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CONVERGENCE THEOREMS OF ITERATIVE ALGORITHMS
FOR A FAMILY OF FINITE NONEXPANSIVE MAPPINGS

Jong Soo Jung

Abstract. Let £ be a Banach space, C' a nonempty closed convex subset
of E, f : C — C a contraction, and 7; : C — C a nonexpansive map-
ping with nonempty F' := ﬂi]\il Fix(T;), where N > 1 is an integer and
Fix(T;) is the set of fixed points of T;. Let {z}} be the sequence defined
by 27" = tf(z}) + (1 — )Ty NTpyn—1 - Tpprx (0 < t < 1). First, it
is shown that as ¢ — 0, the sequence {z}'} converges strongly to a solu-
tion in F' of certain variational inequality provided E is reflexive and has a
weakly sequentially continuous duality mapping. Then it is proved that the
iterative algorithm z,1 = A\py1f(zn) + (1 — A1) Ther12, (n > 0) con-
verges strongly to a solution in F* of certain variational inequality in the same
Banach space provided the sequence {),} satisfies certain conditions and the
sequence {x,} is weakly asymptotically regular. Applications to the convex
feasibility problem are included.

1. INTRODUCTION

Let £ be a real Banach space and C' a nonempty closed convex subset of E.
Recall that a mapping f : C' — C'is a contraction on C' if there exists a constant
k e (0,1) such that || f(z) — f(y)|| < k|z — y| for all z, y € C. We use
Yo ={f:f:C — C acontraction} to denote the collection of all contractions on
C. Let T : C' — C be a nonexpansive mapping (that is, |7z — Ty|| < ||z — y]| for
all z, y € C) and Fiz(T') denote the set of fixed points of T'; that is, Fiz(T) =
{reC:x=Tz}.
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We consider the iterative algorithm: for N > 1, Ty, T, - - - , Ty nonexpansive
mappings, f € ¢ and A, € (0, 1),

(1.1) Tptl = )\n—l—lf(xn) + (1 — )\n+1)Tn+1xn, n > 0,
where T,, := T}, mod N- AS a special case of (1.1), the following algorithm
(12) Zntl = Apt1u + (1 - )\n—l—l)Tn—l—lznv n >0,

where u, zg € C are arbitrary (but fixed), has been investigated by many author:
see, for example, Browder [2], Halpern [7], Lions [14], Reich [19], Shioji and
Takahashi [20], Wittmann [23], Xu [24] for N = 1 and Bauschke [1], Jung [8],

Jung et al. [10], Jung and Kim [11], O’Hara et al. [17, 18], Takahashi et al. [22]

and Zhou et al. [27] for N > 1, respectively. The authors above showed that the
sequence {z, } generated by (1.2) converges strongly to a point in the fixed point set
Fiz(T) for N =1 and to a point in the common fixed point set (X, Fiz(T;) for
N > 1 under the following respective conditions in either Hilbert spaces or certain
Banach spaces:

(C1) lim A, =0; (Halpern [7])
(C2) > An=o0 or equivalently, J[J(1—X,) =0; (Halpern [7])
n=1 n=1
(C3) lim % —=0;  (Lions [14])
n+1

(C4 > [Aap1— Al <oo;  (Wittmann [23])

n=1

(C5 > [Anpn —Anl <o0;  (Bauschke [1])

n=1

. An — A
(C6) lim =1 or equivalently, lim 22—~V
n—00 A\pi N n—=o0  ApiN

(O’Hara et al. []17,18)

=0.

In particular, in 2005, Jung et al. [10] considered the perturbed control condition
with the necessary conditions (C1) and (C2) on the parameters

(C7) Anin = Al S 0Anyn) Fomy Y 0on <00
n=1

to obtain the strong convergence of the sequence {z,} generated by (1.2) in a
uniformly smooth Banach space having a weakly sequentially continuous duality
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mapping and gave an example which satisfies the conditions (C1), (C2) and (C7),
but fails to satisfy the conditions (C5) and (C6). Using the Banach limit techniques
and the weak asymptotic regularity on the sequence {x,} together with the con-
ditions (C1) and (C2), Zhou et al. [27] also studied convergence of the sequence
{zn} generated by (1.2) in a reflexive Banach space having a weakly sequentially
continuous duality mapping and a uniformly Gateaux differentiable norm together
with the assumption that every weakly compact convex subset of E has the fixed
point property for nonexpansive mappings.

For N = 1, the viscosity approximation method of selecting a particular fixed
point of a given nonexpansive mapping was proposed by Moudafi [16] in Hilbert
space. In 2004, Xu [25] extended Theorem 2.2 of Moudafi [6] for the iterative
algorithm (1.1) to a uniformly smooth Banach space using the condition (C1), (C2)
and (C4) or (C6) for N = 1. Very recently, using the condition (C1), (C2) and (C7),
Jung [9] improved the results of Xu [25] to the case of NV > 1 in a reflexive Banach
space E having a weakly sequentially continuous duality mapping and a uniformly
Gateaux differentiable norm together with the assumption that every weakly compact
convex subset of £ has the fixed point property for nonexpansive mappings.

The main purpose of this work is to remove the assumption of uniformly Gateaux
differentiable norm and the fixed point property (that is, the uniformly smoothness
assumption) in the above mentioned results. More precisely, first we show the
existence of a solution of certain variational inequality in a reflexive Banach space
having a weakly sequentially continuous duality mapping. Then we establish the
strong convergence of the sequence {x;, } generated by the algorithm (1.1) for finitely
many nonexpansive mappings to a solution of certain variational inequality in the
same Banach space under the conditions (C1) and (C2) on the parameters {\, } and
the weak asymptotic regularity condition on the sequence {z,}. Applications to
the convex feasibility problem are also investigated. The main results improve and
unify the corresponding results of Bauschke [1], Jung [8, 9], Jung et al. [10], Jung
and Kim [11] and O’Hara et al. [17, 18], Xu [26] and others.

2. PRELIMINARIES

Let E be a real Banach space with norm || - || and let E* be its dual. The value
of f € E* at x € E will be denoted by (z, f). When {z,,} is a sequence in E,
then z,, — z (resp., z, — z, 2, — x) will denote strong (resp., weak, weak*)
convergence of the sequence {x,,} to x.
A Banach space E is said to be smooth (and the norm of E is said to be Gateaux
differentiable) if
Ll tyl =
t—0 t
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exists for each x, y in its unit sphere U = {z € E : ||z|| = 1}. The (normalized)
duality mapping J from E' into the family of nonempty (by Hahn-Banach theorem)
weak-star compact subsets of its dual £* is defined by

J(@)={f € E":(z, f) = ||® = I fI*}

for each 2 € E. It is known (cf. [3]) that a Banach space F is smooth if and only if
the duality mapping J is single-valued. The duality mapping J is said to be weakly
sequentially continuous if .J is single valued and weak-to-weak* continuous; that
is, if 2, =z in E, J(x,) = J(z) in E*.

A Banach space F is said to satisfy Opial’s condition if, for any sequence {z,,}
in E, x,, — x implies limsup,, ., ||zn, — || < limsup,,_, ||zn—y| forally € E
with y # x. It is well-known that, if E admits a weakly sequentially continuous
duality mapping, then E satisfies Opial’s condition.

Let C be a nonempty closed convex subset of E. C' is said to have the fixed point
property for nonexpansive mappings if every nonexpansive mapping of a bounded
closed convex subset D of C has a fixed point. Let D be a subset of C. Then a
mapping Q : C — D is said to be retraction from C onto D if Qx = « for all
x € D. Aretraction @ : C — D is said to be sunny if Q(Qz + t(z — Qx)) = Qx
forall t > 0 and = + t(x — Qx) € C. A sunny nonexpansive retraction is a
sunny retraction which is also nonexpansive. Sunny nonexpansive retractions are
characterized as follows [5, p. 48]: If E is smooth, then Q : C — D is a sunny
nonexpansive retraction if and only if the following inequality holds:

(2.1) (x —Qz,J(z—Qx)) <0, z€C, z€D.

We need the following lemmas for the proof of our main results. For these
lemmas, we refer to [3, 5, 6, 12, 15].

Lemma 2.1. Let E be a real Banach space and J the duality mapping. Then,
for any given z, y € E, we have

lz +yl1? < [l|® + 2(y. j(z + y))
forall j(z +y) € J(z +y).

Lemma 2.2. (Demicloseness principle) Let E be a reflexive Banach space
with Opial’s condition, C' a nonempty closed convex subset of E and T : C' — E
a nonexpansive mapping. Then the mapping I — T is demiclosed on C, where I is
the identity mapping; that is, z,, — = in E and (I — T")x,, — y imply that x € C
and (I —T)x =y.

Lemma 2.3. Let {s,} be a sequence of non-negative real numbers satisfying

Spg1 < (1 - )\n)sn + )\nﬁn +Yn, n >0,
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where {\,.}, {6,} and {v,,} satisfying the condition:

(i) {\} C [0,1] and Y02 A, = oo or, equivalently,
[ ,(1=Ap) :=limy oo [T (1 — Ag) =0,

(“) lim SUPy,— 00 /Bn < 0 or Z?C’)Lozl )\”/8” < 00,

(iii) v >0 (n>0), Y02y < .

Then lim,,_.o s, = 0.

Lemma 2.4. If E is a Banach space such that £* is strictly convex, then F
is smooth and any duality mapping is norm-to-weak *-continuous.

Lemma 2.5. Let E be a smooth Banach space, C' a nonempty closed convex
subset of £ and T': C — C' a nonexpansive mapping. If J is the duality mapping
on F, then

(I-T)(x)—(I-T)(y),J(x—y)) >0, forall z, yeC.

Let x be a continuous linear functional on > and (ag,aq,---) € 1>°. We
write u, (ay,) instead of u((ag, a1, ---)). w is said to be Banach limit if x satisfies
HMH = Mn(l) =1 and un(an—I—l) - Mn(an) for all (a07a17 e ) el> Ifuisa
Banach limit, the following are well-known:

(i) for all n > 1,a, < ¢, implies u(a,) < p(cn),
(ii) p(an+n) = pay) for any fixed positive integer N,

(iii) liminfa, < p,(a,) <limsupa, for all (ag,as,---) € I*°.
n—00 n—00

The following lemma was given in [27] as the revision of [20, Proposition 2].

Lemma 2.6. Let a € R be a real number and a sequence {a,} € [* satisfy
the condition i, (ay) < a for all Banach limit x. If limsup,, . (an+n —an) <0
for N > 1, then lim sup,,_,, an < a.

Finally, the sequence {z,,} generated by (1.1) is said to be weakly asymptotically
regular [27] if for N > 1,

w— lim (xpyny — zy) =0, thatis, z,4n — 2, —0
n—oo
and asymptotically regular if for N > 1,

lim (4N — x,) =0, thatis, z,4n —x, — 0,
n—oo

respectively.
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3. MaIN REsuLTS

First, we give conditions for the existence of solutions of certain variational
inequality.

Forany n > 1, T4 NThin-1-Thy1 : C — C is nonexpansive and so, for
any t € (0,1)and f € X¢, tf + (1 = )Ty NTpsN-1 - Tpy1 : C — C defines
a strict contraction mapping. Thus, by Banach contraction mapping principle, there
exists a unique fixed point x;"" satisfying

(A) of" =tf(@]™) + (1= )Ty NTnin-1 -+ Topra] ™

For simplicity we will write z}* for 27" provided no confusion occurs.
The following result gives conditions under which we solves a variational in-
equality.

Theorem 3.1. Let E be a Banach space such that E* is strictly convex, C a
nonempty closed convex subset of £ and 7'y, - - - , Ty nonexpansive mappings from
C into itself with F:= N, Fiz(T;) # 0 and

F = F’L(L‘(TN s Tl) = F’L{L‘(TlTN s -T3T2) == F’i.’L‘(TN_l s -TlTN).

Suppose that {z?'} defined by (A) converges strongly to a pointin F ast — 0.
If we define Q : ¥¢ — F by

then Q(f) solves the variational inequality

(I =1HQ(f), J(Q(f)—p) <0, feXc, pekF

Proof. For any ¢t € (0,1) and f € X¢, let {z}'} € C be the unique point that
satisfies the equation

af = tf (@) + (1= )TnanTnen—1- - Toprayf

Since limy_,o 2 exists, if we define Q" : ¢ — Fix(TysNTninN—-1- Tni1) by

Q"(f) = lima7.

t—0
then Q"(f) = lim¢— «} is well-defined. Since

1—t¢
(I—flay = —T(I — T NTpiN—1 - - Thg1)xy,
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by Lemma 2.5, we have for p € Fix(TyNTniN-1-"Tnt1),

11 ,
(I = Hat, I} =p)) = =—— (I = TornTnpn-1 - Tor)7

— (I = TosNTpyN—1 - Tog1)p, J(z} —p)) < 0.

Noting that J is norm-to-weak*-continuous by Lemma 2.4, and taking the limit as
t — 07, we obtain

(I =HR"(f), J(Q"(f) —p)) <0, forn>1.
However, by our assumption, since
F=Fig(Ty---T)) = Fie(T\ Ty - -T3Ts) = - - - = Fix(Ty_1 - - - TiTy),
we know that Q" (f) solves the variational inequality
(1= HQ(f), J@Q"(f) —p)) <0, fee, peF forn>1.
Since F is smooth, in F, there is at most one solution of the variational inequality

(=R, J(Q(f)—p) <0, feXc, peF,

and so Q"(f) = Q(f) forall n > 1. Since 2 — Q(f) € Fast — 0T and Q(f)
is independent of n, we have

(I=NQWf), J(Q(f)—p) <0, feZec, peF. O

The following lemma establishes conditions under which {z}} defined by (A)
converges strongly to a point in £ as ¢t — 0.

Lemma 3.1. Let E be a reflexive smooth Banach space satisfying Opial’s
condition and having the duality mapping J weakly sequentially continuous at 0.
Let C be a nonempty closed convex subset of E and T, ---,Tn nhonexpansive
mappings from C into itself with F' := ﬂz‘]L Fixz(T;) # 0 and

F = F’L(L‘(TN s Tl) = F’L{L‘(TlTN s -T3T2) == F’i.’L‘(TN_l s -TlTN).
Then {z7} defined by (A) converges strongly to a pointin F' as¢ — 0.

Proof. Let ¢, € (0,1) be such that ¢, — 0 and let {z,,} := {2} } be a
subsequence of {z}'}. Thus,

Tm = tmf(xm) + (1 - tm)Tn—l—NTn—l—N—l o 'Tn—i—lxm-
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Lety € Fix(TpiNTniN-1-"Tht+1). Then
T — Y = tm(f(2m) —¥)

+ (L= tn) (T NTopn—1 - Tp12m — TN TN -1+ Totay).
Therefore

2 = ylI* = (@m =y, T(@m — 1))

<t (f(@m) =y, J(@m = 9)) + (1= tm) 2 — 9>,
It follows that for all y € Fix(Ty+NTninN—1-Tht1),
(3.1) 2 = yl1? < (f(@m) =y, I (@m = y))-
Hence

<xm - f(xm)v J(y - xm)> = <xm - Y, J(y - xm)> + <y - f(xm)v J(y - xm)>
> _me - yH2 + me - yH2 = 0.

That is,
<xm - f(xm)v J(y - xm)> Z 0.

Now
[2m —yll
< | f(@m) =yl
+(1 = tp) 1T N Tt n—1 * +  To1Zm — Ty NTnin—1 -+ Tnp1y||
< tllf(@m) —yll + (1 = tw)[|zm — .
This gives that
[zm =yl < If@m) —yll < If(@m) = F@I+ 1) =yl
< kllzm =yl + £ (y) — yll,

and so ||z, —yl| < 2% £(y) —yl|. In particular, {z,,} is bounded, so are { f(z,)}
and {T,,+NTp+N-1- Thy12m} . Since E is reflexive, {z,,} has a weakly con-
vergent subsequence, say z,,, — u € E. Since t,, — 0%,

Tm — Tn+NTn+N—1 s 'Tn—i—lxm = tm(f(xm) - Tn+NTn+N—1 s 'Tn—l—lxm) — 0.

Hence by Lemma 2.2, u € Fix(T+NTh+N-1-- Tnt1). Therefore by (3.1) and
the assumption that J is weakly sequentially continuous at 0, we obtain

mek - uH2 S <f(xmk) - u, J(xmk - ’U,)> - 07
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and so x,, — u.

We will now show that every weakly convergent subsequence of {x,} has the
same limit. suppose that z,,, — w and z,,, — v. Then by the above proof,
u,v € Fig(TpyNTpyN—1- - Thy1) and z,,, — u and x,,; — v. It follows from
(3.1) that

(3.2) lu — o> < (f(u) — v, J(u—v)),
and
(3.3) lo —ul® < (f(v) —u, J(v = u)).

Adding (3.2) and (3.3) yields
2[lu —ol|* < flu = o> + (f(u) = f(v), J(u—12)) < (1+E)[lu— v

Since k& € (0,1), this implies that w = v. Hence z,, is strongly convergent to
a point in Fiz(Tp NTpnin—1-+ Tnhs1) as t — 0F. The same argument shows
that if ¢, — 07, then the subsequence {x;} := {z'} of {z}'} is strongly conver-
gent to the same limit. Thus, as ¢ — 071, {z'} converges strongly to a point in
Fix(TpyNThiN-1---Tny1). Therefore, by assumption, {z}'} converges strongly
to a pointin Fast — 0. [ |

Using Theorem 3.1 and Lemma 3.1, we show the existence of solutions of certain
variational inequality in a reflexive Banach space having a weakly sequentially
continuous duality mapping.

Theorem 3.2. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping J. Let C be a nonempty closed convex subset of £ and
T, - - -, Ty nonexpansive mappings from C' into itself with F' := ﬂi]\il Fix(T;) # 0
and

F =Fig(Ty---T) = Fie(T\ Ty - -T3Ts) = - - - = Fix(Ty_1 - - - TiTw).
Then there exists the unique solution Q(f) € F of the variational inequality
(3.4) ((I=1HQ(f), J(Q(f)—p) <0, feZc, peF,
where @ : ¢ — F'is defined by Q(f) :=lim,_ o+ " and x} is defined by (A).

Proof. We notice that the definition of the weak sequential continuity of the
duality mapping J implies that E is smooth. Thus E* is strictly convex for F
reflexive. By Lemma 3.1, {27’} defined by (A) converges strongly to a point in F’
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as t — 0%. Hence by Theorem 3.1, Q(f) is the unique solution of the variational
inequality

(I =1HQ(), J(Q(f)—p) <0, feXc, pek,

where @ : ¥¢ — F'is defined by Q(f) = lim,_,o+ 2} and z} is defined by (A).
In fact, suppose that p, ¢ € F' satisfy (3.4). Then it follows that

((I=f)g,J(g—p)) <0 and ((I— f)p,J(p—q)) <0.

Adding these two inequalities, we have

(L=k)lg=pl* <{I - fa— - fp. J(a—p)) <0,

and so g = p. ]

Remark 3.1. In Theorem 3.2, if f(z) = u, x € C, is a constant, then it
follows from (2.1) that (3.4) is reduced to the sunny nonexpansive retraction from
C onto F;; that is, @ satisfies the property:

(Q(u) —u, J(Q(u) —p)) <0, ueC, peF.

Remark 3.2. Theorem 3.1, Lemma 3.1 and Theorem 3.2 generalize Theorem
3.8, Lemma 3.9 and Theorem 3.10 in O’Hara et al. [18] to the viscosity approxi-
mation method for NV > 1 finite mappings respectively. Theorem 3.2 also extends
Theorems 3.1 in Xu [26] to the case of N > 1 finite mappings together with the
contraction f.

Remark 3.3. In [9], Jung established Theorem 3.2 in a reflexive Banach space
with a uniformly Gateaux differentiable norm together with assumption that every
weakly compact convex subset of E has the fixed point property for nonexpansive
mappings.

Now we study the strong convergence of the iterative algorithm (1.1) for a family
of finite nonexpansive mappings.

For convenience, we list again the condition to be imposed on the sequence
{A\n} of parameters in the iterative algorithm (1.1).

(C1) lim A, =0; (C2) > A, =oc or, equivalently, J[J(1-A,) =0.
n=1 n=1

Using Theorem 3.2, we give the following result in a reflexive Banach space
having a weakly sequentially continuous duality mapping, which generalizes Theo-
rem 5 in Zhou et al. [27] to the viscosity approximation method.
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Proposition 3.1. Let E be a reflexive Banach space having a weakly se-
quentially continuous duality mapping J. Let C' be a nonempty closed con-
vex subset of £ and T4, ---,Tx nonexpansive mappings from C' into itself with
F =X, Fiz(T;) # 0 and

F = F’L(L‘(TN s Tl) = F’L{L‘(TlTN s -T3T2) == F’i.’L‘(TN_l s -TlTN).

Let {\,} be a sequence in (0, 1) which satisfies the conditions (C1), f € ¥ ¢ and
xo € C chosen arbitrarily. Let {x,,} be generated by

Tntl = )‘n—i—lf(xn) + (1 - )‘n—l—l)Tn—l—lxnv n=>0
and p a Banach limit. Then
pn((I = £)QS), J(Q(f) — an)) <0,
where @ : ¢ — F is defined by Q(f) = lim;_,o+ 2} and z}' is defined by (A).

Proof. Note that the definition of the weak continuity of duality mapping J
implies that E is smooth. Let x}* be defined by (A) and n = » mod N for some
r€{1,---,N}. Then we can write z} := z} and

zp — TN = (1 = ) (TinTnan—1 Toa@) — 2nan) + 0(f(27) — o).
Applying Lemma 2.1, we have

|z} — xn-i—NHQ <(1-— t)QHTn-i—NTn—i—N—l o Topxy — xn—l—NHQ
+ 26(f(7}) — Tnan, J (T} — Tnin))-
Let p € F. As in the proof of Lemma 3.1, we have

(3.5)

. 1
lzi =pl < 7= If () —pl,  t€(0,1),

and hence {zj} is bounded. We also have

1
lzn = pll < max{lzo = pll, 7711/ (P) — plI}

for all n > 0 and all p € F and so {x,} is bounded. Indeed, let p € F and
d = max{||zo—p|, 72z || f(p) —pl|}. Then by the nonexpansivity of 7;, and f € Z¢,

< (1= A)Thzo — pll + A1l f (o) — pll
< (1= Ayllwo = pll + Al f (zo) — f(0)| + 1f(p) — plI)

(1-
(
(1= (1= k)A1)llwo — pll + All.f(p) — Pl
< (1= (1=k)A)d+ M1 —k)d=d.

[l = pll

IN
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Using an induction, we obtain ||x,,+1 — p|| < d. Hence {z,,} is bounded, and so are
{Th+1x,} and {f(x,)}. Asa consequence with the control condition (C1), we get

[Zn+1 — Tnt1znll < Apga | Tot1zn — f(@0)| = 0 (n — oo).
By using the same method, we have
|Zn+N = TN - Tzl — 0 (n — o0).

Indeed, noting that each T; is nonexpansive and using just above fact, we obtain
the finite table

In4+N—dntNTlp+N-1 — 07

T NTnyN-1— T NIy N—1TnyN—2 — 0,

TotnN - ThioTni1—Tn+nN - Ther12n — 0.
Adding up this table yields
TN — ToeN - Thy12n, — 0 (N — 00).
Observe also that
[T NI -1+ Tor @ — Tngn || < flaf — zall + e,
where e, = [|[2p+N — TniNTniN—1 - Th+12n] — 0 @S n — oo, and
(f(af) = nyn, (@] — Tnan))
= (f(a]) — a7, J (@] = 2pan)) + |2} — zoen |
Thus it follows from (3.5) that

|2} — Znan ] <1 =02 (|l2f — 2l + €n)?
(3.6)

+2t((f(af) — 27, J (2] — Tnsn)) + |27 — g ||

Applying the Banach limit . to (3.6), we have

pn(l|2f = 2w |?) <=2 ((|2F — 2l + €n)?)
(3.7)

2t ((f () — a7, J (2] = 2pan)) + |2} = znen|?)
and it follows from (3.7) that

(3.8) pn(zp = f(x}), I (@] = @n)) < trn ([l = 2all?).
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Since

. 2
tlay = 2all® <=l (@) = pll + llzo = PI)* = 0 (£ —0),

we conclude from Theorem 3.2 and (3.8) that

(I = £)Qf), J(Q(f) = n)) < limsup pn (2} — f(2}), (2] —2n)) <0,

t—0

where @ : ¢ — F is defined by Q(f) = lim;_¢ 2. |

Theorem 3.3. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping J. Let C be a nonempty closed convex subset of £ and
T, - - -, Ty nonexpansive mappings from C' into itself with ' := ﬂi]\il Fix(T;) # 0
and

F = F’L(L‘(TN s Tl) = F’L{L‘(TlTN s -T3T2) == F’i.’L‘(TN_l s -TlTN).

Let {\,} be a sequence in (0,1) which satisfies the conditions (C1) and (C2),
f € ¥¢ and zo € C chosen arbitrarily. Let {x,,} be generated by

(39) Tn4+1 = )\n—l—lf(xn) + (1 — )\n+1)Tn+1xn7 n Z 0.

If the sequence {x,, } is weakly asymptotically regular, then {x,,} converges strongly
to Q(f), where Q(f) € F solves a variational inequality

(=R, JQ(f)—p) <0 feXo, peF.

Proof. PutS =Ty ---Ti. Then Fiz(S) = F = Y, Fiz(T;) by assumption.
By Theorem 3.2, there exists a solution Q(f) of a variational inequality

(I=HQ), JQ(f)—p) <0 feXo, peF,

where Q(f) = lim;_,o+ ¢ and xy = ¢t f (z4)+(1—1¢)Sx, for 0 < ¢ < 1. We proceed
with the following steps:

Step 1. ||z, — 2| < max{[|wo—z||, 72|/ (2)—z|/} foralln > 0andall z € F
as in the proof of Proposition 3.1. Hence {z,} is bounded and so are {7}, 112,}

and {f(zn)}-
Step 2. limsup,_,.. (I — /)Q(f), J(Q(f) — x,)) < 0. To this end, put

an = ((I = f)Q(), J(Q(f) = 2n)), n=1.
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Then Proposition 3.1 implies that 1, (a,,) < 0 for any Banach limit x. Since {z,}
is bounded, there exists a subsequence {z,} of {x,} such that

limsup(ap+n — an) = hm (an AN — Gpy)
n—oo

and z,,, — q € E. This implies that =,,,, v — ¢ since {x,} is weakly asymp-
totically regular. From the weak sequential continuity of duality mapping J, we
have

w— lim J(Q(f) = zn;4n) = w — lim J(Q(f) —zn;) = J(Q(f) — q),

Jj—oo Jj—oo
and so

lim Sup(an—I—N - an)
n—00

= lim (I = /)Q(Sf), J(Q(f) — Tn,+n) — J(Q(f) — zp,)) = 0.

j—00
Then Lemma 2.6 implies that lim sup,,_, ., a, < 0, that is,

limsup((1 = f)Q(f), J(Q(f) — zn)) < 0.

n—oo

Step 3. limy, .o ||z, — Q(f)]| = 0. By using (3.9), we have

Tpt1 — Q(f) = M1 (f(zn) — Q(f)) + (1 = A1) (Tnv1zn — Q(f))-

Applying Lemma 2.1, we obtain

Znt1 — Q)|

< (1= A1)’ Tnamn — QAP + 2X 041 (f(2n) = Q(S), S (xnp1 — QS)))

< (1= e )2z — QAN + 2kAnsa 2n — QA |nst — Q(F)]
+ 20,1 (F(Q(S) = QUE), J(nt1 — Q(S)))

< (1= A1)z = QUAOIP + EAnga (2 = QUAIP + lznsr — QUAI)
+ 20,11 (F(Q(F) = Q(F), T (@1 — Q(F)))-

It then follows that
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1— 2=k + A0

H{I;n+1 . Q(f)”2 S 1= k)\n+1 ”xn - Q(f)”2
N E‘#HU(QU)) —Q(f), J(xnt1 — Q(S)))
n+1
(3.10) = (2= k) PE
. _ il n+1
S v v Gl e e
E#HOC(Q(JC)) _ Q(f), J($n+1 - Q(f))>7
n+1
where M = sup,,>q ||z, — Q(f)||. Put
B 2(1 — k) Ay
T T o
2
B = ]2\/{1 A_”Zﬁ F QU ~ QU Tnss — QL))

From (C1), (C2) and Step 2, it follows that

n—oo

o0
o, — 0, Zan = oo, and limsup 5, < 0.
n=0

Since (3.10) reduces to
zn41 = QUAIZ < (1 = )l — QAN + cnfn,

from Lemma 2.3 with ~,, = 0, we conclude that lim,,_. ||z, — Q(f)|| = 0. This
completes the proof. [ |

Corollary 3.1. Let FE, C, and Ty,---,Tn be as in Theorem 3.3. Let {\,}
be a sequence in (0, 1) which satisfies the conditions (C1) and (C2), f € ¥ ¢ and
xo € C chosen arbitrarily. Let {x,,} be generated by

(311) Tn4+1 = )\n—l—lf(xn) + (1 — )\n+1)Tn+1xn7 n Z 0.

If the sequence {z,} is asymptotically regular, then {x,} converges strongly to
Q(f), where Q(f) € F is the unique solution of the variational inequality

(I=HQM), JQ(f)—p) <0 feXo, peF.

Remark 3.4. If {\,} satisfies conditions (C1), (C2) and (C5), (or (C6),) or
the perturbed control condition:

(C7) Anin = An| S o(anin) +0n, Y on <00,
n=0
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then the sequence {x,,} generated by (3.11) is asymptotically regular. Now we give
only the proof for the condition (C7). Indeed, by Step 1 in the proof of Theorem
3.3, there exists a constant L > 0 such that for all n > 0, || f(xy)| + [Tzl < L.
Since for all n > 1, T, ny = T},, we have

[Znin — |
= [|(1 = ApgN) (T NN -1 — Tnn—1)

+ (Antn = ) (f(zn-1) = Tazn-1) + AN (f(@nin-1) — flzn-1))ll
< (1= Ansn)[onsv—1 — Zp—all + LIAnsen — An

+ kAN [[2nsv—1 — Zp—1]]
= (1= (1 = F)Ansn)lznen—1 = Tna || + (0(Ansn) + o0) L.

By taking sp+1 = ||[znen — znll, an = (1 — k)A\pinN, @nfn = o(Anyn)L and
Yn = o, L, We have

Spy1 < (1 - )\n)sn + )\nﬁn + Yn,

and, by Lemma 2.3, limy, 0 ||Zn+n — 2| = 0.
In view of this observation, we have the following:

Corollary 3.2. Let E, C, and Ty, --, Ty be as in Corollary 3.1. Let {\,} be
a sequence in (0, 1) which satisfies the conditions (C1), (C2) and (C5) ( or (C6))
or (C7), f € ¥¢ and z( € C chosen arbitrarily. Let {z,,} be generated by

Tnt1 = A1 f(@n) + (1 = An1) Tn12n, n > 0.

Then {z,} converges strongly to Q(f) € F', where Q(f) is the unique solution of
the variational inequality

(I =1HQ(f), J(Q(f)—p) <0, feXc, pekF

Remark 3.5. (1) Theorem 3.3 and Corollary 3.1 extend Theorem 6 and The-
orem 10 of Zhou et al. [27] to the viscosity approximation method without the
assumption of uniformly Gateaux differentiable norm and the fixed point property
(that is, the uniform smoothness assumption), respectively.

(2) Theorem 3.3 (Corollary 3.1 and Corollary 3.2) also improves Theorem 2 (and
Corollary 2) of Jung [9] because the assumption of uniformly Gateaux differentiable
norm and the fixed point property (that is, the uniform smoothness assumption) is
removed.
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(3) Corollary 3.2 extends Theorem 4.3 of O’Hara et al. [18] to the viscosity
approximation method together with the condition (C7) in place of the condition
(C6) on the parameters {\,,}.

Next, as an application of Theorem 3.3 or Corollary 3.1, we study the convex
feasibility problem in a a strictly convex and reflexive Banach space with a weakly
sequentially continuous duality mapping.

Using a nonlinear ergodic theorem, Crombez [4] considered the convex feasi-
bility problem in a Hilbert space. Later, Kitahara and Takahashi [13], Takahashi
and Tamura [21], Takhashi et al. [22] dealt with the convex feasibility problem by
convex combinations of sunny nonexpansive retractions in uniformly convex Banch
spaces. In particular, Zhou et al. [27] investigated the convex feasibility problem in
a strictly convex and reflexive Banach space with a uniformly Gateaux differentiable
norm along with the assumption that every weakly compact convex subset of it has
the fixed point property for nonexpansive mappings.

The following lemma was given by Takahashi et al. [22].

Lemma 3.2. [22] Let E be a strictly convex Banach space and C' a closed
convex subset of E. Let Si,S59,---,Sy be nonexpansive mappings of C into
itself such that the set of common fixed points of S'1,Ss,---, Sy isS honempty. Let
Ty,Ts,- -+, Ty be mappings of C into itself given by T, = (1 — a;)I + «;S; for
any 0 < a; < 1, (¢ = 1,2,---, N) where I denotes the identity mapping on C.
Then {1y, T, --,Tn} satisfies the following:

N N
() Fiz(Ty) = () Fiz(S;)
i=1 i=1

and

N
() Fiz(T) = Fix(Ty - --Ty) = Fia(T\Ty - - - Ty)
=1

= =Fix(Ty-1Tn_2---TWiTN).

Using Lemma 3.2 and Theorem 3.3 or Corollary 3.1 in the case of f(z) = u,
x € C, constant, we obtain the following:

Theorem 3.4. Let E be a strictly convex and reflexive Banach space having
a weakly sequentially continuous duality mapping J. Let C be a nonempty closed
convex subset of £ and C1,C5 - - -, C nonexpansive retracts of C' into itself with
N, C; # 0. Define a family of finite {1, Ty, - - -, Ty} by Ty = (1— o) [+ Qc,
forany0 < a; <1 (i=1,2,---,N), where Qc, is a nonexpansive retraction of C'
onto C;. Let {\,} and {z,,} be as in Theorem 3.3 with f(z) = u, « € C, constant.
Then the sequence {z,} converges strongly to a point z € ﬂf\il C;. Moreover, if



900 Jong Soo Jung

Qu = lim,, ., z, for any u € C, then @ is a sunny nonexpansive retraction of C
onto N, Ci.

Proof. By Lemma 3.2, we have N\, Fiz(T;) = N, Fiz(Qc,) = N, C;
and

N
() Fiz(T;) = Fia(Ty - --Ty) = Fia(T\ Ty - - - TsT)
=1

= =Fiz(Tn1Tn_2---ThTN).

Thus, applying Theorem 3.3 with f(z) = , = € C, constant, we have the desired
conclusion immediately. [ ]

Corollary 3.3. Let £, C, C;, T; and Q¢; (i =1, 2,---, N) be as in Theorem
3.4. Let {\,} and {z,} be as in Corollary 3.1 with f(z) = u, x € C, constant.
Then the sequence {z,} converges strongly to a point z € ﬂf\il C;. Moreover, if
Qu = lim,, ., z, for any u € C, then @ is a sunny nonexpansive retraction of C
onto N, Ci.

Theorem 3.5. Let E be a strictly convex and reflexive Banach space having
a weakly sequentially continuous duality mapping J. Let C be a nonempty closed
convex subset of E and S1,S5;---,Sny nonexpansive mappings of C into itself
with F := NN, Fiz(S;) # 0. Define a family of finite {7, Ty, ---,Tn} by
T, = (1—a)l+aS;forany 0 < a; <1, (¢ = 1,2,---,N). Let {\;} and
{z,} be as in Corollary 3.1 with f(z) = u, = € C, constant. Then the sequence
{z,,} converges strongly to a common fixed point of Sy, So, -, Sn. Moreover, if
Qu = lim,, ., z, for any u € C, then @ is a sunny nonexpansive retraction of C
onto N, Fiz(S;).

Proof. By Lemma 3.2, we have N\, Fiz(T;) = Y., Fiz(S;) = F and

N
() Fiz(Ty) = Fia(Ty - --Ty) = Fiz(T\ Ty - - - TsT)
=1

= =Fix(Tn1Tn_2---ThTN).

Thus, applying Corollary 3.1 with f(z) = u, z € C, constant, the sequence {z,}
converges strongly to a common fixed point of S, Sy, - - -, Sy. This completes the
proof. |
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