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EXISTENCE AND ASYMPTOTIC BEHAVIOR
OF SINGULAR SOLUTIONS OF QUASILINEAR
ELLIPTIC EQUATIONS IN R"

Jann-Long Chern*

Abstract. In this paper we consider the quasilinear elliptic equation

(1) div(|Vu|""2Vu) + f(u) =0

where n > m > 1. We obtain a necessary and sufficient condition for the
existence of positive radial solutions v = u(r) on [rg, o), where ro > 0.
If f satisfies a further condition, then Eq. (1) possesses infinitely many

—(n—m)

singular ground state solutions u(r) satisfying u(r) ~ r~==1 at co and
u(r) — oo asr — 07. We also obtain some important conclusions via
our main results.

1. INTRODUCTION

In this paper we consider the quasilinear elliptic equation

(1.1) div(|Vu|™ 2Vu) + f(u) =0

in Q,, = R"\D,,, where n > m > 1, 19 > 0, Dy, = {(71,-++,2,) € R"2? +
<422 < 73} and f € C[0,00). We are concerned with the problem of
finding positive solutions w of (1.1) in €,,. When m = 2, (1.1) is known as
the Lane-Emden type equation and plays an important role in astrophysics.
When 9 = 0, Ni and Serrin [12] used the generalized Pohozaev identity to
derive a nonexistence theorem for singular ground state solution of (1.1) in
R™\ {0}. They proved that : if f is positive at infinity, nonpositive near
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zero, and satisfies some suitable nonlinearities, then (1.1) does not possess
any radial solution in R™\{0 } which is positive near the origin and tends to
0 at infinity. The study of equations of the form (1.1) has been the subject of
many papers. Here we mention only a part of this literature. See [1], [3], [4],
[5], [7], 9], [10], [11], and [12].

The main purpose of this paper is to study the existence of positive radial
solutions u = wu(|z|) of (1.1) in £,,. Let » = |z|. Then, in this case, (1.1)
reduces to the ordinary differential equation

(1.2) (" |2 Y T () = 0, 1>, u > 0.
For the case m = 2, (1.2) reduces to the semilinear elliptic equation

-1
(1.3) u” + nTu’ + f(u) =0, r>ro.

For equations (1.3), T. Makino [9] obtained several interesting results. Now
we consider the more general equation (1.2) and obtain the following Theorem
1.1.

We shall assume throughout this paper that

(fa) n>m>1, feC[0,00) and f(u) >0 forall u>0.

Our first result is a necessary and sufficient condition for the existence of
positive solutions u = u(r) on [rg, c0), where 79 > 0.

Theorem 1.1. If (1.2) possesses a positive solution u = u(r) on [rg,00),
then

(1.4) /01 flu)u™ S du < 0.

Conversely, if inequality (1.4) holds, then for any positive constant C' there
exists rg > 0 such that (1.2) possesses a positive solution u = u(r) on [rg,o0)
and u satisfies

(1.5) u(r) ~ rml at 0o
and

. n—1 n—m
(1.6) Jim g m= u(r) = . 1C’.

In this paper we use the notation “g ~ h at co (at 0)” to denote that
“there exists two positive constants C1, Cy such that C1h > g > Cyh at oo
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(at 0)”. Now if f satisfies a further condition, then (1.2) possesses infinitely
many singular ground state solutions u(r). By a singular ground state we
mean a positive classical solution in R™\{ 0} which tends to zero at oo and
tends to co at the origin. Our second result is

Theorem 1.2. Assume that f satisfies the inequality (1.4) and

(1.7) nF(u) > n-m

uf(u) forall u > 0.

where F(u) = [y’ f(t)dt. Then (1.1) possesses infinitely many singular ground
state solutions u which satisfy (1.5) — (1.6) and

(1.8) u(r) — oo asr — 0%,

We will obtain some important conclusions via Theorem 1.2 in the following
remarks.

Remark 1.3. Let f(u) = au? + fuf, where a > 0 and § > 0 are two
positive constants, and 1 < p < ¢. Then (1.1) becomes

(1.9) div(|Vu|"?Vu) 4+ auP + fu? = 0 in R".
When ( = 0, then (1.9) becomes

(1.10) div(|Vu|™"2Vu) + au? =0 in R".

Let u be a positive radial solution of (1.9) or (1.10) which tends to zero at co.
Then from [11] we know that

(1.11) Cyr~mt < u(r) < Cor 7 m¥1 at o0,

Using the similar method in [LN] we can prove that

either wu(r) ~ rTFm at oo (slow decay) ,
(1.12) o
or u(r)~r m1 at oo (fast decay) .

From Theorem 1.2 we obtain the existence of the singular ground state with
fast decay solutions. We have

Corollary 1.4 Suppose that a and B are any two positive constants, and

n—m n—m n
Then equation (1.9) (or equation (1.10)) possesses infinitely many singular

ground state with fast decay solutions which satisfy (1.5),(1.6) and (1.8).
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Remark 1.5 When m = 2, equations (1.9) and (1.10) reduce to the
following equations (1.14) and (1.15), respectively.

(1.14) Au+au?+pu?=0 in R", a>0,06>0,
(1.15) Au+au’ =0 in R", a>0.

If 25 <p<qg< Z—fg, then from [13] we know that (1.14) has no positive
radial entire solutions. From the following Corollary 1.6, we obtain that the
singular ground state solutions do exist. From Corollary 1.4, we obtain that

Corollary 1.6. Suppose that "5 < p < q < nt2 jn (1.14) (or s <p<

n—2
242 in (1.15)). Then for any positive constant C, Eq. (1.14) (or Eq.(1.15))
possesses a singular ground state solution u(r) which satisfies

(1.16) u(r) ~ 12 at oo,
(1.17) Tlingo "M/ (r) = —(n — 2)C.

We organize this paper as follows. In Section 2, we study the initial value
problem of (1.2) and obtain a theorem about the estimates and nonexistence
of solutions of (1.2). Applying the information of Section 2, we give a detailed
proof of Theorem 1.1 in Section 3. Finally in Section 4, we give a complete
proof of Theorem 1.2.

2. PRELIMINARIES

In this section we consider the initial-value problem

(2.1)

(rm ! |2 e f(w) = 0, 7 > ro;
u(ro) = ug > 0, u'(ro) = up, u>0on [rg,o0),

where rg > 0 and m and f satisfy the assumption (f,) in Section 1. We have
the following theorem.

Theorem 2.1. Let u(r) be a positive solution of (2.1) defined on [rg, 00).
Then there exists r1 > ro such that

! — 1
(2.2) wir) > - () for all r > rq,
u(r) m—1\r
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therefore u(r) satisfies

n—m

(2.3) u(r) > u(ry) <?;1> " for all >r.

On the other hand, if the initial data in (2.1) satisfy

(2.4) %<—n_m(1>,

uo m—1 \rg

then (2.1) does not possess any positive solution on [rg, c0).

From (2.3) in Theorem 2.1 we obtain that every positive solution u(r) of
(2.1) defined on [rp,c0) cannot be more rapid than that of the fundamental
p-harmonic singularity. On the other hand, if the initial data satisfies (2.4),
then every positive solution u(r) of (2.1) must have a finite zero on [rg, 00).

The proof of (2.3) in Theorem 2.1 can be easily obtained by standard
method. See, for example, [6, Lemma 1.1]. For the sake of completeness,
here we give the proof of the second part of Theorem 2.1. First we need the
following lemma.

Lemma 2.1. If u is a positive solution of (2.1) defined on [rg,00), then
u(r) is bounded on [ro,00) and u(r) is strictly decreasing to 0 as r — oo.

Proof. From Eq. (2.1), it is easy to see that u(r) is bounded on [rg, c0)
and there exists 1 > 7 such that «/(r) < 0 for all » > r;. Hence u(r) is
strictly decreasing to u.,. We have to prove that us, = 0. Suppose that this
is not true, i.e., uso > 0. Then for all r > r; we have

1
m—1

(2.5) u/(r) = — [(C})n_l (_“I(“))ml+/r: (i)n_lf(u(s))ds]

n1 r t s n—1 m—1
< wu(ry) —mm=1 / / () ds dt
1 r1 t

< u(r)) — Crm1 forr large

(2.6)

<0 forr large.
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This contradicts u(r) > 0 for all 7. The proof of this Lemma is complete.
Q.E.D.
Lemma 2.2. If the initial data in (2.1) satisfies

!/
Uy _n—ml

(2.7)

U m—1ry

then (2.1) does not possess any positive solution on [rg, o0).

Proof. Suppose that the conclusion of the lemma is false. Then (2.1) has
a positive solution u(r) on [rg,o0). Let

(2.8) o(r) =—
Then v satisfies

n—m 9 1 r2f(u)

rv + V— :77|u,12_m>0,r>7“05
m—1 m—1 u
(2.9) )
v(rg) = ot 1 (by the assumption (2.7))
uQ m —
Let
n—m n—m
1 v(ro) = ——
(2.10) wr)=——=, I's——=—>0
1—Trm=1 v(ro)ro™-1

n—m

Then w blows up as r — Ty =1 m-T and w satisfies

(2.11) m—
w(rg) = v(re).

By the comparison theorem we obtain
v(r) > w(r) >0 for all r>r.

This proves that v(r) also blows up as r — Tp. This contradiction completes
the proof of Lemma 2.2. Q.E.D.

Now we are in a position to proof Theorem 2.1.

Proof of Theorem 2.1. Suppose that u(r) is a positive solution of (2.1)
defined on [rg, 00). Then applying Lemma 1.1 of [6], we can obtain the result
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(2.3). The rest of the proof of Theorem 2.1 is just the consequence of Lemma
2.2. The proof is complete. Q.E.D.

3. PROOF OF THEOREM 1.1
In this section, we give a complete proof of Theorem 1.1.

Proof of Theorem 1.1.  First we shall prove that if (1.2) admits a positive
solution u = u(r) on [rg,c0), then (1.4) holds. From Lemma 2.1, there exists
r1 > 19 such that «/(r) < 0 for all » > rq. Let

(3.1) J(e) = / ) R

We want to prove that .J(€) is bounded as ¢ — 0. If we change the integration
variable from u to r along the solution u = u(r), then

™ _m(n—1)
70 = [ ) o) ar

(3.2) ©

rie _n(m=1) _

= Flu(r)(u(r))” = v(r)r=tdr,

r1
where r(e) stands for the solution of u(r) = € and v(r) = —TZES)") From
Theorem 2.1 and Lemma 2.1 we have r(¢) — coase — 07 and 0 < v(r) < 2=

for all » > r1. Then we have

_n(m=1) 1 __ nm+4+m—2n _3

Fflw)u™ = or— —{rzw}u n=m

33) = {im =2 [ (228 ) o] L5 0t (o 210)

m—1
<(m-1) (n — m) [v' + (THY - v) vr‘l} u~ T (by (2.2)).
m—

m—1
Let
(3.4) X(r)= ufwr_m.
Then

dX X[ m(m-1)\({n-m
(3.5) dr_r<_ o )(m_l—v(r))
Integrating (3.5) from r; to r we obtain
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n—m m—1

= (u(rl))_wrl_m exp (_m(m ) /7:<n e v(s))s_lds> .

From (3.3) and (3.6) we conclude that

_mlm =) [T =m0 s
N nZn /Tnl@g(?:ﬁl 2m + n)) >
[U(T) - m(m — 1) ]

— T —
_mim=1) / (n e v(s)) slds) },
n—m Jrp, \m-—1
- _m(m=1)
where C1 = (m — 1)(%=2) Yu(ry)) mem r1~"™. Thus from (3.2) and (3.7)
we have

VAN
Q
N

(n —m)(m? — 2m +n)

JO< [(— vir(e))

m(m — 1)
m(m—1) (7€, n—m _1
-exp| — —v(s))s "ds
(3.8) ( n—m /7«12 <m—1 )
—u(r) + (n—m)(m* —2m +n)
m(m —1)2
n—m)(m?—2m+n
- ( Tr)LEm—l)2 : )Cl

SN n—m n—m (m?—2m+n)
(usmg s m—1 < m—1  m(m—1) )

Hence J(€) is bounded as € — 0. Thus (1.4) holds.
Now if (1.4) holds, then for any positive constant C we want to construct
a positive solution u which exists for sufficiently large r and satisfies (1.5) and
(1.6). First we make the following change of variables:
n—m n=1 du

39 — r m-1 = —pm—-1_——
(3.9) y=r , E= o
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Then y, z satisfies

dy n—m _4
hal A 21
du m-—1

(3.10) .

du

We want to prove that (y(u), z(u)) exists for u small and

__m(n-1)

1
= —mf(u)y Tz

1-m

n—m

(3.11) y(u) ~ z(u) — C asu— 0.

Let

v
C’

m—1

Y = {(y(u),z(u)> € C[0, ug] x C[0,up)
(3.12)

< < —., — < < <u<
<y(u) < ok 2m_1C_z(u)_m_1C, 0<u<u

Qls

2u 1 n—m n—m }
0 (s

where ug is a positive constant to be determined later. It is easy to see that
Y is a closed convex subset of C[0,ug] x C[0,up] in the usual topology. We
define a mapping T on Y by

We shall verify that T" is a compact continuous mapping from Y into Y. Let
(y(u),z(u)) €Y, 0 <u<wug. We have

U < yi(u) < 2u
- U v
C — y — C’
(3.14)
n—m om=1 /oy — m=l m-2)4n n—m
— n—m * < C
m—1 m—l(n—m) g(u)_z(u)_m_l ’
where
u _m(n—l)
)= [ f(s)s W ds
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Choose ug > 0 so small that

(3.15) g(ug) <

-1
n—m (n—m\™" _ m(m=1)

om \m—1 e

This is possible since (1.4) holds. Hence (y*(u),z*(u)) € Y for 0 < u < wyp.
This proves that 7" maps Y into Y. It is easy to see that 1" is continuous. To
prove that 7" is compact, we let {(Ym,2zm)} C Y be a sequence of functions.
From (3.14) we obtain that {T( Ym )} is uniformly bounded. Moreover if

Zm

0<u<u+h<ug, then

n—m [uvth 1 2h
it ) —ynl= T [T s <
* * 1 wth —mn=-1) 1-m
2t b) = () = —— [ F5) ()T (o (5))! s
2m_1 m — 1 m—1 m2—2m+n
< n—m — .
<2 (B) ot g ) glu)
(3.16)
From (3.14) and (3.16) we conclude that {T ( zm )} is a uniformly bounded

and equicontinuous sequence of functions. This proves that T is a compact

mapping. Schauder’s fixed point theorem then ensures that there is a ( g ) €

Y such that
z

This ( ZEZ; >,0 < u < g, is a solution of (3.10). Since % = nm L >
m—1

0, 7(u) is strictly monotone, and also so is r(u) = (y(u)) »—m. Moreover
r(u) — oo as u — 0. Thus the inverse function v = u(r) is well-defined and

SIS

is a solution of (1.2) for all r > rg, where ro = @(ug))_%. From (3.11) we
obtain (1.5) and (1.6). The proof of Theorem 1.1 is complete. Q.E.D.

4. PROOF OF THEOREM 1.2

In this section, we give a complete proof of Theorem 1.2. First, we need
the following lemma.
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Lemma 4.1 Assume that f satisfies the inequality (1.4). Let u be a
positive solution of (1.2) on [rg, 00) which was obtained in Theorem 1.1. Then
for all v > 1o, we have the Pohozaev identity

[ Fs) = S ) s s
& —m | ()2 () u(r
Proof. Let
m — n—m |/ (r)|™ 2 (P u(r

From the proof of Theorem 1.1, we know that «/(r) < 0 for all » > rg. Using
this observation and (1.2), we can calculate V'(r) and obtain

(4.2) W) _ fp(u(ry) - "=

dr m

Integrating (4.2) from r to oo and using the fact of (1.5) — (1.6), we finally
obtain (4.1). This completes the proof of Lemma 4.1. Q.E.D.

Now we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. For any positive constant C, from Theorem 1.1
we obtain that : there exists a positive rg, which is depending on f and C,
such that (1.2) possesses a positive solution u(r) on [rg,00) and wu satisfies
(1.5) — (1.6) and u/(r) < 0 for all » > ryg. Now we extend this solution wu(r)
backward into the region r < ry. Let

& = inf{d§ > O|u(r) satisfies (1.2) and /(1) < 0 for all r € (§,00)}

First we claim that £ = 0. Assume & > 0. From (1.2) we obtain that, for all
E<r <o,

P ] ) = o)l " o)+ [ ()
(4.3) r

> 17 (o) ™2 (o).
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Since u/(r) < 0 for all £ < r < rp, we have

n—1

0>u'(r) > (7;0) Wklu'(ro) > —00.

Hence v/(r) remains bounded as r — £1. So we obtain that u(£) remains
bounded. From (4.3) we also obtain that lingnJr u'(r) exists and u/(§) < 0.
r—

From the definition of ¢ and the assumption £ > 0, we must have v/(§) =
0. Therefore, u(r) is a classical positive solution of (1.2) on [£,00) and
w'(§) = 0. From (4.1) in Lemma 4.1, we obtain that 0 < [[nF(u(s)) —
Bty(s) f(u(s))]s"tds = —€"F(u(€)) < 0, a contradiction. Hence & = 0.
Again by (4.1) in Lemma 4.2, it is easy to conclude that u(r) must be singular

at r = 0. The proof is complete. Q.E.D.
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