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MULTIPLE POSITIVE SOLUTIONS FOR p-LAPLACIAN FUNCTIONAL
DYNAMIC EQUATIONS ON TIME SCALES

Da-Bin Wang* and Wen Guan

Abstract. In this paper we consider the following boundary value problems
for p-Laplacian functional dynamic equations on time scales

[@,(u® ()] + a(t) f(u(t), u(p(t) = 0,t € (0,T)y,
[=7,0]p, w(0) = Bo(u™(n)) =0, u(T) =0, or
[=7r,0]p, u?(0) =0,u(T) + By (u”(n)) = 0.

Some existence criteria of at least three positive solutions are established by
using the well-known Leggett-Williams fixed-point theorem. An example is
also given to illustrate the main results.

1. INTRODUCTION

Let T be a time scale, i.e., T is a nonempty closed subset of R. Let 0, T be
points in T, an interval [0, 7] denoting time scales interval, that is, [0, 7]

[0, 7] N'T. Other types of intervals are defined similarly.

The theory of dynamic equations on time scales has been a new important
mathematical branch (see, for example, [1, 2, 9, 10, 17] ) since it was initiated
by Hilger [16]. At the same time, boundary value problems (BVPs) for dynamic
equation on time scales have received considerable attention [3-7, 11-15, 18, 20-25].
However, to the best of our knowledge, there is not much concerning for BVPs of
p-Laplacian dynamic equations on time scales [5, 14, 15, 21, 24, 25], especially for
p-Laplacian functional dynamic equations on time scales [21].
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For convenience, throughout this paper we denote ®,(s) as the p-Laplacian
operator, i.e., ®,(s) = [s]" s, p> 1, (B,)"' = D, % —|—% =1

In [5], Anderson, Avery and Henderson considered the following BVP on time
scales

(@, (w2 ®)]” + () f(w) = 0, € (a, D)y,

u(a) = Bo(u®(v)) = 0, u®(b) =0,

where v € (a,b)p, f € Ciq ([0,4+00),[0,4+00)), ¢ € Cia ([a,b],[0,400)) and
Kz < By(x) < Kpa for some positive constants K,,,, Ks. They established the
existence result of at least one positive solution by a fixed point theorem of cone
expansion and compression of functional type.

In [21], by using a double fixed-point theorem due to Avery et al.[8], Song and
Xiao considered the existence of at least twin positive solutions to the following
p-Laplacian functional dynamic equations on time scales

Ay [et@n] +at)fu), u(ue) =0, te (0,7,

satisfying the boundary value conditions
(12)  wo(t) = ¢(t), t € [-r, 0y, u(0) — Bo(u®(n)) =0, u™(T) =0,

where n € (0, p(T))T -
Very recently, Zhao, Wang and Ge [26] considered the existence of at least three
positive solutions to the following p-Laplacian problem

[@,(u' ()] + a(t) f(u,u') = 0, t € [0,1],

u'(0) = u(1) = 0.

The main tool used in [26] is Leggett-Williams fixed-point theorem.

Motivated by the results mentioned above, in this paper, let T be a time scale
such that —r, 0, T' € T, we shall show that the BVP (1.1) with the boundary value
conditions (1.2) or boundary value conditions

(13)  ug(t) =p(t), t € [-r,0lp, u™(0) =0,u(T) + Bi(u™(n)) =0,

has at least three positive solutions by using Leggett-Williams fixed-point theorem
[19].
In this article, we always assume that:

(C1) f:]0,400)* — (0,400) is continuous ;
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(C3) a : T — (0,400) is left dense continuous (i.e., a € Cia(T, (0,+00))
and dose not vanish identically on any closed subinterval of [0, T'|p , where
C14(T, (0,4+00)) denotes the set of all left dense continuous functions from
T to (0, +00) , mingepo 1], a(t) = ®p (m) , maxsepo 1), alt) = @p (M), and
m < M,

(C3) ¢ [-r,0lp — [0,400) is continuous and r > 0;

(Cyq) p:10,T)p — [—r, T]p is continuous, p(t) < ¢ for all ¢;

(C5) Bp(v) and By (v) are both continuous functions defined on R and satisfy that
there exist B > 0 and A > 1 such that

Bz < Bj(z) < Az, forallz >0, j =0,1.

In the remainder of this section we list the following well known definitions
which can be found in [2, 7, 9, 10].

Definition 1.1. For ¢t < sup T and r > inf T, define the forward jump operator
o and the backward jump operator p, respectively,

ot)=inf{r € Tt >t} €T, p(r)=sup{r € T|r<r} €T

forall t, r € T. If o(t) > t, t is said to be right scattered, and if p(r) < r, r is sad
to be left scattered. If o(t) = ¢, ¢ is said to be right dense, and if p(r) = r, r is said
to be left dense. If T has a right scattered minimum m, define T, = T — {m};
otherwise set Ty, = T. If T has a left scattered maximum M, define T# = T—{M};
otherwise set T¥ = T.

Definition 1.2. For z : T —R and t € T*, we define the delta derivative
of x(t), z®(t), to be the number (when it exists), with the property that, for any
€ > 0, there is a neighborhood U of ¢ such that

[2(a(t) — 2(s)] = 22 (1) [o(t) — s]| < e |o(t) 5],

for all s € U. For z : T —R and t € T}, we define the nabla derivative of z(t),
zV(t), to be the number (when it exists), with the property that, for any £ > 0,
there is a neighborhood V' of ¢ such that

|[2(p(t)) = 2(s)] = 2V (1) [p(t) = s]| <elp(t) -3,

for all s € V.

If T = R, thenz®(t) = 2V (t) = 2/(t). If T = Z, then 2°(t) = x(t+1) —z(t)
is the forward difference operator while v (t) = z(t) — z(t — 1) is the backward
difference operator.
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Definition 1.3. If F©(t) = f(t), then we define the delta integral by
t
/ f(s)rs = F(t) — F(a).
a
If ®V(t) = f(t), then we define the nabla integral by

¢
/ F(5)Vs = 0(t) — B(a).
a
Throughout this papers, we assume T is closed subset of R with 0 € T, and
T ¢ TF.

Lemma 1.1. ([15]). The following formulas hold:

o ([ tf(s)As>A - 1),
i) ([ ) " ),
@i ([ tf(s)Vs)A — (e,
() (JL1(s)9s)" = f(0).
2. PRELMINARES

In this section, we provide some background materials from the theory of cones
in Banach spaces and we then state the Leggett-Williams fixed-point theorem.

Definition 2.1. Let E be a real Banach space. A nonempty, closed, convex set
P C F is said to be a cone provided the following conditions are satisfied:

(i) if z € P and A > 0, then Az € P;
(ii) if € P and —z € P, then = 0.
Every cone P C F induces an ordering in F given by

z<yifandonly ify —x € P.

Definition 2.2. Let E be a real Banach space and PC FE be a cone. A function
a : P — [0,00) is called a nonnegative continuous concave functional if « is

continuous and
a(te + (1 —t)y) > ta(z) + (1 —t)a(y)
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forall z, y € Pand t € [0, 1].
Let a,b,c > 0 be constants, P, = {z € P: ||z|| < ¢}, P(av,a,b)={z € P:a
< afz), [« <b}.

To prove our main results, we need the following theorem [19].

Theorem 2.1. (Leggett-Williams). Let A : P, — P, be a completely continuous
map and o be a nonnegative continuous concave functional on P such that a(x) <
|||, Y& € P.. Suppose there exist a,b,d with 0 < a < b < d < ¢, such that:

(i) {z € P(a,b,d) : ax) > b} # ¢ and a(Ax) > b for all x € P(a, b, d);
(ii) ||Az| < a for all x € P;
(iii) a(Azx) > b, for all x € P(a, b, c) with || Az|| > d.

Then A has at least three fixed points x 1, zo, x3 satisfying

|lz1]| < a, b < a(z2), |z3]| > a and a(x3) <.

3. PosITIVE SoLuTIONS OF THE BVP (1.1), (1.2)

In this section we consider the existence of three positive solutions for the BVP

(1.1), (1.2).
We say u is concave on [0, Ty if u®¥(t) < 0 for ¢ € [0, T]prrp, -
We note that u(t) is a solution of the BVP (1.1), (1.2) if and only if

o (o ()t )

# [ o ([ et utuo)r) s,

o(t), te[-r0p.

u(t) = te 0,7y,

A .
Let E = Ci4([0, T]y , R) with [Ju = max {maXtE[O,T]T lu(t)|, maxef 1),

|u®(t)|}, P = {u € E: u is nonnegative, increasing and concave on [0, 7]y} .
So FE is a Banach space with the norm ||u|| and P is a cone in E. For each u € E,
extend u(t) to [—r, T with u(t) = ¢(t) for t € [-r,0]p.

Define F': P — E by

(Fu)(t) = By <¢>q (/nT a(r)f(u(r),u(u(r)))Vr)>

# [0 ([ o) ututr)9r) st € 0.7y,
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It is well known that this operator F' is completely continuous.
We seek a fixed point, u1, of F' in the cone P. Define

o(t), te[-r 0y,
u(t) =
ul(t), t e [0, T]T .

Then u(t) denotes a positive solution of the BVP (1.1), (1.2).
Lemma 3.1. F: P — P.

Proof. The proof of the lemma is similar to that of [25, Lemma 3.1]. For the
sake of convenience, we list it here.

Vu € P, Fu € E and (Fu) (t) > 0, Vt € [0, T]y . It follows from Lemma 1.1
we have

(Fu® )=, | " a(r) flulr), ().

Obviously (Fu)™ (t) is a continuous function and (Fu)® (t) > 0, that is
(Fu) (t) is increasing on [0, Ty . Note that &, is increasing, we have that (Fu)“ (t)
is decreasing.

If t € [0, T]pxnr,, then from [7, Theorem 2.3] it follows that (Fu)>Y (t) <0,
i.e., Fu is concave on [0, T|p. This implies that Fu € P and F': P — P.

Let ! € T be fixed such that 0 < n <l < T, and set

Y = {t S [O,T]T : M(t) < 0}7 Yy = {t S [O,T]T : M(t) > 0}7 Ys; = Ylﬂ[n,T]T .

Throughout this section, we assume Y3 # ¢ and ng a(r)Vr > 0.

Now we define the nonnegative continuous concave functional o : P — [0, 00)
by

a(u) = min u(t), Yu € P.
te[nal]T

It is easy to see that a(u) = u(n) < maxep 7y, v (t)| < |lul if w € P and
a(Fu) = (Fu) (n).

For convenience, we denote

p=(A+T)0, (/OT a(r)Vr) L 5= (B+n)d, (/Y a(r)Vr) .

We now state growth conditions on f so that the BVP (1.1), (1.2) has at least
three positive solutions.

Theorem 3.1. Let 0 < a < b < ]\Tgﬁig))d < d < ¢, and suppose that f
satisfies the following conditions:
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(H1) f(z,0(s)) < @p(%), for all 0 < x < a, uniformly in s € [—r, 0] ¢
f(@1,22) < @p(2), forall 0 < a; < a,i=1,2,

(H2) f(z,0(s)) < @p(5), for all 0 < @ < ¢, uniformly in s € [—r,0] ¢
f(@1,m2) < @p(5), forall 0 < wy <c,i=1,2,

(Hs) f(z,0(s)) > @p(L), for all b < x < d, uniformly in s € [, 0],

(Ha) mingeo.q f(z,9(s)) - @p (2 )fy MVr > max,, gep0.q f(@1,22) - fo

a(r)Vr, uniformly in s € [ r, 0]
Then the BVP (1.1), (1.2) has at least three positive solutions of the form

’U,(t) _ { (P(t)v te [—7“, O]T

wi(t), tel0,T)p, ©=1,2,3,
where [|u1]| < a, b < a(u2), ||us]| > a and a(uz) < b.

Proof. We first assert that F': P, — P,. B
Indeed, if u € P, then, in view of lemma 3.1, we have F P, C P. Furthermore,
Yu € P,, we have 0 < u < ¢, and then from (H2), we have

o (o ) ) )

i /o b (/T a(r)f(ulr), u<u<r>>>w) As

ae, / " () f(u(r), (r))V)

Fu(t)] =

IN

w70, ([ atr) (o) ututr) v

T

< (s, ([ at)utr) ) )
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IN
KA
=]
S~

IA

Therefore, |Ful| < c, ie., F: P. — P,.

By (H;) and in a way similar to above, we arrive that F' : P, — P,.

Next, we assert that {u € P(«,b,d) : a(u) > b} # ¢ and a(Au) > b for all
u € P(a,b,d).

Let u = 4 then u € P, |lul| = %¢ < d and a(u) = 52 > b. That is,
{u € P(a,b,d) : a(u) > b} # ¢.

Moreover, Vu € P(c, b, d), we have b < u(t) < d, t € [n, T}y, then from (Hj),
we see that

as required.
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Finally, we assert that o(F'u) > b, for all u € P(«, b, ¢) and ||Fu| > d.
To see this, Yu € P(a,b,c) and ||Ful| > d, then 0 < u(t) < ¢, t € [0,T]y ,
then from (H,), we have

3, (%) | @) 1r) o) = [ alr) ) ) v
| @) ) ) v
/ () (). ) Vr 2 e
holds.
So,

v
wy)
K
2
N
S—
2
=
=
£
=
s
=
=
<
=
~__

vV
C
_|_
=
KA
Q
—

v
C
_|_
3
&
Q

Y

> b.

To sum up, all the hypotheses of Theorem 2.1 are satisfied. Hence F' has at
least three fixed points, i.e., the BVP (1.1), (1.2) has at least three positive solutions
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of the form

o(t), te[-r0r,
u(t) =
wi(t), tel0,T]p, ©=1,2,3,

where [|u1]| < a, b < a(u2), ||us]] > a and a(uz) < b.

4. PosITIVE SOLUTIONS OF THE BVP (1.1), (1.3)

In this section we deal with the BVP (1.1), (1.3) .
We note that u(t) is a solution of the BVP (1.1), (1.3) if and only if

o <®q </on“(r)f (u(r), W(r)))vr))

O / "a, ([ et sutr) it r) s,

o(t), te[—r0p.

te 0,7,

A .
Let B = C4([0, Ty, R) with [u]| = max {maXtE[O,T]T lu®)], maxieor),

|u”(t)|}, Py = {u € E: u is nonnegative, decreasing and concave on [0, Ty} .
So E is a Banach space with the norm ||u|| and P, is a cone in E. For each u € E,
extend u(t) to [—r, T)p with u(t) = p(t) for t € [—r, 0] .

Define completely continuous operator G : P, — FE by

@ = 5 (@, ([ ) v
# [ o ([ o)1 w9 . 0.7y

We seek a fixed point, u1, of G in the cone P;. Define

o(t), te[-r0,
u(t) =
ul(t), t e [0, T]T .

Then u(t) denotes a positive solution of the BVP (1.1), (1.3).
Lemma 4.1. G: P, — P.

Proof. The proof is similar to Lemma 3.1, so we omit here.
Let ! € T be fixed such that 0 < n <! < T, and set

Yi={te[0,T]p:u(t) <0}; Yo={te[0,T]p:pu(t)>0}; Y3=Y1N[0,n]p.



Multiple Positive Solutions for p-Laplacian Functional Dynamic Equations on Time Scales 2337

Throughout this section, we assume Y3 # ¢ and ng a(r)Vr > 0.
Define the nonnegative continuous concave functional o : P, — [0, 00) by

a(u) = min u(t), Yu € P.
te[nal]T

It is easy to see that a(u) = u(l) < maxyep 1)y |u ()] < [lull if w € P and
a(Fu) = (Fu) (1).
Let p remains unchanged and we denotes

5. = (B+T—1)d, (/Y a(r)Vr).

Similarly to Theorem 3.1, we have
Theorem 4.1. Let 0 < a < b < %d < d < ¢, and suppose that f
satisfies the following conditions:

(Hy) f(z,0(s)) < (9) Sor all 0 < z < a, uniformly in s € [—r, 0] 1
fz1,20) < ( ), forall 0 < x; <a,i=1,2,

(H2) f(z,0(s)) < (p) Sor all 0 < x < ¢, uniformly in s € [—r,0] 1
(z1,22) < ¢>p(§),f0r al0<z;<c,i=1,2,

(Hs) f(x,o(s)) > <I>p(éi) Jor all b < x < d, uniformly in s € [—r,0] ¢,

(Hy) mingeo ¢ [z, 0(s)) ( )fy r)Vr > max,, ,22€[0,c] J(x1, 22) fo r)Vr,
uniformly in s € [—r, O]T

~

Then the BVP (1.1), (1.3) has at least three positive solutions of the form
o(t), te[-r0p
u(t) =
ui(t), t€[0,T)p, i=1,2,3,

where ||ui|| < a, b < a(ug), ||us|| > a and a(us) <b.

5. EXAMPLE

Let T = [-3 -1 u{o, 3} U {( )NO}, where Ny denotes the set of all

nonnegative integers.
Consider the following p-Laplacian functional dynamic equation on time scale

T

[®,(u?(®)]Y + a(t) W, 11 =0, te (0,1
(5-1) uB (t)+us(t— Z) +1

up(t)=¢p(t) =0, te[—3,0]p, u(0) — Bo(u”(}))=0,u”(1)=0,
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where T=1,p=3 B=15, A=2p:[0,1 — [-3,1] and,u,()—t—%,
r=3n=11=1% fues) = S5+ 1, flur,u) = m+5and

50 7100
We deduce that Y7 = [0, = (2,1]p, Ys = [§,3] - Then by [7, The-
a(r)

Yo
3

orem 2.8] we have [y a(r)Vr = [/ a(r)Vr = 301 fo )Vr = fo r\Vr =
4

800’
503
800"

Thus it is easy to see by calculation that p = 3 (%)2 ,6=13 (@)2 )
Choose a = 75, b = 1, d = 42000, c = 45000 then by M =1

have 0 <a <b< ;}ﬁig))d < d < c, then

38

1
10000 W€

Y

1

fu,p(s)) < 1857 + 5 = 0.2080 < @,(2) = @zo.mm,ogug
800
%, uniformly in s [ % 0]
8 1 ~ —
f(ul,ug) < 1002 + 5~ 0.2080 < ‘I’p(%) = 3(218%) ~ 0.2904,0 < u; <
1071 =1,2,
flu,(5)) < 8.2 < ®p(8) = 3‘(15;8232 ~ 195, 0 < u < 45000, uniformly
800
ins e [—%,O]T;
_ 45000  ~ . S
Flur,ug) < 8.2 < (&) = Sy~ 195,0 < u; < 45000, = 1,2,
flu,p(s)) > 4.2 > @,(8) = 3(3})1)2 ~ 3.0690, 1 < u < 42000, uni-
4\800
formly in s € [ % O]T
min,eo,q f(u, o(s)) - @ ( ) Jy, a(r)Vr = 7.5250 > 5.1558 ~ ¢ - g38 >
maxy, (o, c]f Uy, ug) fo r)Vr, uniformly in s € [ 3 O]T.

Thus by Theorem 3.1, the BVP (5.1) has at least three positive solutions of the
form
ui(t), t€l0,T],i=1,2,3,
u(t) =

p(t), te[-r0],

where |luy || < &5, 1 < a(ug), ||us| > 75 and a(us) < 1.
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