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TRIPLE POSITIVE SOLUTIONS OF NONLINEAR THIRD ORDER
BOUNDARY VALUE PROBLEMS

Zeqing Liu, Shin Min Kang* and Jeong Sheok Ume

Abstract. In this paper we consider the following nonlinear third order two-
point boundary value problem

() + ft,x(t) =0, a<t<b,
z(a) = 2" (a) = z(b) = 0.

By using the Leggett-Williams and Krasnosel’skii fixed-point theorems, we
offer criteria for the existence of three positive solutions to the boundary value
problem. Examples are also included to illustrate the results obtained.

1. INTRODUCTION

The boundary value problems of differential, integral and difference equations
have received a vast amount of attention in the recent literature and a lot of re-
searchers have discussed the existence of single, double, and triple positive solu-
tions for various boundary value problems, see for example [1-13,15,17-21] and the
references therein. By means of the Leggett-Williams fixed point theorem, Agarwal
and O’Regan [1] presented criteria which guarantee the existence of three nonneg-
ative solutions to a class of second order impulsive equations, and Anderson [4]
established the existence at least three positive solutions to a third order three-point
boundary value problem. Using the Krasnosel’skii fixed-point theorem, Anderson
and Davis [7] studied the existence of multiple positive solutions for a third order
three-point right focal boundary value problem, Wong and Agarwal [19] considered
the existence of multiple positive solutions for a two-point right focal boundary value
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problem and Yao [21] obtained the existence and multiplicity of positive solutions
for a third order three-point boundary value problem.

Motivated by the results mentioned, in this paper we derive criteria for the
existence of three positive solutions to the following nonlinear third order two-point
boundary value problem

27(t) + f(t,z(t) =0, a<t<b, (1.2)

z(a) = 2"(a) = x(b) = 0, (1.2)

where f € C([a,b] x R, [0,+00)). Our arguments are based upon the positivity of
the Green’s function G (¢, s) and the Leggett-Williams and Krasnosel’skii fixed-point
theorems.

This paper is organized as follows. Section 2 contains the necessary definitions,
notation, properties of the Green’s function G (¢, s) and fixed point theorems, which
play key roles in this paper. The existence criteria of three positive solutions for
equation (1.1), (1.2) are discussed in Section 3. Finally, three examples are presented
in Second 4 to illustrate the importance of the results obtained.

2. PRELIMINARIES

Let X be a Banach space and Y be a cone in X. A mapping « is said to be a
nonnegative continuous concave functional on Y if o : Y — [0, +00) is continuous
and

a(tz+ (1 —t)y) > ta(z) + (1 —t)a(y), z,yeY,te]0,1].

x is said to be a positive solution of equation (1.1), (1.2) if x is a solution of
equation (1.1), (1.2) and x(t) > 0 for each t € (a,b). Throughout this paper, we
assume that C'[a, b] denotes the Banach space of all continuous functions on [a, b]
with the supremum norm ||ul| =: sup;c[q4 |u(t)| for each u € Cla, b], p and g are
constants with a < p < ¢ < b,

1
fo =liminf —min{f(t,s) -t € [p. q]},

fo :liminflmin{f(t, s):t € [p,ql},

— s—+400 S

1
fo= limsup;max{f(t, s):t € [a,b]},
s—0t

foo = limsuplmax{f(t, s):t € [a,b]},

s——+oco S
(b—1)2(b+t — 2a) (b—1)2(t —a)
g(t) = 2(b—a) , h(t) = T —ap

t € la,bl],
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q
1 = mi ht/ d
mT = min (t) : g(s)ds

_ 3 _ — 3 - 4 - - ‘
_[(b p) 3(b q° (b g)(b_(;) %) min{h(p), h(q)},

P = {z € C[a,b] : zis concave on [a, b], z(t) > h(t)|z|, t € [a, b]},

P.={zxeP:|z|<r}, OP,={xzeP:|z|=r}, r>0,
P, ={xzeP:|z| <r}, Playr,s)={xc P:r<a(z),|z]|<s}, s>r>0,
where « is a nonnegative continuous concave functional on P and

(t—a)(b—s)? (t—s)?

— <s<t<b

Gt 2(b— a) g v esfsIsh
’s =

(t—a)(b—s)? W<t<s<h

o0b—a) =t=ssh

is the Green’s function of the homogeneous problem z”/(t) = 0 satisfying the
boundary condition (1.2). It is easy to verify that P is a cone of Cla, b].

Lemma 2.1. (i) Equation (1.1), (1.2) has a solution y € C|a, b] if and only if
the operator 7' : Cla, b] — C|a, b] defined by

b
— / G(t,s)f(s,x(s))ds, te€ la,b], x € Cla,b]

has a fixed point y € Cla, b];
(i) Suppose that the following condition

f(to,0) > 0 for some ¢ty € [a,b] (2.1)

is fulfilled, then each solution y € Cfa,b] of equation (1.1), (1.2) satisfies that
lyll > 0.

Lemma 2.2.
(i) 0<h(t) < §, 0<g(t) < gla) = 5, ¢ € [a,0]
(i) A(Dg(s) < G(t, ) < 9(s), 1.5 € [a,1].
(iii) For each s € [a, b], the function G(-, s) is concave in the first argument on
[a,b].
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Proof. (i) is clear. Now we show that (ii) holds. For a <t < s < b, by (i) we
infer that

(t—a)b—3s)? _(s—a)(b—s)?
Gl =g o = ap-a =90
e (-5
Glts) = g = prs—2a"®)
> 55—y 9(5) 2 hit)a(s).

For a < s <t <b, by (i) we deduce that
(t—a)b—s)* (t—s)

Glts) =00~ 32
= a6 2 ) ) — 2 16— )
- 2(12__2) (2as — s+ bt —ab— at)
— %[—(a —5)%+ala—b)+t(b—a)
- 0=t —a) = (=)
=g(s)

and

_(t=a)(b—s)* (t—s)

Glts) =00 32
_ (0=1)[(b—a)(t —a)—(a—s)
= (b—5)2(b+ s — 2a) 9(s)
B (T () B e e Ut et et o

(b—5)%(b+s—2a)
_ b=l —ab- )+ s+ —2a)]
- (b—9)2(b+s — 2a) g
(b=t —a)

Z G- +s 2
> (b—1)*(t—a)

2= a)(b— 52"
> h(t)g(s).
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That is, (ii) holds. Let ¢ € [0,1] and ¢, 7, s € [a,b] with ¢ < r. In order to show
(iif), we have to consider the following possible cases:

Case 1. Suppose that s < ¢. Notice that ¢t + (1 — ¢)r > s. It follows that
G(ct+ (1 =), s) — cG(t,s) — (1 — ¢)G(r, s)

(ct+(1—c)r—a)(b—s)? (ct+(1—c)r—s)* c(t—a)(b—s)?

2(b—a) B 2 2(b—a)
ct—s)?2 (A—c)(r—a)b—s)> (1—c)(r—s)?
LI 2(b — a) " 2
_ c(t—s)? (1—c)(r—s)? B [c(t —s) + (1 —c)(r —s)]?
2 2 2

> 0.
Case 2. Suppose that r < s. Since ct + (1 — ¢)r < s, it follows that
G(et+ (1 =c)r,s) —cG(t,s) — (1 — c)G(r,s)

(ct+ (1 —c)r—a)b—3s)? ct—a)b—2s)? (1—c)(r—a)b-s)?

2(b — a)  2(b—a) 2(b — a)

= 0.
Case 3. Suppose that ¢t < s < r and ¢t + (1 —¢)r < s. It is easy to verify that
G(ct+ (1 —=o)r,s) —cG(t,s) — (1 —¢)G(r, s)

_ (ct+ (1 —e)r—a)b—2s)? c(t—a)b—s)?

2(b—a) 2(b—a)
(1—c)(r—a)b—1s)? (1—c)(r—s)?
- 200 a) * 2
_ (1—c)(r—s)?
2

> 0.
Case 4. Suppose that ¢t < s < r and ct + (1 — ¢)r > s. Then
G(et+ (1 —=o)r,s) — cG(t,s) — (1 —¢)G(r, s)
(ct+(1—c)r—a)(b— s)? (d+ (A =cr— 5)? _c(t—a)(b— 5)?
2(b—a) 2 2(b—a)

(1-c)(r—a)(b—2s)? (1—ec)(r—s)?
200 —a) * 2
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2 2
(1-ar—s? (1-0*r—s’
- 2 2
c(l—c)(r—s)?
2
> 0.
Hence (iii) holds. This completes the proof. ]

Lemma 2.3. (Leggett-Williams Fixed-Point Theorem [14]). LetT : P. — P,
be a completely continuous operator and o be a nonnegative continuous concave
functional on P such that a(z) < ||z|| for all z € P .. Suppose that there exist
0 < dy < ag < by < c¢such that

(i) {z € P(a,ap,bp) : a(x) > ap} # 0 and a(Tx) > ag for z € P(a, ag, bo);
(i) || Tz|| < do for ||z|| < do;
(iii) a(T'z) > ap for x € P(a, ag, ¢) with | Tx|| > bo.

Then T has at least three fixed points x 1, z2, 23 in P, satisfying
”{L‘l” <dgy, ap< CE(Q:'Q), ”{L‘g” >dy and 05(1'3) < ap.

Lemma 2.4. (Krasnosel’skii Fixed-Point Theorem [16]). Let (X, | - ||) be a
Banach space and let Y C X be a cone in X. Assume that A and B are open
subsets of X with 0 € A, A Cc Band T : YN (B\ A) — Y is a completely
continuous operator such that, either

) | Tu|| < ||u|| for w € Y NOA, and ||Tu|| > ||u|| for w € Y N OB, or
(i) |Tul| > ||ul| foru e Y N oA, and || Tu|| < ||u| foru € Y NIB.
Then T has at least one fixed pointin Y N (B \ A).

3. EXISTENCE OF THREE POSITIVE SOLUTIONS

Now we are ready to establish sufficient conditions for the existence of at least
three positive solutions of equation (1.1), (1.2) under certain conditions by apply-
ing the positivity of the Green’s function G(¢,s) and the Leggett-Williams and
Krasnosel’skii fixed-point theorems, respectively. Our first result employs Lemma
2.3.

Theorem 3.1. Suppose that there exist four constants d g, ag, by and ¢y satis-

fying
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ag

0 < dy < aop, min{h(p), h(q)} < by < cop; (3-1)
f(t,s) < kdo, t€]la,b],sel0,d; (3.2)
f(t,s) > mag, te€][p,ql],s € lao,bo; (3.3)
f(t,s) < keg, t€la,b],se]l0,c, (3.4)

respectively. If (2.1) holds, then equation (1.1), (1.2) possesses at least three
positive solutions x 1, x2, z3 € P,, such that

0 < [Jz1]| < do, ag < min{za(p),z2(q)}, |s]| > do,

(3.5)
min{zs(p), z3(q)} < ap.
Proof. Define the operator T': P — Cla, b] by
(t) = / Gt ) f(s,a(s))ds, 1€ [a,b x € Clasb (3.6)

and put

— P.
a(z) = trenL;r;]\w()\, T €

It is not difficult to see that « is a nonnegative continuous concave functional on
P and a(z) = min{z(p), z(¢q)} < [|z||, z € P. By virtue of Lemma 2.2 and (3.6),
we infer that

b
Ta(ct+ (1— )r) = / Glet+ (1— o)r, 5) (s, 2(s))ds

b
> / Gt ) + (1 — O)G(r, $)] (s, 2(5))ds

=cTz(t)+ (1 —c)Tx(r), x€ P, t,relab],cel0l],

HT:):H—sup/Gts s,x(s))ds

tela,b]
S/ g(s)f(s,z(s))ds, x€P
and ,
o(t) = / G(t, 5)f (5, 2(s))ds
b
> h(t) [ 9(5)f(sv0()ds

W) Tzl|, te[ab],zeP.
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That is, T': P — P. Furthermore, T" is completely continuous by an application of
Arzela-Ascoli Theorem. Now we assert that T(P,,) C P,,. Letz € P,,. It is easy
to see that

0 <h(t)|z|] <z(t) <co, tela,b].

This together with Lemma 2.2 and (3.4) yield that
b b
1Tz = Sl[lpb]/ G(t, S)f(ij(S))dSS/ 9(s)f(s,x(s))ds
te|a, a a
< kco/ g(s)ds = co,
which implies that T'(P,,) C P.,. Similarly we could deduce that || Tx|| < do for
||| < do by Lemma 2.2 and (3.2). Choose

3 1
xo(t) = Za() + Zbo, t e [a, b]

This together with (3.1) guarantee that 2o € {z € P(«, ag,bo) : a(z) > ag} # 0.
For any = € P(«, ag, bg), Lemma 2.2 and (3.3) ensure that

b
= mln/ G(t,s)f(s,x(s))ds > min/ h(t)g(s)f(s,z(s))ds

t€(p,q] telp,ql Jq

> min{h(p) }/ ))ds
> min{h(p), h(g )}mao/ g(s)ds = ao.

For any = € P(«,ap,co) and ||Tz|| > by, Lemma 2.2, (3.1) and (3.6) guarantee
that

b
7]l = s [ Gt (s,0())ds
tela,b] Jq

b
< / 9() £ (s, 2(s))ds
and

—mm/Gts s, x(s))ds
t€[p.q]

> mmte[pq]f R(t)g(s)f(s,z(s))ds

= min{h(p) }/ ))ds
> min{h(p), h(@)}| T2l > min{h(p), h(g)}bo > ao.
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Lemma 2.3 gives that the operator 7" has at least three fixed points x1, 22, 73 € P,
with

21|l < do, ao < a(z2), |[zsl|>do and afzs) < ao. (3.7)
Lemmas 2.1 and 2.2, (2.1) and (3.7) imply that equation (1.1), (1.2) possesses at

least three positive solutions z1, zo, 23 € P,, satisfying (3.5). This completes the
proof. |

Next we continue to use Lemma 2.3 to give other existence criteria of three
positive solutions for equation (1.1), (1.2).

Theorem 3.2 Suppose that there exist four constants d o, ag, by and ¢ satisfying

(3.2), (3.3),
ao

min{h(p), h(q)
f(tv 8) < k’S, te [av b]v s € [Cv —1—00), (39)

0 < dy < aop, } < by, (38)

respectively. If (2.1) holds, then there exists ¢ > max{c, by} such that equation
(1.1), (1.2) possesses at least three positive solutions x 1, x2, 23 € P, satisfying
(3.5).

Proof. In order to prove Theorem 3.2, we need only to show that there exists
cp > max{by, ¢} satisfying (3.4). Suppose that f is bounded on [a, b] x [0, +00).
It follows that there exists ¢ > max{bg, ¢} such that

f(t,s) < keg, t€][a,bl],se€[0,+00).

Suppose that f is unbounded on [a, b] x [0, +0c0). The continuity of f and (3.9)
yield that there exist ¢y > max{by, ¢} and sp € (¢, ¢o)such that

f(tys) < f(t,s0) < ksop < ke, t€]Ja,b],se]0,c.

That is, (3.4) holds. Thus Theorem 3.2 follows from Theorem 3.1. This completes
the proof. m

Theorem 3.3. Suppose that there exist two constants ag and by with 0 <
R < bo satisfying (3.3) and

max{fy, foo} < k. (3.10)

If (2.1) holds, then there exist two constants do and ¢g with 0 < dy < ap and
cp > b such that equation (1.1), (1.2) possesses at least three positive solutions
x1, T2, x3 € P, satisfying (3.5).
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Proof.  Notice that (3.10) implies that there exist dy € (0,a0) and ¢ > by
satisfying

é max{f(t,s):t € [a,b]} < @, s € (0,do],
é max{f(t,s):t € [a,b]} < w, s € [¢, +00),

which give that
f(t,s) < kdog, t€]la,b],se]0,do,

f(tys) < ks, tel]a,b],s € [c,+00).
Thus Theorem 3.3 follows from Theorem 3.2. This completes the proof. ]
Remark 3.1. Theorems (3.1)-(3.3) guarantee only that equation (1.1), (1.2)

possesses at least two positive solutions and a nonnegative solution provided that
(2.1) is omitted.

Now we use Lemma 2.4 to provide a few existence criteria of triple positive
solutions for equation (1.1), (1.2).

Theorem 3.4. Suppose that there exist four constants d g, ag, by and cq with
0 < dy < ap<by < ¢ satisfying (3.2),

f(t,s) > mag, t€][p,q],se< min{h(p),h(q)}ao,a; (3.11)
f(t,s) < kby, t€]la,b],sel0,b; (3.12)
f(t,s) >mey, te[pq],se min{h(p),h(q)}co, col. (3.13)

Then equation (1.1), (1.2) possesses at least three positive solutions x 1, z2, x3 €
P, satisfying
do < ”{L‘l” <ap < ”{L‘Q” < by < ”{L‘g” < ¢p. (3.14)

Proof. Define the operator 7' : P — Cla,b] by (3.6). ThenT : P — P is
completely continuous. We assert that (3.2) and (3.11) imply that there exist two
positive constants d; and a; with dy < dy < a1 < ag satisfying

f(tv 8) < kdla te [av b]v s € [07 dl]; (315)

f(t,s) > may, te€][p,q],se< min{h(p),h(q)}ai,ai]. (3.16)
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Set
Y(s) =min{f(¢t,z): t € [p,q],x € [min{h(p), h(q)}s,s|}, s>0,
o(s) =max{f(t,x):t € la,bl,z€[0,s]}, s>0.

It is clear that (3.2) and (3.11) are equivalent to %‘f}o) <k and %ﬁf) > m, respec-

tively. Note that
1 (do) < ¢(do) ch<m< Tﬂ(ao)'
do do ap

Yla) _

The continuity of ¢ yields that there exists some a; € (dy, a) satisfying == = m,

which implies that (3.16) holds. Because

Pldo) _ o = VM) plar)
do ay a1

9

it follows from the continuity of ¢ that there exists some d; € (do, a1) with %ﬁl) =
k, which means that (3.15) holds.

Now we claim that equation (1.1), (1.2) possesses at least one positive solution
x1 € Pwithdy < dy < ||z1|| < a1 < ag. Let x be in OP,, . It is easy to verify that
||z|| = di and

0< h(t)dl < {L‘(t) < dl, te [a, b]

Thus (3.15) yields that
flt,z(t)) < kdy, t€|a,b]. (3.17)

In light of Lemma 2.2, (3.6) and (3.17), we get that

b
ITz|| = sup / G(t, 5)f (5, 2(s))ds

t€la,b]

b
< / 9(s) £ (5, 2(s))ds

b
< kdl/ g(s)ds
- d17
which yields that
[Tz|| <|l=|, =z € JPy,. (3.18)

Let x be in OF,,. It follows that ||z|| = a; and

min{h(p), h(g)tar < h(@)||zl| < x(t) < a1, ¢ € [p,ql.
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Note that (3.16) yields that
f(t,z(t) = mar, te€[p,ql (3.19)

By virtue of Lemma 2.2, (3.6) and (3.19), we observe that

b
Tx@)—l/ G(t, 5) (s, 2(s))ds
“ b
> h(0) [ gs)1(s.a(5)ds
> win{h(p). (@)} [ (5)1 (s, w(9)ds

> winfb(p). ) }man [ 9(s)ds
=a;, le€ [ 7Q]7

which implies that
| Tzl > ||z|l, x€ OP,. (3.20)

Thus Lemma 2.4, (3.18) and (3.20) imply that equation (1.1), (1.2) possesses at
least one solution =1 € P with dy < di < ||z1|| < a1 < ag. Note that

21(t) > h(t)|Ja1]| = dih(t) > 0, te (a,b).

That is, the solution z; of equation (1.1), (1.2) is positive. Similarly, by (3.11)-
(3.13) we could conclude that there exist as, bo, b3, c3 With ag < as < by < by <
b3 < c3 < ¢g such that equation (1.1), (1.2) possesses at least two positive solutions
x9,x3 € P with

ag < a < ”{L‘Q” < b2 < b() < bg < ”{L‘g” < c3 < Cp.
This completes the proof. ]

Theorem 3.5. Suppose that there exist two constants a o and by with 0 < ag <
by satisfying (3.11) and (3.12), respectively. If the function f satisfies

min{h(p), h(q)}’

then there exists constants dy and cg with 0 < dg < ag and by < ¢ such mat
equation (1.1), (1.2) possesses at least three positive solutions z 1, z2, z3 € P,
satisfying (3.14).

fo<k and f_> (3.21)
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Proof. Notice that (3.21) implies that there exist dg € (0, ag) and ¢y with
min{h(p), h(q)}co > bo satisfying

émax{f(t, s):t€[a,b]} < w, s € (0,do,

min{h(p), h(q)}

émin{f(t, s):t€lp,ql} > s € [min{h(p), h(q) }co, +00),

which yield that
f(t,s) < kdy, t€]Ja,b],se]l0,do,
ft,s) >

min{h(p), (g} = "o € [p, d], s € [min{h(p), h(q) }co, co]-

Hence Theorem 3.5 follows from Theorem 3.4. This completes the proof. ]

By combining arguments used in Theorems 3.1-3.5, we have the following
results.

Theorem 3.6. Assume that there exist four constants dg, ag, by and co with
0 < dy < ag < by < ¢ satisfying (3.4),

f(tv 8) > mea le [ 7Q]7 s € [min{h(p), h(Q)}d07 dO]; (322)
f(t,s) < kag, t€[a,bl],se][0,aq; (3.23)
f(tv 8) > mbOa le [ 7Q]7 s € [min{h(p), h(Q)}b07 bO] (324)

Then equation (1.1), (1.2) possesses at least three positive solutions 1, z2, z3 €
P, satisfying (3.14).

Theorem 3.7. Assume that there exist three constants dg, ag and by with
0 < dy < ag < by satisfying (3.22), (3.23) and (3.24), respectively. If the function
f satisfies (3.9) for some constant ¢ > 0, then there exists ¢y > max{c, bp} such
that equation (1.1), (1.2) possesses at least three positive solutions x 1, z2, 73 € P,
satisfying (3.14).

Theorem 3.8. Assume that there exist two constants a g and by with 0 < ag < by
satisfying (3.23) and (3.24), respectively. If the function f satisfies

m
min{%(p), h(q)}’
then there exist constants dg and ¢ with 0 < dy < ag and < by < ¢ such t_hat

equation (1.1), (1.2) possesses at least three positive solutions z 1, z2, z3 € P,
satisfying (3.14).

foo<k and f > (3.25)
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4. EXAMPLES

In this section, we construct three examples to illustrate the usefulness of the
results obtained in Section 3.

Example 4.1. Leta=0,0=3,p=1,q=2,do=1,a9 =7, bg = 190,
co = 303807105000 and

1-1s
45+§2’ t€la,b], s€(—o0,do],
1_§ 3 2 2 3
f(t,S): 45—|—t2+ﬁ(t + s )(8—1) , te[a,b],SE(do,bo],
1-L 20253807 s— 190
3 2
1 .
| et ar (O 30100t e bl s € (bodoo)

Itis clear that k = 3, h(p) =2, h(g) =+, m="58 and

1
ft,ys) < — < kdy, tE€]la,b],sel0,d,

— 45
3
f(t,s) > Hs(s—l)?’>mao, t € [p,ql], s € lao, by,
731344716963 303807104810
fltys) <1+ 10 + 9 < key, te€la,b],se]0,c.

Theorem 3.1 ensures that equation (1.1), (1.2) has at least three positive solutions
T1, 19,73 € Py, satisfying (3.5).

Example 4.2. Leta=1,b=4,p=2,q=3,dy =1, ap = 40, by = 629600,
co = 17628800 and

1—s
- @ te ;b; c(— ad )
45+ 12(s — 1)2’ [a, 8], s € (=00, do]
(2079 + 27t%)(s — 1), t€a,b], s€(do, ao,
f(t,S): s — 40
1081+ 1 2 t b b
81081 + 1053t +45—|—ts’ € la, b, s€ (ao, bo],
629560
810814105312+ ———— 4+ 729¢2(s—629600)2, t€][a,b], s€ (by,400).
\ * + 516206000 T2 (s ) [, 0], s € (bo,+00)

Note that k = &, h(p) = &, h(q) = 5, m = 1255 It is not difficult to verify that

1
f(t,s) <E<kd0’ t € [a,b], s € ]0,do),
f(t,s) > 1053 > mag, tE€ [p,q|, s € [min{h(p), h(q)}ao, aol,

629560

f(t,s) < 97929 + < kbo, t€[a,b],s € ]0,bgl,

2
f(t,s) > 85293 + 2916(;—(; - 629600> > mco, tE€I[p,q], s€[min{h(p), h(q)}co, co.
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Theorem 3.4 guarantees that equation (1.1), (1.2) possesses at least three positive
solutions x1, z2, x3 € P, satisfying (3.14).

Example 43. Leta = 0,b = 5,p = 1,q = 2,dy = 2,a9 = 605,by =
515320, ¢g = 4103820000 and

1+(1 pp
7514 (1+¢)/ 5, t€la,b], s€(—oo, do),
191

751 4(s —2
[ (s ), tela,b], s € (do, agl,

Fts) =4 191 125
’ 554367 | (124 4 *)(s — 605) t € [a,b], s € (ao, bo|
23875 4 ’ o m

554367 514715(124 4 12)  (14-4¢)(s—515320)

\ 23875 1 + 625 - t€la, b, s€ (bofo0).

It is easy to verify that k = 2, m = 312, h(p) = 155, h(q) = 13,

f(ta S) > E > mea le [ ;Q]; S [min{h(p), h(q)}d(); do],

191
751 2412
f(t,s)§ﬁ+ﬁ<k:ao, te[a,b],se[o,ao],

f(t,s) > 1011754 > mbo, t € [p,ql, s € [min{h(p), h(q)}bo, bo],

21
S(t5) < 19559194 + = (co — 515320) < keo, 1 € [a,b], 5 € [0, o]

That is, the conditions of Theorem 3.6 are fulfilled. Consequently, Theorem 3.6
yields that equation (1.1), (1.2) has at least three positive solutions z1, xo, 23 € P,
satisfying (3.14).

ACKNOWLEDGMENTS

This work was supported by the Science Research Foundation of Educational
Department of Liaoning Province (2008352).

REFERENCES

1. R. P. Agarwal and D. O’Regan, A multiplicity result for second order impulsive
differential equations via the Leggett Williams fixed point theorem, Appl. Math.
Comput., 161 (2005), 433-439.

2. R. P. Agarwal and D. O’Regan, Existence of three solutions to integral and discrete
equations vis the Leggett-Williams fixed point theorem, Rocky Mountain J. Math.,
31 (2001), 23-35.

3. R. P. Agarwal, D. O’Regan and P. J. Wong, Positive Solutions of Differential, Dif-
ference, and Integral Equations, Kluwer Academic, Boston, 1999.



970

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Zeqing Liu, Shin Min Kang and Jeong Sheok Ume

D. Anderson, Multiple positive solutions for a three-point boundary value problem,
Math. Comput. Modelling, 27 (1998 ), 49-57.

D. Anderson, Green’s function for a third-order generalized right focal problem, J.
Math. Anal. Appl., 288 (2003), 1-14.

D. Anderson, R. I. Avery and A. C. Peterson, Three positive solutions to a discrete
focal boundary value problem, J. Comput. Appl. Math., 88 (1998), 102-118.

D. Anderson and J. M. Davis, Multiple solutions and eigenvalues for three-order right
focal boundary value problems, J. Math. Anal. Appl., 267 (2002), 135-157.

R. Avery and J. Henderson, Existence of three positive pseudo-symmetric solutions
for a one dimensional p—Laplacian, J. Math. Anal. Appl., 277 (2003), 395-404.

R. Avery and J. Henderson, Three symmetric positive solutions for a second-order
boundary value problem, Appl. Math. Lett., 13 (2000), 1-7.

G. Bonannao, Existence of three solutions for a two point boundary value problem,
Appl. Math. Lett., 13 (2000), 53-57.

L. H. Erbe, S. He and H. Wang, Multiple positive solutions of some boundary value
problems, J. Math. Anal. Appl., 184 (1994), 640-648.

L. H. Erbe and H. Wang, On the existence of positive solutions of ordinary differential
equations, Proc. Amer. Math. Soc., 120 (1994), 743-748.

Y. Guo and W. Ge, Three positive solutions for the one-dimensional p—Laplacian, J.
Math. Anal. Appl., 286 (2003), 491-508.

R. W. Leggett and L. R. Williams, Multiple positive fixed points of nonlinear oper-
ators on ordered Banach spaces, Indiana University Math. J., 28 (1979), 673-688.

F. Li and Y. Zhang, Multiple symmetric nonnegative solutions of second-order ordi-
nary differential equations, Appl. Math. Lett., 17 (2004), 261-267.

M. A. Krasnosel’skii, Positive Solutions of Operator Equations, Noordhoff, Gronin-
gen, 1964.

D. J. O’Reagan, Topological transversality:applications to third order boundary value
problems, SIAM J. Math. Anal., 19 (1987), 630-641.

P. J. Y. Wong, Triple positive solutions of conjugate boundary value problems, Com-
put. Math. Appl., 36 (1998), 19-35.

P. J. Y. Wong and R. P. Agarwal, Multiple positive solutions of two-point right focal
boundary value problems, Math. Comput. Modelling, 28 (1998), 41-49.

T. F. Wu, Three positive solutions for nonlinear elliptic equations in finite strip with
hole, J. Math. Anal. Appl., 299 (2004), 285-299.

Q. L. Yao, The existence and multiplicity of positive solutions for a third-order three-
point boundary value problem, Acta. Math. Appl. Sin., 19 (2003), 117-122.



Nonlinear Third Order Boundary Value Problems 971

Zeqing Liu

Department of Mathematics,
Liaoning Normal University,
P. O. Box 200,

Dalian, Liaoning 116029,

P. R. China

E-mail: zegingliu@dl.cn

Shin Min Kang

Department of Mathematics and Research Institute of Natural Science,
Gyeongsang National University,

Jinju 660-701, Korea

E-mail: smkang@nongae.gsnu.ac.kr

Jeong Sheok Ume

Department of Applied Mathematics,
Changwon National University,
Changwon 641-733, Korea

E-mail: jsume@sarim.changwon.ac.kr



