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INTEGRAL RICCI CURVATURES, VOLUME COMPARISON
AND FUNDAMENTAL GROUPS OF COMPACT
RIEMANNIAN MANIFOLDS

Seong-Hun Paeng

Abstract. We obtain a relative volume comparison estimate in the universal
covering space under bounds on the integral Ricci curvature and the weak
C*-norm of metric. From this volume comparison, we obtain similar results
on the fundamental group as in [1,7,8].

1. INTRODUCTION

The Bishop-Gromov relative volume comparison theorem is one of the most
important tools to study global structures of Riemannian manifolds with Ricci cur-
vatures bounded below. From the volume comparison in the universal covering space
of an n-dimensional compact manifold M with the Ricci curvature Ricy, > A, we
have several results about the fundamental group of M. In [1], Anderson proved
that there are finitely many isomorphism classes of fundamental groups of compact
manifolds with Ricci curvatures and volumes bounded below. Using this theorem,
Wei [7] proved that almost nonnegative Ricci curvature and a lower bound on the
volume implies that 7 (M) is of polynomial growth with rank < n. Under the
same conditions as [7], Yun [8] showed that 7, (/) is almost abelian.

There are many attempts to replace pointwise curvature conditions with integral
curvature conditions. In [4], Petersen and Wei obtained a Bishop-Gromov type
volume comparison theorem with an integral Ricci curvature bound. But the volume
comparison estimate in [4] is not applicable to the balls in the universal covering
space M only with the assumption on the integral Ricci curvature bound of M (see
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Section 2). For the proof of the theorems about the fundamental group such as in
[1,7,8], the volume comparison in the universal covering space is essential.

We can consider some additional assumptions for the volume comparison in the
universal covering space. For example, if we assume additionally that the volume
of M satisfies that vol(M) > v > 0 and [, ||R|[P > Q for the curvature tensor
R, then we can obtain the volume comparison in the universal covering space by
CY>-compactness theorem. (For the precise reason, see Section 2.) But we cannot
obtain explicit values in Theorem 1.1 and Theorem 1.2 if we use C*®-compactness
theorem. More generally, we can obtain the volume comparison in the universal
covering space under the additional condition that the weak harmonic C%< (L!?)-
norm H(M,g)Hgf;ZW < Q(r) for a function @ satisfying lim, o Q(r) = 0 in
[6]. (For the precise definition of the norm, see section 2 or [6].) Recall that the
weak (harmonic) norm is suggested as a generalization of the curvature in [6] and
if the weak harmonic norm H(M,g)Hg/(;ZW < Q(r) for a function @ satisfying
lim, o Q(r) = 0, then the metric g can be smoothed to a metric g satisfying
|K;| < k for some constant & depending on @, where Kj is the the sectional
curvature of g [6].

In this paper, we assume that vol(M) > v and the weak C'-norm ||(M, g)
Hgﬁm < k for some constant % to obtain an explicit relative volume comparison in

the universal covering space M, where a lower bound on the volume is essential
condition in [1, 7, 8]. Although we use a weak C'*-norm bound instead of a C%“-
norm bound, our assumption on the weak norm is much simpler than that of [6]
in the sense that we do not assume that the weak norm is bounded by a function
@ such that lim,_,o Q(r) = 0 and do not use any harmonicity assumption. Hence
the metrics satisfying our conditions are not smoothed to metrics with a bounded
sectional curvature.

First, we define the following notations about the integral Ricci curvature: Let
g(x) be the smallest eigenvalue of the Ricci tensor at x € M and u4 = max(0, u)
is the positive part of u. For 2p > n and X <0,

k(A p) = /M<<—g<w> T (n— APy,

@) RO = e,

ka(M,p, ) = / (—g(x) + (n — 1)A)+)Pdv for z € M.
B(z,R)

If Ricyr > A, then k(\,p) = 0. Let vy(n,r) be the volume of r-ball in the n-

dimensional simply connected manifold with constant curvature A. We obtain the

following volume comparison in M with an integral Ricci curvature bound:
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Theorem 1.1. Let M be an n-dimensional compact Riemannian manifold and x
be a point in M. For given ro,v, D, \, R > 0 and p > n/2, we can find constants
K,, > 0 and C(n,p, A\, R,v, D,r9) > 0 explicitly such that if diam(M) < D,
vol(M) > v and ||(M, g)[|¢n,, < K, then

vol(B(z, R))\z  /Vvol(B(x,7))\ 3 .
<W) _<W) < C(n,p, X\, R,v, D, r0)k(\, p)2r

for » < R, where B(z, R) is the R-ball centered at = € M. When r = 0, we
obtain that

L

vol(B(z, R)) < (1 + C(n,p, A\, R,v, D, ro)k()\,p)%)pr(n, R).

We will take K, such that K,, < 1/100 and K,,/ro < 1/100. Note that
lim,,—o ||(M, 9)”37@ = 0 for a fixed manifold A/, which implies that we can
find o for a fixed M such that ||(1, g)Hg/lJ’o < K,,. The above theorem is about
the class of manifolds with a uniform lower bound on the scale rq for which the
weak C'-norm is sufficiently small. Then we can prove Anderson [1] and Yun
[8]’s results on the fundamental group:

Theorem 1.2. Let ry, Cy, D, v be positive constants and p > n/2. We denote
by M(ro, D, v) the class of compact n-manifolds which satisfy that

H(Mvg)“g/l,ro < KTO’
diam(M) < D,
vol(M) > v,

where K., is the constant in Theorem 1.1.

(a) There exists an e(n, p, A\, v, D, rg) > 0 such that if k(\, p) < e, there are only
finitely many isomorphism classes of 71 (M) for M € M(ro, D, v).

(b) There exists an €(n, p, v, D, o) > 0 such that if £(0, p) < ¢, then the funda-
mental group of M € M(rg, D, v) is almost abelian.

We can obtain an upper bound on the number of isomorphism classes of 71 (M)
and e, € explicitly. As a corollary of Theorem 1.1, we obtain the following corollary
for an arbitrary C™*-norm bound k:

Corollary 1.3. Let M be an n-dimensional compact Riemannian manifold
and x be a point in M. For given A\, R, v, D,ro, kg > 0 and p > n/2, we can
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find constants C'y(n, p, A, R, v, D, 1o, ko) > 0 explicitly such that if diam(M) < D,
vol(M) > v and ||(M, g)|| 2.« vo < ko, then

(VOB Ry _ (v, r)

1
* < D 3
ua(n, R) vx(n, ) ) < Ci(n, p, A, R, 0, D, o, ko)k(A, p)?

for r < R and z € M. When r = 0, we obtain that

1

vol(B(z, R)) < (14 Cy(n,p, A\, R, v, D, ro, ko)k(\, p)2 )*Puy(n, R).
Instead of [|(M, g) .« ro < ko, we can use the weak L*P-norm ||(M, g)||}%., o <

ko. We can obtain Theorem 1.2 under an arbitrary weak C'**-norm bound %y > 0.

2. PRELIMINARIES

In this section, we review the definition of the (weak) norm defined in [6]
and observe what is the obstruction for the volume comparison in M. First, the
definition of C*“-norm defined in [6] is as follows:

Definition 2.1. The C**-norm of (M, g) on scale ro > 0, ||(M, g)||ck.a r, IS
defined to be the infimum of positive number @ such that there exists embeddings

¢r: B0,r9) CR" U, C M
with the following properties:
1. e72Q8 < g, < €296,
2. Every metric ball B(p, 5¢~%) lies in some Uy,

3. r(l)””Lo‘HalgT,inCo,a < @ for all multi-indices I with 0 < |I| < k, where
gr = ¢ikrg

The weak norm ||(MM, Q)Hgffw,r is defined in a similar way except that ¢, is
assumed to be a local diffeomorphism. If we require that ¢,’s are harmonic, then
we call it the harmonic norm. They obtained a generalized almost flat manifold and
a bound on Betti number under the condition on the weak harmonic norm stated in
Section 1 instead of curvature [6]. But in this paper we do not need to consider the
harmonic norm.

Now we observe why we cannot apply the volume comparison theorem in [4] to
the universal covering space directly. We denote the function ((—g(z)+(n—1)\)4)
by p(z). By [4], we have the following volume comparison theorem:
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Theorem 2.2. Let M be a Riemannian manifold and z be a point in M. Then
there exists a constant C'(n, p, A\, R) which is nondecreasing in R such that when
r < R, we have

(VOI(B(x, R))>1/2p B <voI(B(x, r))>1/2p

<C A\, R)k, 1/2p.
va(n, R) on(n, 1) < C(n,p, A, R)ko(A, p, R)

When r = 0, we obtain that

vol(B(z, R)) < (1 + C(n,p, A, R)kz(\, p, R)/*")?Pu(n, \, R).

As a corollary in [4], for any § < 1, there exists an €(n, p, A, 3, R) > 0 such
that if

kz (X, p, R)

1) vol(B(z, R))

< €,

then for r < R,

va(n,r) < vol(B(z,r))

(2.2) va(n, R) = vol(B(z, R))’

Hence if we obtain (2.1) in the universal covering space M, we can prove our
theorems by the same arguments as in [1, 7]. But (2.1) is not clear in the universal
covering space even if k()\, p) is very small. Precisely, if Ui]\il F; is the minimal
union of fundamental domains to cover B(z, R), then

kr(\,p,R) 1 VPdy
vol(B(z, R)) _ vol(B(z, R)) /Bw) plz)d

vol(U; Fi) 1
~ vol(

2.3)

z, R))vol(lJ,; F3) /LJze p(x)Pdv

vol(B(z, R+ 2D))
vol(B(z, R))

B
B( k(A p).

If we have a bound on % (e.g. Ricys > A), we can apply the volume

comparison of [4] to the universal covering space. But in our case, it is not clear.

One of the simplest conditions to obtain a bound on % is Ricys > A
[9]. But it seems to be too strong assumption. Another condition is vol(M) >v >0
and [,,||R[|P > Q, which implies C*-compactness [6]. Then the metric can be

smoothed to g slightly by [6], so that | ;| < k for some constant k. Hence we have
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a bound for %. But we cannot obtain an explicit volume comparison

in the universal covering space with C%“-compactness theorem. For example, ¢ in
(2.1) cannot be obtained. More generally, we can obtain the volume comparison for
the universal covering space as in [4] with ||(}, g)Hg/éZr < Q(r) for a function
Q@ satisfying lim, o Q(r) = 0 as stated in Section 1 since the metric g also can be
smoothed to a metric g satisfying | K| < k for some constant £ which depends on
Q [6]-

Our main purpose is to obtain an explicit volume comparison in the universal
covering space with a constant bound on the weak C'-norm without harmonicity.
Then we can follow the arguments in [1,7,8].

3. JacoBi FIELD ESTIMATE

We take K, in Theorem 1.1 such that K,,/ro < 1/100 and K,, < 1/100.
From now on, ||-|| is the norm on Euclidean space. Lety = ¢! = (u1, uz, - -, uy)
be a coordinate map such that ¢ satisfies the properties in Definition 2.1. Let
p = ¢(0). We may assume that B(p,1¢) C (B(0,70)). Let B4(O, {r) be the

set B(O, 12) C B(0,r) with the metric ¢*g. Let  be a unit speed geodesic in

Bg(0O, 1%) with v(0) = O. Let r(z) be the distance d(O,z) from O to x with
respect to ¢*g. We have
3} d 3} 3}
J— / — _ ! e —
0=2(Vy (1) 5-) =200 (0), 5) = 5.-(Vr, )

(3.1) ; 5

Eﬁ/(t)v auz>

=2

Then we obtain that (v/(¢), a%> = V; for some constant V;. \We denote by V'
the vector (V1, Va, -+, V,). Let ¢ (7/(t)) = (v1(t),v2(t), -+, vn(t)) and g;;(=

9rij) = (5o a(z]->' Then we have

> g = Vi,
J

which implies that
e (Y'(1) = v(t) = g(v(1))V

for g = (g;;)~!. Note that we may assume that g;;(O) = &;; by changing coordinate
functions slightly. Precisely, let Zj a;ju; = w;, Where a;; is a constant. Then

0 0
g~ 2=y
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Gij = D Wifjika;-
Lk

If we let A= (aj;), then

where A?! is the transpose of A. Hence, if we take A such that g(O) = A'A,
then g(O) = 6. Since g is a positive definite symmetric matrix, there exists an
orthogonal matrix P such that P'g(O)P is a diagonal matrix 7" whose diagonal
entries are Ay, -+, A\, > 0. We have that g(O) = A*A if and only if

A=+VTP,
where /T is a diagonal matrix whose diagonal entries are v/);’s. Since K,, <

1,100,

¢~ 0 <miny/A; <|]4]] <maxy/\; < €00 .
K3 K3

So if we take {w;} as coordinate functions, from (3.2), we obtain that

73§ <§ < 36
(3.3) . .
1103]|co < €3 [|dg||co < 1—00e50 <=5
From now on, we will abbreviate g to g. Hence we may assume that g;;(O) = ¢;;

and

(3.4) (Y () = v(t) = g(v(1))v(0).
If 2,y € By(O, 12) then for the new coordinate map ¢ = (wy, wa, - - -, wy),
(35) 5 ||¢(2) — v (y)l| < d(z,y) < e [[1(x) — P (Y|
Let Q(t,0) = ¢(expth) and G(t,0) = g(Q(t,0)). Then (3.5) implies that
oQ oQ
5 —(t,0) = G(t,0)— 5 (0,0).
> 0? oG 0 0?
Q(t 0) = —(t,0) Q(O 0) + G(t,0) Q(O,H).

000t 00 ot 000t

Then

2

CORL AR / (%% ,00) 220, 00) + G, 00) 552 (0. 60) ).
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Since gg = I, we have 89 = —g(dg)g~*. So if e 355 < g < 25§ and [10g]|co <
e, then 10g]|co < 5. From (3.5), we have

HG(t1,01) Gtz 02)l|
[|Q(t1,01) — Q(t 2,92)” 3

100

(3.7) KL
so from (3.7),

|1l < 3515 |

for ¢ < 12 and some constant K; > 0. It should be noted that
K 1

3.8 0~ —.

(3:8) 3 0 50

Also we have e~ 25 < H (0 0o)|| < e from (3.3) and

HG(t,é’o)g;gt 0, 6o) H < 11G(t, 60)| Haeat © go)H <oh
since
H@Hat (0, 6p) H:%l_)n% (eXp*(%)(O,Ho+f;)—exp*(%)(0,00)>u <ok

Then (3.6) implies that

(3.9) Haa—g(t,eo)u <K, /Ot((aa—g(u,eo)“du+e%t.

By the same reason as above, we have

o002 0,00 > .
Then we obtain that
(3.10) Haa—g(t,eo)H > _K, /OtHaa—g(u,Ho)Hdu—i—e_ll_ot.

Let Ky, K3 be e%, e‘%, respectively. We define a function f as follows:

- [ 15200

Then the above inequalities imply that

(3.11) Kst — K0f < f' < Kot + K1 f.
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Multiplying e=%1¢ in the second inequality of (3.11), we obtain
(e—Kltf)/ _ e—Kltf/ o Kle—Kltf S KQtC_Klt.

Integrating both sides with the initial condition f(0) = 0 and multiplying e*?, we

have Kot
et — 1 — Kqt
f@m(—l).

K2
We have that lim, .o ©=%=L = 1/2 and if z < 1/50
e —xr—1
— <1
x2 -
For ¢ < ¢, we have K1t < K %2 < K@ < L. by (3.8), we have
1t—1—K1t _ eKlt—l—Klt 2<t2
K? K32 -
So we have
(3.12) / H (u, 00 ‘du < Kot?.

From (3.9), we obtain that for ¢ < 72

Haa t,60) H _Kl/ H (u, 00 ‘du—i—th
(3.13)
< Ko(Kqt+ 1)t < K2(%TQ + 1)t < Lyt

for some constant L; € [2, 8]. From the first inequality of (3.11), we obtain that

(3.14) H%—Cg(t,@o)u Zth—Iﬁ/O H%—g(t,@o)“dt

> K3(1 — K1t)t > Lot

for some constant L, € [, ¢] by the same reason as (3.13).
505

From (3.13) and (3.14), we have the following lemma:

Lemma 3.1. Let K,, satisfy that K,, < 135 and Ii—oo < 5. Let y(t) be
a minimal geodesic starting from ¢ and J(¢) is a Jacobi field along ~ such that
J(0) = 0. Then L2L|17(s)|| < |[J(1)]] < ELL[|J(s)|] if t < s < 12.
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Proof. In case that (J'(0),~'(0)) = 0, we can consider J as Ca@@(; ) for a
constant ¢, so it is done by (3.13), (3.14). If (J'(0),~/(0)) # 0, we can decompose .J
into tangential and perpendicular components and obtain the lemma, since tangential
component is linear in t. |

4. VVoLuME COMPARISON AND PROOF OF THEOREMS

We obtain that volumes of 2-balls in M are bounded above by a constant
v(n,ro) > 0 depending only on n,ry by (3.13). Let S, be the maximal r/100-
separated set in B(z, 12). Then US B(z,70/100) covers B(x, {2).
Around x, use exponential polar coordinates and write the volume element as
dvol = wdt A d@ inside the cut locus, where df is the standard volume element on
the unit sphere. Outside the cut locus, w = 0. From Lemma 3.1, for ¢ < r(/300,

300Lat

> n— 1
and for 1% > s > ro/300,
300s.,,_1 , 7o
w(s,0) < (Lm) (30979
Then
0 70
> _—
Vol(B(z, 20)) > Dy(n, o) /Sn_l o0 0)ds
and
vol(B(z, %)) < vol(B(z, %)) + Ds(n, r )/ w(22 9)dp
157 = 300 S FRRETI

for some constant Dy, D, depending only on n, ro. So

vol(B(z, 12)) D,
(4.1) vol(B(z, 3—3;)30)) si+p

Remark 4.1. One may consider that the volume comparison (4.1) is obtained
only with a weak C°-norm bound. If ¢ = exp, then the domain of ¢ inside the cut
locus for M is star-shaped, so we can obtain (4.1) with a weak C'°-norm bound.
But in general, the non overlapping domain of a weak coordinate need not be star-
shaped, so we cannot obtain (4.1) only with a weak C°-norm bound.

Let S be the maximal 7o/100-separated set of M. We make a graph G by
adding edges between points =z, y if d(x,y) < 78. If we let the length of each edge
be 1, then G is a length space. Then we have a metric dg on S induced from G.
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Lemma 4.2. g&ds(z,y) < d(z,y) < @Fds(z,y) for z,y € S.

Proof. Let~ : [0, L] — M be a normal length minimizing geodesic from z to y
Let {t;|to = 0,ty = L,t; < t;;1} be a partition of [0, L] such that ¢; 1 —t; = 55
fori+1 < N. Then N < % + 1. For each ~(t;), there exists x; € S such
that d('y(ti),xi) < 7“0/100. Then d(:ci,xiﬂ) < %% and dg(x,y) < % +1=

%ﬁf’y) + 1. Since d(z,y) > 1% for 2,y € S, we obtain

200 1 300
d <(— 4+ —)d < —d .
S(x,y) = ( 0 d(x,y)) (xvy) ~ 1 (xvy)
Conversely, if dg(x,y) = m, then there exists zo = z, 21, , 2y, =y € S

such that d(x;, z;41) < 75. Then

m
7o
d(z,y) < Z; T, Ti1) < o < Eds(w y).

So we obtain the lemma. n

From the above lemma, we obtain that B(z, R) C Byg(z,300R/r¢) for x € S.
Since B(y,ro/300)’s for y € SN B(x, 1) are disjoint in B(x, 12), we have

vol(Byo, 28) _  Ds

Bi (z,1)| £ —————7>5+ <
1Bas(@ V1< B0, 2y < 7D,

for x € S and vol(B(yo, 55%)) = min yeB(z,20 )vol(B(y,%)). If we let N be
1+ DQ, then we obtain that

(4.2) | Bag (2, 300R /1) | < N30OR/o,
Then we obtain the following volume growth

vol(B(z, R)) < N300R/moy (1),
From (4.2), we have

| Bag (2, 3000D /7)| < N3000D/ro,
Then we obtain that

(4.3) vol(B(z,10D)) < N3000P/roy(p, 1),
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We may assume that D > {2. Let S’ be the maximal 4D-separated subset of M
and S’(R) = {z € S’ | d(q,z) < R}. Then for each z; € S'(R+2D)\ S'(R—4D),
we have

B(g,;R+2D)c | J  B(x;10D)
z,€S'(R—4D)
since there exists z; € S'(R — 4D) for each z; € S’(R+2D) \ S'(R — 4D) such
that d(z;, z;) < 10D. Also we have

B(¢,R)> |  B(w2D).
z;€8'(R—4D)

Then
vol(B(¢,R+2D)) < > vol(B(z;,10D))
x,€S'(R—4D)

< |S(R — 4D)|N3000D/roy ().

Since every 2D-ball contains a fundamental domain, we have vol(B(z;,2D)) > v.
Since Uy, es/(r—ap)B(i, 2D) is a disjoint union in B(q, 1), we obtain that

vol(B(q, R)) > |S'(R — 4D)v.
Hence we obtain from (2.3) that

kq(X, p, R) < vol(B(q, R+ 2D))
vol(B(q,R)) — vol(B(q, R))

k(X p)
(4.4)
NBOOOD/TO’U(TL, 7"0)

< E(\
< . (A, p),

which completes the proof of Theorem 1.1 with Theorem 2.2.

Proof of Theorem 1.2(a). Forany 5 < 1, thereexistsan e, (n, p, 8, v, D, ro, Co, R) >
0 such that if

(45) k()‘vp) < €1,
then for r < R,

va(n, ) < vol(B(x,r))

(4.6) va(n, R) ~ vol(B(z, R))

from (4.4) and (2.2). To follow Anderson’s arguments [1], we need a (relative)
volume comparison for 3D-balls in M. From (4.6), if we take 3 and R to be 9/10
and 3D, respectively, we can prove Theorem 1.2(a). Furthermore, with Theorem
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1.2(a) and the arguments in [7], we obtain that 71 (M) has a polynomial growth of
rank < n.

Proof of Theorem 1.2(b). In [5], they obtain the following splitting theorem:

Theorem 4.3. Let (Mg, zx) be a sequence of pointed complete Riemannian
manifolds which converge to a limit space (X, x) in the pointed Gromov-Hausdorff
topology. If (M, ;) satisfies that for any p > n/2,

vol(B(zg, 1)) > v > 0,

Sup km(()?p? R) N 0

zen, VOI(B(z, R))
as k — oo, then the spitting theorem holds for X, i.e. if X contains a line, then
X is isometric to R x X,

From the above volume comparison (4.6) for M and the convergence theorem
in [2], we can prove that if a sequence M}, satisfies the conditions in Theorem 1.2
and k(0, p) for M, converges to 0, then (M, x;) converges to a limit space (X, z).
If X contains a line, then X is isometric to R x X’ by (4.4) and Theorem 4.3. Then
there are no obstruction to follow the arguments in [8], which completes the proof
of Theorem 1.2(b).

Proof of Theorem 1.3. We may assume that rq < 1. If ||(M, g)||c1.a,, < F,

then lg(x) — (w)] k
g\r)—gl\y
— = 1+aH$ - yHa < 1+ara
=yl =7 peT

for x,y € B(p, 12). So there exists an r; > 0 such that |[Jg||co < 1/100 on

B(p7 7"1)-
We take new weak coordinates such that g(O) = I as we see in Section 3. Since
g = AgA! for a constant matrix A = /TP* and P € O(n,R), we also obtain that

19(z) — g(O)II < 19g]|col T[]

since P € O(n,R). Since T is the diagonal matrix whose diagonal entries are
eigenvalues of g. Since ||g|| < €?*6, §(z) — 6 = §(O) uniformly as ||z|| — 0. So
there exists ro > 0 such that ) <g< eT05 8 on B(p,r2). Hence if we use
7o = min(ry, re) instead of r( in the proof of Theorem 1.1 and Theorem 1.2, we
can prove Corollary 1.3. |
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