES

Cangin Tang'*, Qingguo Li and Bolin Ma?

Abstract. The main purpose of this paper is to prove the boundedness of
commutators of fractional integral operators associated to a measure on metric
space satisfying just a mild growth condition.

1. INTRODUCTION

In classical harmonic analysis, a critical supposition is the Borel measure
on metric (quasi-metric) space satisfying the so-called "doubling condition”, which
means that there exists a positive constant C, such that, for every ball B(z,r) of

center z and radius 7,
u(B(x,2r)) < Cu(B(x, 7).

The commutators in these kinds of space have been studied by many authors
for a long time. A well known result which was discovered by Coifman, Rochberg
and Weiss ([1, 7, 15]) is that the commutators [b, 7] of singular integral operators
are bounded on some LP(R™)(1 < p < o0) if and only if b € BM O, where [b, T

is defined by
[0, T]f(x) = b(x)T f(x) = T(bf)().
Let I, be the standard fractional integral, that is,

Inf(z) = /R &dy

n |z =yl
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The result in [12] states that [b, I, : LP — L9 is bounded, 1 < p < n/a, 1/q =
1/p—a/n when b € BMO. And M. Paluszyfski [8] proved that the commutators
[b, 1] is a bounded operator from LP(R™)(1 < p < oo) to L"(R™) when b € Lipg,
here 1/p—1/r = (a+3)/n, 0 < < land [b, I, f(x) = b(x)lof(x)—I(bf)(x).

In recent years, many authors begin to develop the complete theory of Caldeon-
Zygmund operators and commutators in a separable metric space, on which the
measure is nondoubling measure. A few articles pertaining to this line of research
are [2, 4-6, 9-11, 13,14], and so on. In 2004, J.Garc’a and A. Eduardo investigated
the behavior of the fractional integral I, associated to an n-dimensional measure
1 0N a metric space with not assuming that the metric space is separable, and the
other related operators K, in [3]. Motivated by their works, we want to obtain the
boundedness of commutators of I, and K, in these metric spaces.

2. THE BOUNDEDNESS OF THE FRACTIONAL INTEGRAL I,

In this paper, (X, d, 1) will always be a metric measure space, where d is a
distance on X and p is a Borel measure on X, such that, for every ball

B(z,r)={ye X :d(z,y) <r},z e X,r >0,

we have
p(B(z,r)) < Cr", (2.1)

where n is some fixed positive real number and C' is independent of = and r.
Sometimes we shall refer to condition (2.1) by saying that the measure p is n-
dimensional. kB will denote the ball having the same center as B and radius &
times that of B.

Before we give the results in our paper, we firstly state two lemmas which will
be used all throughout the paper.

Lemma 2.1. ([3]). For every v > 0,

1
—————du(y) < Or. 2.2
/B(ac,r) d(x, y) plv) = € (22)

Lemma 2.2. ([3]). For every v > 0,

1
——d <Cr 7. 2.3
/X\B(ac,r) d((L‘, y)n—l—'y lu(y) N ( )

In order to discuss the boundedness of commutator of fractional integral , we
recall two definitions now.
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Definition 2.1. Let 0 < a < n. The fractional integral I, associated to the
measure p will be defined, for appropriate functions f on X as

Lt = | d(gf(Ty)) dpy). (2.4)

Definition 2.2. Given 0 < 8 < 1. We shall say that the function f : X — C
satisfies a Lipschitz condition of order § provided with
f(z) = f()| < Cd(a,y)’  Va,ye X (2.5)

and the infimum of constants C'in (2.5) will be denoted by || f||rip(5)-
It is easy to see that the linear space of all Lipschitz functions of order 3, modulo
constants, becomes, with the norm || - [|1.i,(3), @ Banach space, which is denoted by

Lip(8).

Theorem 2.1. Let0< < landbe Lip(8). f0<a+f<n,1<p< aw

and 1 = 1_ °‘+’3 , then [b, 1,,] is a bounded operator from L? () into Lorentz space
L?°(u), that i |s

Clifllrgn \*
o € X5 Tl )] > 2 < (S5 ) (26)
Proof. By the definition of commutator,

Hbv Ia]f(x)‘ = ‘b(flj‘)[af({l?) - Ia(bf)(x)‘

< [ MU

< Ol | oo s duto)

since b € Lip(B). Using the estimate in the proof of Theorem 3.2 in [3], we can
easily prove Theorem 2.1. [ |

Applying Marcinkiewicz’s interpolation theorem with induices, we have follow-
ing result.
Corollary 21 For 0 < 4 < 1 and b € Lip(8), 1 < p < 35 and % =1

— 2B we have
”[bv Ia]f”Lq(u) < C”f”LP(;L) (27)
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3. THE BOUNDEDNESS OF THE FRACTIONAL INTEGRAL OPERATOR K,
In this section, we will concentrate on the behave of fractional integral operator.

Definition 3.1. Let0<a <nand0 <e <1. Afunctionk, : X xX — C'is
said to be a fractional kernel of order « and regularity ¢ if it satisfies the following
two conditions:

C
ko, < — or all x 3.1
ka(z,y)] TR f #y (3.1)
and
ka2, y) — ka(z', y)| < c @) d(z,y) > 2d(z,2).  (3.2)
(0% 9 (0% 9 — d({lj‘, y)n—a—i—e’ 9 — Y . .

The corresponding operator K, which is called a "fractional integral operator”, is
given by

Ko(f)(x) = / o, ) F(y) dpy). (3.3)

X

From (3.1), we know that K, (f) is well defined for f € LP(u) and 1 < p < n/a.
And (2.6), (2.7) are also hold on in this case.

Definition 3.2. Let &k, be a fractional kernel of order « and regularity . For
f € LP(u), We define

- /X (kale,y) — kalzo.y)} F)du(y), (3.4)
where z is some fixed point of X.

Of course the function just defined depends on the point z¢. But the differ-
ence between any two functions obtained in (3.4) for different choice of x is just

a constant. In fact, let K= (f)(z) = / {ka(z,vy) — ka(zo,v)} f(y)du(y) and

Koi(f /{k z,y) — ka(z1,y)} f(y)du(y). We know

_ /X (ka2 ) ~ Falor )} F ) ~ [ (hale.9) kol 1)} )y
—/X{kam,y) o1, 9)} F@)du(y)).

and this is independent on z.
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Making use of the above fact, we can discuss the boundedness of commutators

of Ku(f)(x).

Theorem 3.1. Let k, be a fractional kernel with regularity € and b € Lip(3),
0<fB<lIfl< o <p<ooanda+f— 2 <e, then b, K] maps LP(y)
(0%

boundedly into Lip(a + 3 — %).

Proof. Suppose p < co. Assume x # y. Let B be the ball with center x
and radius » = d(x, y). Since the difference between any two functioned defined in
(3.4) for different elections of x is just a constant, we can choose zy € 2B. Write

b, Bal f(2) = b@) Kalf) (@) — Ka(bf)(x)
/{k 2.) — ka0, 9)} F(y)du(y)

_ /X {Fa(2,y) = Ka(w0, 1)} b(y) F (y)du(y)
_ /X Fa(x,9)[b(@) — b(y)] £ () du(y)

_ /X ka(0, ) [b(x0) — b()]f (v)dp(y)

+[b(z0) — b(x)] /X ka(z0,y) f(y)du(y).

Then, we have

b, Kalf(x) = [b, Kal ()] = /X(b(:):)—b(z))ka(:r,z)f(z)du(z)

- /X (b(y) — (=) ka(y, =) F(2)du(2)
+ [ 00 = b)) b, ) (2
X
< [ ) = b e )] )
B(z,r)
[ b = b ol 2)2) ()
2B(zx,r)
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T / 1b(y) — b(@)] ka0, 2) ()] dia(2)
2B(zx,r)

T / 1b(2) — b(2) |ka(z, 2) — ka(zo, 2)]|£(2)|du(2)
X\2B(z,r)

+/ 0(y) = b(2)| [ka(w0, 2) = ka(y, 2)| | f(2)|du(2)
X\2B(z,r)
= I+II4+1I+1IV+V.

We shall estimate each of these five terms separately.
For the first term, using the condition (3.1), Lemma 2.1 and Holder inequality,
we obtain that

B8
ey T2 ()

B(z,r) d(xv z)n—a

auz) "
< C”b”Llp(,@)”f”Lp(u) </2B( ) d(ili‘ z)(n—a—,@)p/>

< ClbllLip(@)ll fll oy (2r) 77,

here (n—a—ﬂ)p’:n—p’(a+ﬁ—%) and a+ §— 2 > 0.

The second term and the third term are estimated in a similar way after noticing
that 2B C B(y,3r) and 2B C B(xy, 47).

Now, we turn to the last two parts. By the regularity condition of fractional
kernel (3.2) and Lemma 2.2, we obtain

v [ 1b(@) — b(2)] [ka(z: 2) — ka0, 2)[|£(2)|dpu(2)
X\2B(z,r)

< Ol [ o) g G )

\2B(a.r) .
p
du(z)
< C|blLin(3)d ©
= ” ”Llp(,@) (xvy) ”f”Lp(u) </X\2B(m,r) d(x,z)(”—a_ﬁ+5)p/>

< COlIbllLip(a) 1f | ooy dls )77,

here (n—a—ﬂ—i—a)p’:n—l—p’(%—l—a—a—ﬂ) and %+5—a—ﬁ>0.

For V, since r = d(z,y), we have B(y,r) C B(z,2r) C B(y,3r), and
X\B(y,r) D X\2B(z,r). Using the size condition (3.1) and Lemma 2.2, similar
to IV, we have
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V< / 1b(y) — b(2)]| ka0, 2) — ka(y, 2)]1F(2)|du(z)
X\2B(z,r)

< Ollpen [l S 0 folauta

\2B(z,r)
d(y, 2)°
< Cb|Lip(s)d(y, zo 6/ e
WPl 4 20)° [y @ 2377

dpu(2) v
< Ollapis)d(@ 9Nl ( /X s A z><n—a—ﬂ+f>p/>

n

< ClIbllLip(a) I £ | oo d(a, y)* 777,

Here d(y, zo) < d(z,y) + d(z, zo) < 3d(z,y).
Combining with all the estimates above, we obtain that

£ (2)ldp(z)

n

[1b, Kol £ () = [b: Kol £()] < CllbllLips) | £l zogad(z, ).
This finishes the proof of Theorem 3.1. -

Furthermore, we can consider the boundedness of commutator in Lipschitz
spaces.

Theorem 3.2 Let k, be a fractional kernel with regularity ¢, .,y > 0 and
0 < B < 1suchthat a+ 3+~ < e. Suppose that b € Lip(8). Then [b, K,] is
bounded mapping from Lip(~y) to Lip(a + 8 + ) if and only if [b, K,](1) = C.

Proof. Noticing that the continuity of the operator [b, K,] impliesthat [b, Ko](1) =
C, the necessity of Theorem 3.2 is obvious.

To prove the sufficiency, let x # y, r = d(z,y), B = B(x,r) and choose
zo € 2B. We want to estimate |[b, K, (f)(z) — [b, Ka](f)(y)]. Observe that
b, K4](1) = C, therefore, [b, K,](1)(x) — [b 0, that is,

/X (6(0) = b(2)) Kol 2)da(z) — [ (b00) = () Ry (2

X
+ [ 00) = b)) Koo, 2)dn() = 0
X
As the proof in Theorem 3.1, we can write
Hbv I?a]f(x) - [bv I?a]f(y)‘

/X (b() — b(2)) ka2, 2) F(2)dpz) — /X (b(y) — b(=)) kaly. =) (2)du(2)

+ [ 000) = b)) koo, ) (2)au)
X
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/X (b(x) — b(2)) ka2, 2) (F(2) — F(2))dpu(z)
~ [ 0w =0 kaly ) - Fa))n(2)

+ [ 0) = b0 Faleo, () — F)dn(2)

X
< [ 106a) = b0 ol 2)1£2) — Sl
2B

[ 0) = 0 al,2)12) — S@ldu)
2B

+ [ ) = 000 i, 12) — S@lau)
2B

T /X 1y ) = B o 2) = o, 2 £2) = @)

+/ (0(y) = b(2)) [ka(20, 2) — kaly, 2)|f(2) — f(2)]dp(z)
X\2B
= I+II+II+1IV+V.
For the first part, using the size condition of the kernel &, and Lemma 2.1, we have

d(z,2)Pd(z, 2)7
I < COb||1; i / 7 :
[Pllipa) 1 fline) [ d(z, z)mo

< C0llip(a) |1/ Lip(mdar, )+,

du(z)

Since 2B(z,r) C B(y,3r) and 2B C B(x, 4r),similar to the estimation of part I,
we obtain

d(y, 2)%d(x, 2)
d(y, z)"

1< (b i) /B a(2)

< C”b”Llp(,@) ”f”Lip('y)’rOH—ﬁ—Pyv

(y,37)

and
d(z,y)’d(z, 2)7

(10, 2)"" dp(z)

T < 8] ) /B

< C”b”Llp(,@) ”f”Lip('y)’rOH—ﬁ—Pyv

Now, we turn to estimate the last two parts. Similar to the proof of Theorem 3.1,

(370747’)
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by the regular condition (3.2) and Lemma 2.2, we have
v S/ b(x) = b(2)[ [ka(, 2) = ka(x0, 2)| [f(2) — f(2)[dp(z)
X\2B

< ClIbllLip(a) | f lLipey) /X\QB d(x, 2)|ka(@, 2) — ka(wo, 2)|d(x, 2) dp(z)

d(x, zg)¢
< - : B+ ’
> C”b”Llp(,@)”f”Llp('y) /X\QB d(il?, Z) d(:):, z)n—a—f—e d:u(z)

1
)n—l—e—a—,@—'y d'u(z)

< ) . €
< ClllLip() 1 f lLipend(, v) /X\2B d(x, 2

< CIbllip(a) | fllLipey dla, )47,

here we used o + B+ v < e.
For V, as the above proof, since d(z,z) < d(x,y) + d(y, z) < 2d(y, z), we
obtain

V< / 1b(y) — b(2) ko (9 2) — ka(z0, 2)| [(2) — F(2)|dp(2)
X\2B

< CllbllLip) | f ILip(y) /X\QB d(y, 2)°|ka(y, 2) = ka(0, 2)|d(x, z) du(=)

d(y, xo)°
< Clblhayio e [ ) ()

(y,r)

1
< Clb|Lips) 1 /1L dfl’aye/ dp(z
llip@ 1 v d@v)* [ G e )
< Olblluip(a) |1 f lLipey dla, )27,
Therefore, Theorem 3.2 is proved. ]
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