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ASYMPTOTIC REGULARITY OF LINEAR POWER BOUNDED
OPERATORS

Hong-Kun Xu and Isao Yamada

Abstract. Let T" be a linear power bounded operator on a Banach space X and
let Sy = (1—A\)I4+\T be the averaged map of 7', where A € (0, 1). Itis shown
that S, is asymptotically regular on X; that is, lim,, o [|Syz — Sy z|| = 0
for every x € X. Hence the sequence {S{z} converges strongly provided it
has a weak cluster point.

1. INTRODUCTION

Let X be a Banach space, C' a nonempty closed convex subset of X, and
T : C — C anonexpansive mapping (i.e., |7z — Ty|| < ||z —y|| for all z,y € C).
A point z € C'is a fixed point of T" provided 7'x = x. Construction of fixed points
of nonexpansive mappings is an important subject in the theory of nonexpansive
mappings and its applications in a number of applied areas, in particular, in signal
processing and image recovery (see, e.g., [4, 11, 12, 14, 16, 17]). However, the
sequence {7« } of iterates of the mapping 7" at a point € C' may not behave well,
in general. This means that it may not converge even in the weak topology. One
way to overcome this difficulty is to use the averaged mappings which are given by
Sy := (1 — M) I + AT, where [ is the identity mapping on X and X is a number
in (0,1). By a result of Ishikawa [10], each averaged map S, is asymptotically
regular [2]: lim, o [|SY e — SPz|| = 0 for all z € C provided {T"x} is
bounded. However, this does not mean that the iterates {7z} converge (either
strongly or weakly) to a fixed point of 7', in general. Some additional conditions
are needed to impose, for example, uniform convexity and Fiéchet differentiability
of the norm of X (see Reich [13]). It would be simpler for linear nonexpansive
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mappings. Indeed, Dotson [5] proved the following result.

Theorem D. If X is a uniformly convex Banach space and if 7" is a linear
nonexpansive mapping on X, then for each « € X, the iterates {Syx} of the
averaged map S converges strongly to a fixed point of T'.

Another important result for nonexpansive mappings is Baillon’s mean ergodic
theorem [1].

Theorem B. If X is a Hilbert space and if 7' : C' — C' is a nonexpansive
mapping with a fixed point, then for each x € C, the means

1n—1 A
Sp(z) = EZT’x, n>1
i=0

converge weakly to a fixed point of 7.

Theorem B has been extended to a uniformly convex Banach space with a
Fréchet differentiable norm (see Bruck [3]). But it is still unclear if Theorem B is
valid in a uniformly convex Banach space. On the other hand, Ky Fan asked (cf.
[9]) whether or not there exists the limit as n — oo of the sequence {||.S,(z) — p||}
in a Hilbert space, where p is a fixed point of T'. This question seems unsolved.

It is the purpose of this paper to study some convergence results for linear power
bounded operators on a Banach space. More precisely, we will prove that if 7" is a
linear power bounded operator on a Banach space X, then each averaged mapping
Sy is asymptotically regular on X'; hence the sequence {SYx} converges strongly
to a fixed point of T provided it contains a weak cluster point, which is the case
if the space X is reflexive. We have therefore weakened the uniform convexity
assumption on the space X in Theorem D to reflexivity of the space X. (The
example to be given in Section 3 shows that reflexivity of X is unremovable; thus
our extension of Theorem D is sharp.)

We have also weakened the nonexpansiveness of T' in Theorem D to power
boundedness of 7'. In proving the strong convergence of {SYx} we shall employ
the abstract mean ergodic theorem of Eberlein [6, 7] which seems not widely known
(see [8]), but powerful.

We also answer Fan’s question for linear nonexpansive mappings in a Banach
space. The full question for nonlinear nonexpansive mappings remains open.

2. PRELIMINARIES

Let X be a Banach space and 7" a bounded linear operator on X. Recall that
T is power bounded if there is a constant A/ > 0 for which ||T"|| < M for all
integers n > 0; in particular, 7" is nonexpansive if | 7| < 1.
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Let G be a semigroup of linear operators on X. Let G* be the set of all operators
of the form > a;Tj, a; >0, > a; =1, Tj € G and let O(z) be the orbit of G
and z, i.e., O(x) = {T*z : T* € G*}. Recall that a family {T,,} of linear bounded
operators in X is an almost invariant integral system for G ([6, 7]) if the following
properties hold:

@ T.x € O(x),r € X;
(b) Tl < M;
(€) lima (TTy — To)z = lima(TaT — To)z =0, T € G, z € X.

The semigroup G is said to be ergodic if it possesses an almost invariant integral
system. The following abstract ergodic theorem is due to W. F. Eberlein [6, 7].

Theorem E. If G is ergodic, if z is a member of X and if {T,} is an almost
invariant integral system for G, then the following statements on an element y € X
are equivalent:

(i yeO(x), Ty=y, T € G,
(i) y = lim, Ty,
(ii) y = lim, Tox weakly;
(iv) y is a weak cluster point of {T,z}.

For the proof of Theorem 2 in the next section, we need the following result.

Lemma 1. Let {a,}22, be a sequence of nonnegative real numbers satisfying
the property

(1) Qn+m S G, + bnamv n, m Z 17

where {b, }°°, is a sequence of positive numbers such that lim,, .. b, = 1. Then
the lim,, o ay,/n exists.

Proof. For an arbitrary £ > 0, there is an integer ny with the property

a
by <1l4+e foralln>ngand —2 <c+e,
no

where

. . s0Qp
¢ = liminf —.
n—oo n

Repeatedly using (1) we get, for k£ > 1,

k-1
(2) Ay < <1 + meo> any < [1+ (k= 1)(1+¢)no(c+¢).
i=1
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Now let n > ng and write n = kng +r with £ > 1 and 0 < r < ng. From (1)
and (2) it follows that

a_n _ Qkng+r < QAkng + bknoar

n kng+r kng +r
14+ (k—1)(1+¢e)]no(c+e) bk ar
+
kng kng +r

= <%+ (“%) <1+€>> (e+e)+ L

n

Letting n — oo gives
lim sup & < (1+¢e)(c+e).
n

n—oo
This implies that

. Qn,
limsup — < ¢
n—oo N

and hence lim,,_,o, a,/n exists. ]

2. CONVERGENCE RESULTS

For a given bounded linear operator 7" on a Banach space X, let G be the discrete
semigroup {7T™ : n > 0}. Suppose that T" is power bounded; thus | 7"| < M for
some constant M > 0 and for all integers n > 0. As before we put

1n—1
Spr = — Tz, n>1.
n nz; >

Since T is linear we have
1
TSz — Spx|| = ||SpTz — Spz|| = EHT”%‘ —z|| = 0 (n — o0).
This implies that

lim ||T™Spx — Spz|| = lim ||S,T"x — Spz| =0
n—oo n—oo

for all integers m > 0. So {S,} is an almost invariant integral system for G' and

the following theorem (see [15, Chapter VII, section 3] for a more general case in

locally convex linear space) is a consequence of Eberlein’s abstract mean ergodic

theorem (Theorem E).

Theorem 1. Let T be a power bounded linear operator on a Banach space
X. If {S,x} has a weak cluster point, then it converges strongly to a fixed point
of T.
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We next turn to investigate the existence of the lim,,_,, || S,z — p||, where p is
a fixed point of 7. We do not know the full answer to Fan’s question mentioned
in section one. The result below is only partial answer in the case of those linear
mappings which are almost nonexpansive, by which we mean linear operators 7'
such that lim, . || 7" = 1.

Theorem 1. Let T be a bounded linear operator on a Banach space X
which is almost nonexpansive. Then for each fixed point p of 7', there exists the
lim,, o0 ||Snx — p||.

Proof. Since T is linear, it suffices to prove the theorem for the case where

p = 0. Put
n—1 A
ST
=0

an = an(7) = |nSpz| =
Then for all integers n, m > 0,
o = [ |

= |[nSpz + mS,, T"x|| = ||nSpz + T™(mSyx)||

< ap + bpam,

where b, = |[|T"|| — 1 asn — oo. By Lemma 1 we see that lim,,_, ||S,z|| exists.
u

Remark 1. If {S,z} has a weak cluster point, then it converges strongly
by Theorem 1. In this case, Theorem 2 is a consequence of Theorem 1. But
Theorem 2 indicates that even if {S,x} does not have a weak cluster point, the
lim,, o ||Snx — p|| always exists. We do not know if Theorem 2 holds for a linear
power bounded operator 7" without assuming that {S,,z} has a weak cluster point.

Next we present the main result of this paper; that is, the asymptotic regularity
of the averaged mappings. Recall that by an averaged map we mean a map .S which
can be written as S = (1 — A\)I + AT, where X is a number in (0,1) and I and T
are the identity operator and a linear power bounded operator on the Banach space
X, respectively. We sometimes write Sy for S to emphasize the dependence of S
upon A. We also call S the averaged map associated with T'. Recall also that S
is asymptotically regular on X if lim,, . [|S¥x — S’;HxH =0 for every x € X.

For convenience we include Stirling’s formula as a lemma.

Lemma 2. (Stirling’s Formula)

Vr(2z)! 1

— (asz — o0).

(272!)? T /m
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Theorem 3. Let Sy be an averaged mapping associated with a linear power bounded
operator T'. Then S is asymptotically regular on X.

Proof. We first prove the case where A = 1/2. In this case we write S = 5 /5;
thatis, S = (I + T). We have

1

1< :

2 ()7
=0
1

n,.. n - n +1
TSy = S Tx2—nz<,>Tj T

X J

=0
1 n+1 ’ n ‘
— < )zj.
AL PV i 1

We may assume that n = 2k is even, the case where n is odd being similar.
Rearranging the terms and using the fact that (’;) = (n’jj), we obtain

e-rre 2 [0 e £16)- ()]

e £[0)- (e

Since (?) — (jfl) > 0 for 1 < j < k, we derive that from the last equation that

(with d = sup{ || Tz —T7z|| : i, j > 0} being the diameter of the sequence {T"z}),

e l0)-(0)]
_;(k)_;i(;')

d d
\/_ V)2
— 0 (n — o0).

Now consider the case: 0 < A < 1/2. This can be reduced to the case of A =
1/2. Indeed, foragiven 0 < A < 1/2,letpy=2 < land letT = (1 — pu)I + pT.

IS7z — §"Tz|| <

(by Stirling’s formula)
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Then T is linear and still power bounded. In fact,

z‘zn; (ZL) (1 — )"y’ T

<3 (1) -
iT’LO
<> (-t

17| =

423

where M > 0 is a constant such that ||7|| < M for all integers n > 0. Now
rewrite Sy as Sy = %(I + T) and apply the result just proved above to 7' to obtain

the asymptotic regularity of Sy for 0 < A < 1/2.

Next consider the case: 1/2 < A < 1. We first show a general result. That is,
if V' is any linear power bounded operator on X which commutes 7" and which is
asymptotically regular, and if S = (V +7T')/2, then S is also asymptotically regular.

This is, given x € X, we need to prove that
lim ||S"z — S™Mz|| =0,
n—oo
or sufficiently,
lim [|S"z —TS"z|| =0 and lim ||S"z —VS"z| =0.
n—00 n—00

We first show that lim,, .« ||S™2 — T'S™z|| = 0. We have

n

n 1 n S

=0 N

TS s — izn: W\ ym—iqitl, — Lg:l o\ ym—itipi
xr = o 2 ) xr = on -1 x.

J =

Hence

1
Stx —TS"x = 2—n(V”x — T y)

1 — n . n . .
- n—j _ n—j+1| 7j
+2"Z[<j>v (j—l)v ] !

J=1
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1
(Vg — T )

AR08

n
e
2”j:1 j—1

A+ B, + Cy.

1
o0

1 )Tj (V”_jx — V”_j+1x)

Put a = sup{||V*T72z — V*T'z| : i,,k,1 > 0}. Note that a is finite since V and
T are power bounded. It is a simple fact that

a
— — 0 asn— oco.

4l < o

Without loss of generality we may assume that n = 2k is an even integer, the case
of an odd integer n being similar. Using again the fact that () = ("), we have

n

D

Jj=1
k

k

(;

)-G4)

VITI g
,”1> ViSiTie 4y [ Tf)—( " )]V”‘jzj
I johr1 BN B
- k-
. VT g + ) - : Vrkd ke
J—l)_ : ; _<k+3) <k+3— 1)] :
- k-
. VrITI g 4 = . Vn—k—ka—I—j
<3—1>_ ’ ; _<k—3) (k—3+1>] ’
- k-
, VI ( )—()] Vitipn=itly
<3—1>_ ; [\J—1 J
(.n1>- (ViTig — VImtrn=itly)
J=1/]

k
a n n
iz |(5)-(0)
2 = J j—1
<2 ("
- 2n\k
~ \/a_k = a/ (by Stirling’s formula)
T ™
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To prove that |Cy,|| — 0 as n — oo, we have (M is the constant such that
M > ||T"| for all n > 0)

ol < My ( ! )HV”‘J’w—V”‘J’“wH

2n = j—1
n—1
_ M ( " ) [Viz— Vitia|
AL S\~ 1
n—1
_M n it
“wx ()} IV vl

Now since lim,, ., ||V"2z — Vx| = 0, for any given ¢ > 0, there is an integer
ko > 0 such that ||V7iz — VIitlz|| < e for all j > ko. It follows that, for n > ko,

M n—1 n k‘o—l n
< —
6l < 5r e 2 <j+1>+az <j+1>

J=ko j=0
ko—1

1 n
< M€+anZ%2_n<j+1>'

1
lim — (”) ~0
n—oo 2" \ j

for every fixed integer j > 0, we conclude that lim,, . ||Cy|| = 0.
Next we show that lim,,_. ||S™2z — V.S™z|| = 0. Noticing that

Observing that

1 < /n\ . , ,
Stx —VShy = on Z (j,)TJ (Vi — V”‘J+1x) )
7=0
by repeating the argument above for the proof of ¢, — 0, we can obtain that
lim,, o ||S™2 — V.S™z|| = 0.

The proof can now be completed by the following observation: if V' is a linear
power bounded operator which commutes 7" and which is asymptotically regular,
then similar to the previous case of V' = I, we have for A € (0,1/2), the averaged
operator V), = (1 — A\)V + AT is also asymptotically regular.

As a matter of fact, this case can be reduced to the case of A = 1/2. Putting
p=2\<1land T = (1—p)V +uT, we can rewrite Vy as Vi = (V +T)/2 which
is seen to be asymptotically regular by applying the above result to 7" :=T..

Finally since the the set of all the points of the form k£ /2", where k = 1,2, .-, 2"—
1,n > 1, is dense in (0, 1), we see that for every A € (0, 1), Sy can be expressed



426 Hong-Kun Xu and Isao Yamada

in the form S\ = (1 —0)S, + 0T, where 0 < o0 < 1/2 and p = k/2" < o (but
close o enough) for some 1 < k < 2" — 1 and n > 1. Hence S is asymptotically
regular. |

Remark 2. Theorem 3 is not valid if 7" is not power bounded. For example, if
T = ol forsome o > 1, then S\ = (1—-A\)I+AT = (I, where 5 = 1—-A+Aa > 1.
Hence for any = # 0, ||Spz — Sy z|| = 87||z|| — oo as n — oc.

Remark 3. We actually proved that HS{%x — S?/;lx]] = O(1/y/n). We
conjecture that this is true for an arbitrary A € (0,1); that is, || Stz — Sytz| =

O(1/v/n).

Remark 4. The argument of Theorem 3 indeed shows that Theorem 3 actually
holds true in a locally convex linear space. That is, let X be a locally convex linear
topological space and let T" be a linear continuous operator from X into X. Assume
that the family of operators {7™ : n > 0} is equi-continuous in the sense that, for
any continuous semi-norm ¢ on X, there exists a continuous semi-norm ¢ on X
such that sup{q(T"z) : n > 1} < ¢/(x) for all z € X. Then the averaged map
Sy = (1 — A)I + AT is asymptotically regular on X.

Theorem 4. Let T be a linear power bounded operator on a Banach space
X. Then for each 0 < A < 1, the sequence {SYx} of iterates of the averaged
mapping S at = converges strongly to a fixed point of 7" provided {S {z} has a
weak cluster point.

Proof. By Theorem 3, we have
|TS3 — Sal| = IS5 T — Sial| — 0 (n— c0).
Since T is linear and bounded, we further have that for each fixed integer m > 0,
[T 52 — S{a|| = [|SXT™x — 53| — 0 (n — o0).

Hence {S7x} forms an almost invariant integral system for the semigroup G :=
{T™ : n > 0}. By Theorem E, we conclude that {S7x} converges strongly to a
fixed point of 7. ]

Corollary. Let T be a linear power bounded operator on a reflexive Banach
space X . Then for each 0 < X\ < 1, the sequence {SY{x} of iterates of the averaged
mapping S at 2 converges strongly to a fixed point of 7.

The following example shows that without the assumption that { STz} have a
weak cluster point in Theorem 4, or that the space X be reflexive in the Corollary,
the conclusion in either Theorem 4 or the Corollary above may not be true.
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Example. Let X = ¢! be the space of all absolutely summable sequences of
real numbers, equipped with the norm

o0 o0
Izl = lan| if =" anen,
n=1 n=1

where {e,, }°° , is the standard basis of ¢!; that is, for each n > 1, e,, is the vector
whose n—th component is one and all else components are zero. Now define an
operator 7" : /' — (' by

o0 o0
Tr = E Gnént+l, T = E anen € 01
n=1 n=1

Namely, T is a shift operator on ¢!. It is not hard to see that 7" is an isometry.
Indeed, for every = = 3" | ane, € €1, we have |Tz| = |00, anent1]| =
Sy lan] = 2]l

Now take z = e; = (1,0,---,0,--). Let S = (I +T)/2 be the averaged map
of T with A\ = 1/2. Since it is easy to find that 77z = e; 1, for j > 1, it follows
that

1
S”x = 5;([4-73”%

Consequently,

@ Il =535 (1) =1

=0 N

We use (S™z)y, to denote the k—th component of S™z. Hence (Sz), = (,.",) if
k <nand (S"z), = 0 if £ > n. Suppose now that {S™x} converges strongly to
some y=> ", bye, € ¢*. Then for each fixed integer & > 1, we have

b, = lim (S™z), = lim i(kn )zO.

n—00 n—oo 27 -1

This implies that y = 0, which contradicts (3) as y is the strong limit of {S"x}.
Therefore, {S™z} does not strongly converge.



428 Hong-Kun Xu and Isao Yamada

Since in ¢, strong and weak convergences for sequences are equivalent, we see
that {S™x} does not have a weak cluster point. This also shows that in Theorem
4, the assumption that {S{x} have a weak cluster point is not removable.

Remark 5. As pointed out in Remark 4, Theorem 3 holds true in a locally
convex linear space. It is however unclear if Theorem 4 holds true in a locally
convex linear space as we do not know if Eberlein’s abstract mean ergodic theorem
holds true in the setting of locally convex linear spaces.

Remark 6. Let z = z(\) denote the limit of {S{x} as obtained in Theorem
3. Then z is a fixed point of 7". In another word, z solves the linear equation:
(I —T)z = 0. Since T is power bounded, the spectral radius of T, »(T') =
lim,, oo ||T™)|1/™ = 1. Thus the maximum possible eigenvalue for 7" is one. If 1 is
not an eigenvalue of T, then the equation (I —T")z = 0 has only the trivial solution.
In this case we have that {S{x} converges strongly to 0, for every X € (0,1). If,
however, there is a Ay € (0, 1) for which, zy = z(Ao) # 0, then 1 is the maximum
eigenvalue of 7" and z, is an eigenvector of 7' corresponding to the maximum
eigenvalue 1 of 7. We do not know else information for the set {z(\) : 0 < A < 1}.
It is interesting to know if this set can generate the eigenspace of 7" corresponding
to the (maximum) eigenvalue 1 of 7.
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