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Temporally Discrete Three-species Lotka-Volterra Competitive Systems with
Time Delays

Qiankun Bian, Weiguo Zhang* and Zhixian Yu

Abstract. In this paper, we investigate the existence of traveling wave solutions for
three components temporally discrete reaction-diffusion systems with delays by using
the cross iteration method and Schauder’s fixed point theorem. The obtained results
are well applied to a temporally discrete three-species Lotka-Volterra competitive sys-

tems with delays.

1. Introduction

It is well known that the Lotka-Volterra competitive system is one of the typical and
important system in mathematical ecology. Particularly, when the objects investigated

are two populations with spatial diffusion ability, the model is as follows:

(1) %ul(az,t) = dlaa—;ul(x,t) + riug(z,t) [1 — ayug(x, t) — byus(x,t)],

%uz(x, t) = dgaa—;uQ(:E, t) 4 roug(x,t) [1 — bouq (z,t) — agua(z,t)].
Here uy(z,t) and ua(z,t) denote the density of the two competitors at time ¢ and position
x, respectively. di, do are the diffusion rates for the two competitors and d;, 7;, a;, b;,
(i = 1,2) are positive constants. In the study of various kinds of dynamic behaviors of
, traveling wave solutions have been given rise to more and more researchers’ attention
in the mathematical theory and practical application, see [5-10.|13}26,27] and references

cited therein.
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Due to the influence of gestation, hatch and mature, the delay is always inevitable.
Thus, Li et al. |[14] investigated (1.1)) with discrete delays, i.e.,

52
(1.2) ot T dl% +riur(w,t) [1 — aqur (o, t — 11) — brua(z,t — 7)),
: 2
o T dg% + TQUQ(I’,t) [1 — b2U1($,t — ’7'3) — GQUQ(J?,t — 7'4)]

and established the existence of traveling waves connecting a trivial (no species) equi-
librium and a positive (two coexisting species) spatially homogeneous equilibrium by
using a cross iteration scheme and Schauder’s fixed point theorem, (see also [35]). Lv
& Wang [19] further obtained the existence of traveling waves for connecting two
semi-trivial equilibria. Assume that each competitor’s growth is governed by a Volterra
integrodifferential equation with both instantaneous and delay self-regulatory terms (see
Cushing [2,/4]). Then the delays in this type of model formulation are usually called
spatiotemporal delays. The existence of travelling waves for two species Lotka-Volterra
diffusion-competition systems with spatiotemporal delays is also widely investigated (see,
[41/15,133,139]). The problems on traveling waves for other types of evolution systems can
be found in [15,/17,[20-22}28,30,31,34}36-38].

Recently, Yu and Yuan [34] extended the results in [14] to n components reaction-

diffusion systems with discrete delays and then applied to three-species competition models

2
% =d; %;21 +riug(z,t) [1 — aqug(x, t) — byus(x,t — 1) — crus(z, t — 12)],
2
(1.3) % =ds %;‘22 + roug(x,t) [1 — aguq (x,t — 13) — baua(z,t) — cous(z, t — 14)],
Quz

2
5% = dg% + 7’3U3(l’,t> [1 — agul(x,t — 7'5) — bgug(z,t — 7'6) — 03U3(3},t)] ,

and
(1.4)

% = dl% +riug(z,t) [1 — aqug(x, t — 1) — byug(z, t — 10) — crus(z, t — 73)],

% =ds %21“22 + roug(z, t) [1 — agui(x,t — 74) — boua(z,t — 75) — cous(z, t — 76)],

% = dg% + rgug(z,t) [1 — asui(x,t — 77) — byua(x,t — 78) — czus(x,t — 719)],
where 11,79, c1, c2, a1, as, b1, by are positive constants and 7;,7 = 1, 2, ..., 9 are nonnegative

constants. The existence of traveling waves for three-species Lotka-Volterra systems was
also investigated in [3,29].

However, when we described many phenomena in population dynamics |11}|12,/16],
physical systems [25] and nervous systems [1.[18/23], discrete-time models are more suitable
than the continuous ones. By applying nonstandard finite difference schemes and Euler’s

method, Roger [24] obtained a discrete-time Lotka-Volterra competition model without
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the spatial diffusion

RO — (t) [1 - agu(t) — bro(t)],

1.5
(1.5) v(tL}z—v(t) = rou(t) [1 — agu(t) — bov(t)].

Especially, let ¢ =n and h = —1, (1.5)) can reduce to the following discrete-time model

(L6) Up, — Up—1 = T1Up(1 — a1y — brvy),

Up — Up—1 = r20p (1 — aguy, — bavy,).
Recently, Xia and Yu [32] applied nonstandard finite difference schemes and Euler’s
method to the model (1.2) and obtained the following discrete-time models with delays

and spatial diffusion

Un () — Up—1(x) = dy Dup(x) + riup(z) [1 — aqun(x) — byvp—r ()],

(1.7)

Un(x) — vp—1(x) = doAvp(x) + rovy(x) [1 — batp—ry (z) — agvp ()]
and
(18) Un () — up—1(x) = d1 Dy (z) + run(z) [1 — arup—r () — bivp—ry ()],

Un(x) — vp—1(x) = d2 vy (x) + T2vn () [1 — boty—ry (z) — a2up—r, ()]

As far as the existence of traveling wave solution is concerned, Xia and Yu [32] obtained
that the discrete time systems are dynamically consistent with the continuous-time sys-
tems.

Motivated by the above works, we apply nonstandard finite difference schemes and
Fuler’s method to the models — and can obtain the discrete time models with

the three species

(1.9)
Un () — up—1(x) = d1 Aup(x) + riup(z) [1 — agup(x) — bivp—r, () — crwWp—zy (2)],
Un(x) — vp—1(x) = do vy (x) + T2vn () [1 — agun—rs (z) — bovp () — cowp—r, ()]

)]s
Wp () — wp—1(z) = dsAwy(x) + r3wy () [1 — asup—r () — b3vp_rg () — c3wy ()],

) — up—1(z) = dilDup () + run(z) [1 — a1tup—r () — b1vp—ry () — CLwp—ry ()],
Un(z) — vp—1(x) = dalvy(x) + rovp () [1 — agup—r, () — baVp—ry (2) — CowWp—r ()],

wn () = wn1(x) = dzAwn () + r3wn () [1 = a3tn—7 () = b3vn—7 () — C3Wn—ro ()],
where u,(z), v, (), w,(x) are the densities of populations of three species at time n and

location z. In this paper, our aim is to investigate the existence of traveling waves for ([1.9)
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and (|1.10). Thus, in terms of traveling waves, the discrete time systems (1.9 and (1.10)
are dynamically consistent with the continuous-time systems (|1.3]) and (1.4]), respectively.
In order to focus on the mathematical ideas and for the sake of simplicity, we consider

more general equations with discrete delays, that is,

Un () — un—1(z) = dilup(z) + fi(un—r, (2), Vn—r, (T), Wn—ry (7)),
(1.11) Vn(7) — vpo1(2) = doAvp () + fo(un—r, (x),vn,ﬁ,) (7), wn— 7'6( )
wn(x) - wn—l(x) = d3Awn($) + f3(un—7'7(x>v Un—rg ($)7 Wn—mg (x))

9

Here d; > 0, 7; > 0, f;: R? = R is a continuous function, z € (—oo, +00). In addition, we

make the following assumptions throughout this paper:
(A1) There exists K = (k1, ka2, k3) with k; > 0 (¢ = 1,2, 3) such that

fi(0,0,0) = fi(lﬁ,kg, kg) =0 fOI‘ = 1,2,3.

(A2) There exist positive constants L; (i = 1,2, 3) such that

’fi(¢171/11,901) - fi(¢27w27302>‘ <L Hq) - \I,H ’

for & = (9{)1)1/}17@1)7 v = (¢27¢2)@2) S C([_Tu 0])R3) with 0 S ¢Z(8) S Mia 0 S
Yi(s) < M; and 0 < @;(s) < M;, i = 1,2,3, s € [-7,0]. Here 7 = maxj<i<9 {7},
M; > ki, i = 1,2,3, and |-| and ||-|| represent the Euclidean norm in R3 and the

supremum norm in C([—7, 0], R3), respectively.

The organization of this paper is as follows. In the next section, we introduce ab-
stract results and obtain the existence of traveling wave solutions for system under
the condition of the weak quasi-monotonicity (WQM) and the exponential weak quasi-
monotonicity (EWQM) reaction terms, respectively. Section 3 is invoked to derive the
existence of travelling waves by constructing a pair of upper and lower solutions for tem-
porally discrete diffusion-competition systems (1.9 and ( -

2. Abstract results

A traveling wave solution of is a special solution of the form wu,(z) = ¢(x + cn),
vn(z) = Y(x + en), wy(z) = p(x + cn) where (6,1, ) € C*(R,R?) is the profile of the
wave that propagates through the one-dimensional spatial domain at a constant speed c.
Substituting u,(x) = ¢(x + cn), v, (z) = Y(x + cn), w,(xz) = @(x + cn) into and
denoting ¢.(s) = ¢(t + s), We(s) = Y(t + ), vi(s) = p(t + s) and x + en by t, we obtain
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the following system:

d19"(t) — (1) + ¢(t — ¢) + f1((t — cm), ¥(t — c72), o(t — 73)) =0,
(2.1) dot)”(t) = (t) + P(t — ¢) + fa(@(t — cma), P(t — e75), p(t — ¢c76)) = 0,
dzp"(t) — o(t) + p(t — ¢) + fa(¢(t — emr), ¥(t — e78),p(t — c79)) = 0.
Then has a travelling waves if there exists a solution of the equation satisfying

asymptotic boundary conditions

(2.2) lim (¢(t), ¥(t), (1)) = (0,0,0) =: 0, 1im (¢(t), (1), p(t)) = (k1, k2, k3)-

t——o0 t——4o00

Let

Clo.m(R,R?) = {(6,9,¢) € C(R,R?),0 < (¢(1), %(1), p(t)) < M.t € R},
where M = (M, My, M3) and M > K.
Define the operator H = (H1, Ha, H3): Co n (R,R?) — C(R,R3) by
Hi (9,9, ¢)(t) = (B1 = 1)o(t) + o(t — ¢) + fr((t — c71),b(t — c72), p(t — c73)),
Ha (9,9, ¢)(t) = (B2 = D(t) + (t — ¢) + fa(d(t — ca), ¥ (t — e75), @(t — 7)),
H3(9,9,9)(t) = (B3 = D)p(t) + ¢t — ) + f3(d(t — e77),9(t — e78), p(t — €79)).
Then we can rewrite by
d1¢"(t) — B1o(t) + Hi(d,, ¢)(t) =0
(2.3) datp" (t) — Bat(t) + Ha (o, v, 9)(t)
d3p”(t) — Bsp(t) + Hz(, ¥, )(t)

Define the operator F = (Fy, F, F3): Cio mj(R, R?) — C(R,R?) by

(
(

( 0,
( 0.

Fl ((ﬁ, 1!1, @)(t) = m |:fioc e)‘l(t_s)Hl ((ﬁ, ’(/), QO)(S) ds —+ ft+oo 6)‘2(t_3)H1 ((b, w, (p)(s) d5:| s
Fa(,%,0)(t) = gm0 {ffoo =) Hy (6,10, 0)(s) ds + [, X079 Hy (¢, 40, ) (s) ds} ;
P30, 0)(1) = gy | oo 20 Ha(6,0,9)(s) ds + [ X Hy(g,0, ) (5) ds

where

By B Py Py B B

We can easily check that the operator F' = (Fy, Fy, F3) is well defined for (¢,v,p) €
Clo,m (R, R?) and

d1F1(¢7 d}v @)H(t) - /31F1(¢a %ZJ’ 80) (t) + Hl(d)v 7/’» QD) (t)
d2Fo(, 9, 9)" () — B2 F2(d, 1, ) (t) + Ha (o, ¥, 9)(t)
d3F3(¢7 1/]7 go)ll(t) - /B3F3(¢7 w7 90) (t) + H3(¢7 1/}> SO) (t)

9

0
0,
0
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Therefore, a fixed point of F' is a solution of . If this solution further satisfies the
boundary condition , then it is a traveling wave solution of .

In order to obtain a fixed point of F', we propose two conditions on the reaction terms,
which are to be called the weak quasimonotone condition (WQM) and the exponential
weak quasimonotone condition (EWQM), respectively:

(WQM) There exist three positive constants 31, 52 and 3 such that

fi(o1(—

+ (81— 1)(¢1(0) — ¢2(0)) = 0,
(¢1( cr1), 1(—cm2), p1(—cT3)) —
(—eta), Y1 (—cTs), 1(—cT6)) —
+(52 1)(¥1(0) = 42(0)) = 0,
fa(dr(— (=c75), p1(=cT6)) — fa(da(—cTa), 1(—cT5), p2(—cT76)) < 0,
f3(@1(=c77), 1 (=c78), p1(—cT9)) — f3(d1(—cT7), 1(—cT8), p2(—cT9))

+ (83 = 1)(1(0) = ¢2(0)) = 0,

f3(g1(—cmr), h1(—cms), p1(—cT9)) — f3(d2(—cT7), Pa(—cTs), p1(—cT9)) <O

for any ¢1 (5)7 ¢2(5)7 1/]1 (8)7 1/}2(5)7 901(5)7 302(8) € C([_CTv 0]7 R) with

er), 1(—cme), p1(—er3)) — fi(pe(—cm), P1(—cm2), p1(—cT3)

J1(¢1(—c71), Y2(—cm), p2(—cT3)) <0,
f2(91(—cma), ha(—cTs5), p1(—cT6))

CT4)

(&
Y1

0 < a(s) < d1(s) < My, 0=<a(s) <ei(s) < Ma, 0 < a(s) < i(s) < Mg,

and M; > k; (Z = 1,2,3).
(EWQM) There exist three positive constants (1, 82 and (3 such that

fi(oi(=

+ (81 = 1)(91(0) — ¢2(0)) = 0,
Ji(@1(—cm), ¥1(—cm2), pr(—cT3))
fa(d1(—cma), Y1 (=cT5), 1(—076))
+ (B2 = 1)(¥1(0) — ¢2(0)) =
fa(d1(— (—c75), 0 ( 076)) fa(d2(=cTa), 91 (—cT5), p2(—c76)) <0,
fa(d1(— (—em8), p1(—cm9)) = fa(Pr(—cmr), ¥1(—cms), p2(—c))

+ (B3 = 1)(1(0) — (0)) >0,

f3(@1(—cmr), h1(—ems), p1(—cT9)) — f3(d2(—cT7), Ya(—cTs), p1(—cT9)) <0

for any ¢p (3)7 ¢2(3)7 (] (8)7 1/12(3)7 ()01(8)7 902(8) S C([_CT7 0]7 R) with

(1) 0 < d2(s) < ¢1(s) < M1, 0 < tha(s) < ¥i(s) < Ma, 0 < 2(s) < pi1(s) < M3, and
M; > k; (’L = 1,2,3).

ct1), Y1(—cra), p1(—c73)) — fi(p2(—cm), ¥1(—cm2), p1(—cT3)

— fi(¢1(=cT1),p2(—cT2), p2(—cT3)) <0,
— fa(p1(—cTa), Ya(—cT5), p1(—cT6))

C7'4) w
(G

CT7)



Temporally Discrete Three-species Lotka-Volterra Competitive Systems with Time Delays 55

(ii) eP15[p1(s) — pa(s)], ”25[h1(s) — 12(s)] and e?5[p1(s) — 2(s)] are nondecreasing in
s € [—er,0].

In the following, we give the definition of upper and lower solutions of system ([2.1)

and the exponential decay norm.

Definition 2.1. A pair of continuous functions ® = (¢,,%), ® = (¢,9, ) are called
an upper solution and a lower solution of , respectively, if there exist constants 7T;
(i=1,...,m), where T; < T}, if i < j such that ®, ® are twice continuously differentiable
inT=R\{T;:i=1,...,m} and satisty

Ot — ) + fr(d(t — em), Y(t — em), @

3
=
|
o
=)
IA
=

teT,

_|_
dotp” (t) — O (t) + P (t — ¢) + fo(d(t — cma), Y (t — e75), p(t — c76)) <0, teT,
d3p"(t) —P(t) +P(t —c) + f3(p(t — c77),¢(t —c78),P(t —c19)) <0, t€T
and
d1¢"(t) — ¢(t) + ¢(t — ) + f1(p(t — cm1), ¥ (t — cm2), B(t —¢73)) >0, teT,
dot)"(t) — (t) + ¥(t — ¢) + fa(d(t — cma), (t — c75), P(t — c76)) >0, t €T,
dsg" (t) — (t) + p(t — ¢) + f3(d(t — c77),¥(t — c78), p(t — c79)) > 0, teT.

For p € (0, min {2, A4, Ag}), define

B,(R,R?) = {cp € C(R,R?),sup |®(t)] e M < oo}.
teR

Obviously, B, (R, R?) is a Banach space when it is equipped with the norm || ,, defined by

], = sup () e M for @ € BL(R,R?).

2.1. The Weak QM Case (WQM)
When the reaction terms fi, fo and f3 satisfy (WQM) condition, the existence of travelling
wave solution of will be obtained.

Assume that there exist a pair of the upper-lower solutions ® = (¢,%,%) and ® =

(¢, 9, ) of system (2.1 satisfying:

(P1) 0 < (o(t),%(t), (1)) < (6(1), (). B(t)) < M;

(P2) limy—oo(4(t), ¥ (), B(t)) = 0, limy—s 400 (D(t), (1), £(t)) = limi—s 4o (D (1), (1), B(1))
=K.
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Define the set

= {(d%%@) € C[O,M](RvR?)) | (?7%78) < (¢7¢7§0) < @;E,@)} .

Obviously, I' is a nonempty, closed and bounded convex set.

Lemma 2.2. Suppose that (Al), (A2) and (WQM) hold. Then we have

Hy(¢2,¢1,¢1)(t) < Hi(or, 2, 2)(t),

Ha(d1,2,1)(t) < Ha(¢2, 91, 2)(8),

H3 (1,1, 02)(t) < Hs(d2, 2, p1)(1)
and

Fi(¢2,%1,01)(t) < Fi(1, ¢, 02)(1),

By, 02, 01) (1) < Fa(o2, 91, 2)(t),

(1,91, 92)(t) < F3(@2, 2, 01)(t)
for any é1, G2, 91,92, o1, p2 € C([—cT, 0], R) with

0 < a(s) < ¢1(s) < My, 0<ha(s) <9ui(s) < Mz, 0<a(s) < pi(s) < Ms.

Lemma 2.3. Suppose that (Al), (A2) and (WQM) hold. If (2.1) has a pair of upper and

lower solutions ® = (¢,1,7), © = (¢,v,p), respectively, satisfying (P1), (P2) and
(2.4) G <Fw), P <PE) FEH<FE), teRr,
YA =), YT 2P (t7), L) =L (), teR,
then
(2.5)

® < (Fl(?a%@vF2($7%¢)7F3($7%£)) (F1(¢ Tl} 90) F2(¢ @ 90)7F3(?7£7¢)) < .

MO?"@OU@T’, <F1(97 @7 @)7 F2($7 %7 @)7 F3($7 @7 f))? (Fl(a % f) (? @7 @)7 F3(?7 % ¢)> are
a pair of lower and upper solutions of .

Lemma 2.4. Suppose that (A1), (A2) and (WQM) hold. If ([2.1)) has a pair of upper and
lower solutions ® = (¢,1,7), ® = (¢,9, ), respectively, satisfying (P1), (P2) and ( 2.4),

then F': T' — T is completely continuous with respect to the decay norm |- \M.

Since the proofs of Lemmas [2.212.4] are similar to Lemma 2.1 in [34], Lemma 3.9 in [14]
and Lemma 3.4 in [3], respectively, we omit them here.

According to Lemmas we easily obtain that F(I') C T' and F' is completely
continuous, which is similar to the proof of Lemma 2.2 in [34]. By Schauder’s fixed point

theorem, we can immediately obtain the following theorem.
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Theorem 2.5. Suppose that (A1), (A2) and (WQM) hold. If [2.1)) has an upper solution
(0,0,9) and a lower solution (¢,v, ) satisfying (P1), (P2) and (2.4)), then ) has a
solution satisfying -, i.€., - ) has a traveling wave solution connecting 0 and K.

2.2. The exponential WQM Case (EWQM)

We shall relax (WQM) to (EWQM) and employ the same idea to the exponential weak
quasi-monotonicity. Suppose that there exist an upper solution (4(t),(t),%(t)) and a
lower solution (¢(t), (), ¢(t)) satisfying both (P1), (P2), and

(P3) €Mt [p(t) — (t)], P2 [ih(t) —(t)] and et [@(t) — (t)] are nondecreasing for ¢ €
R.

Define the set
(

() (¢,%,9) < (8,9,9) < (6,9,7)

D) M [p(t) — ()] , ™ [p(t) — ¢(t)],
I = <¢,w,w>ecm,M]<R,R3> 2 [p(t) — ()], €™ [(t) — (1)),
Pt [ip(t) — p(1)] . P [B(t) — ()]

are nondecreasing for everyt € R

By (P3) and the fact e®* [(t) — ¢(t)] = 0, ™! [(t) —p(t)] = 0, ePt [B(t) —B(t)] = 0
we can see that (¢, %, %) € I'*, namely, I'* is non-empty. Furthermore, we can easily learn
that I'* is a closed, bounded, convex subset of B, (R, R3).

Theorem 2.6. Suppose that (A1), (A2) and (EWQM) hold. If (2.1)) has an upper solution
(¢.1,%) and a lower solution (¢,1, ) € Cioan(R,R?) satisfying (P1)-(P3) and (2.4).
Then for min {f1dy, fada, B3ds} > 1, (2.1) has a traveling wave solution satisfying (2.2)).
Proof. Suppose that (¢,1, ) € T'*, it is easy to see that

¢<FI(?7,¢}7¢><FI(¢¢SO)<F1($%£)S$7
¢§F2($7£7¢)<F2(¢¢90)<F2(9$£)§$7
@ < Fs(, 0, 0) < F3(¢,9,¢) < F3(6,9,9) <P

Hence, (¢, 1, ¢) < (F1(¢, 0, 9), F2(¢, ¢, 9), F3(¢, 1, 7))

<
Next, we will prove the second condition of I'*. Let F} (gb

M [6(t) — ¢1(t)]

— et / /+ e)\g(t—s):|
di(A2 — A1)

x{ [B16(s) - d1¢(>] [Bio1(s) = dg(s)] } ds
ebit

- s /t /:OO eAz(t—s)] {515(3) —d1¢ (s) — Hy(, 0, 90)(8)} ds.

o0

90)() ¢1(t), then
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Hence,

% {eﬁlt [olg(t) — <z51(t)]}

Bt rt
:%ﬂlﬁiou/m@wSﬂmwﬁ—dmﬂﬁ—ﬂﬂ@w#ﬂﬁ}“
(Br+ Ag)e!
di(A2 — A1)

Bt rt
_fazﬁio/;fMtQ%m@wwmﬁﬂ—Hm%%w@ﬂ“
(Br+ Ag)e!
di(A2 — A1)

+ /t+°° eH2(t=s) [515(5) — 19 (s) — Hi(,, @)(S)} ds

_|_

Note that min {f1dy, Sada, f3d3} > 1 gives 1 + A1 > 0 and 1 + A2 > 0. Therefore,

according to the definition of upper solution we obtain
d
A ) - a10)] | > 0.

Similarly, we can get that ! [¢)(t) — Fb(¢, 1, ¢)(t)], e®! [B(t) — F3(6, v, ) (t)],
e [Fi(¢,9,0)(t) — ¢(1)], €™ [Fa(g, 4, 0)(t) — ¥(t)], %" [F3(¢, 9, ) (t) — (t)] are non-
decreasing in ¢t € R. Hence, F(¢,1,¢) € T, and following the method of Lemmas 4.5
and 4.6 in [14], FT* C I'" and the map I is compact with respect to the norm || . By
Schauder’s fixed point theorem and the assumption (P3), there exists (¢*(t), ¥*(t), ¢*(t))
satisfying the asymptotic boundary condition . The proof is complete. ]

Remark 2.7. The aim of this section is to discuss the existence of traveling wave solution
of (1.11) under the condition (EWQM). We can choose 51 > 0, B2 > 0, 83 > 0 large
enough such that min {f1d;, fada, B3d3} > 1. Therefore, Theorem is now available

and provide us a traveling wave solution.

3. Applications

In this section, we apply the results to temporally discrete for three-species competitive

systems ([1.9) and ([1.10]).

Suppose that
(3.1)
aq bl C1 1 bl C1 aq 1 C1 aq b1 1

D: a9 b2 Co >0, D(l) =1 b2 Co >0, D(2) = |a2 1 Co >0, D(g): a9 b2 1 >0

as b3 C3 1 b3 C3 as 1 C3 as b3 1

We are interested in looking for travelling wave solutions of (|1.9)) and ((1.10]) connecting
(0,0,0) and a positive equilibrium (k1, k2, k3) > 0, where k; = %, 1 =1, 2,3 are the roots
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of the following equations:

arki + bike + c1hk3 = 1,
(3.2) agky + bako 4 coks =1,
asky + bsko + csks = 1.
Example 3.1. Considering the following system with delays:
(3.3)
Un(x) — Up—1(x) = d1 Dup(z) + run () [1 — arun(z) — bivp—r, () — crwn—r, ()],
Un(x) — vp—1(x) = do vy (x) + Tovn () [1 — agup—rq (z) — bovy () — cowp—ry ()],
Wy (x) — wp—1(z) = dsDwp () 4+ r3v,(z) [1 — aztn—ry () — b3vp—rg () — c3wp ()] .
Substituting un, (z) = ¢(z+cn) = ¢(t), vp(z) = Y(r+cn) = Y(t), wp(r) = e(x+cn) = p(t)

into (3.3)), we can get the corresponding wave profile equations as follows:
(3.4)

d1d"(t) — o(t) + d(t — ¢) + r19(t) [1 — a19(t) — bryp(t — c11) — c1p(t — ¢72)] = 0,
dot)" (t) —ap(t) + (t — ) +120(t) [1 — azd(t — c73) — batp(t) — cap(t — c14)] = 0,
d3" () — o(t) + @(t — c) +r3(t) [ — azp(t — c75) — b3h(t — c76) — c30(t)] = 0.

Define f(éf)»ZDvSO) = (f1(¢7wa90)7f2(¢7¢790)7f3(¢77/)790)) by

f1(9, 9, ¢) = 116(0) [1 — a16(0) — bip(—cm1) — c1p(—cm2)],
f2(9,90, ) = r20(0) [1 — agp(—cT3) — b2tp(0) — cap(—cT4)],
f3(9, 0, 0) = 130(0) [1 — azg(—c7s) — bayp(—c76) — c30(0)] .

Obviously, f(¢,v, ) satisfies (Al) and (A2). Now, let us prove that f = (f1, f2, f3)
satisfies (WQM) by the following results.

Lemma 3.2. For all delays 7;, i = 1,2,...,6, the function f(¢,v, ) satisfies (WQM).

Proof. For ® = (¢1,91,¢1), ¥ = (¢2, 12, p2) € C([—er,0],R?) with 0 < ¢a(s) < ¢1(s) <
My, 0 < aha(s) < ahi(s) < Ma, 0 < pa(s) < ¢i1(s) < Mz, and My > ki, Ma > ko, M3 > ks,

T=max{r,i=1,2,...,6}, we can obtain

J1(o1, 91, 01) — f1(92, 91, 1)

=71¢1(0) [1 — a161(0) — biyp1(—cm) — crp1(—cm2)]
—71¢92(0) [1 — a12(0) — b3y (—cm1) — crp1(—cm2)]

=71[61(0) = 62(0)] = r1a1 [67(0) = @3(0)] — mby [@2(0) 1 (—em1) — 62(0)n (—cm)]
—r1c1 [91(0)p1(—cm2) — ¢2(0) 1 (—cT2)]
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= 71[¢1(0) — ¢2(0)] {1 — a1 [¢1(0) + $2(0)] — b13p1(—cT1) — c1p1(—cT2)}
> —r1(2a1 My + by Mz 4 c1 M3 — 1) [¢1(0) — ¢2(0)] .

Choosing 1 = r1(2a1M1 + b1 Mo + 1 M3 — 1) +1> T1(2a1k1 4+ b1ko + c1ks — 1) +1>0,
we have f1(¢1, 91, ¢1) — fi(d2,%1,01) + (81 — 1)(¢1(0) — ¢2(0)) > 0. In addition,

J1(d1,91,01) — f1(d1, 2, p2)
=71161(0) [1 — a191(0) — biyp1(—c71) — crp1(—cm2)]

—1191(0) [1 — a161(0) — bithe(—c71) — c1p2(—c72)]
= 110101(0) [2(—c71) — th1(—cm1)] + r1c161(0) [p2(—cT2) — p1(—cT2)]
< 0.

In a similar way, we can check that fa, f3 also satisfy (WQM). The proof is complete.
O

In order to apply Theorem we need to look for a pair of upper-lower solutions for
(3.4). Define
Aw(A) :di)\2+6_)\c—|-7‘i—1, 1=1,2,3.

By simple graphical arguments, we can easily obtain the following lemma.

Lemma 3.3. Let 0 < r; < 1. Then there exists ¢* > 0 such that for ¢ > ¢*, Aji(N),
respectively, has two positive real Toots Ao;—1, Aoy with Ag;—1 < A9;, 1 = 1,2,3. Moreover,

>0 fOT‘ A< )\Qi_l;
Azc()\) =9<0 for\e ()\Qi_l, /\Qi); 1=1,2,3.
>0 for A > Ay

Suppose that ¢ > ¢* with ¢* given by Lemma Let

{2 Aoi M +A3 M+ A3+ A A3+ A5 A5+ N )\5+)\3}>
3 ) ) ) bl bl

"1l N A1 A3 A3 A5 A5

€ (1, min
" <’i:172,

For a large constant ¢ > 0, we define three functions [;(t) = e*2i-1t — gem -1t j =1,2 3,
Then, we can easily learn that [;(¢), ¢ = 1,2, 3 have global maximum m; > 0 respectively,

. _ 1 1 Aoi—1toi—1 __ Agi—1toi—1 X
and there exist t9;_1 = mln% < 0, such that e?2i-1*2i-1 — gellh2i-1t2i-1 = yp,.
i = 1,2,3, which means [;(t) are nondecreasing for ¢ < t9;_1, respectively. Therefore,
for any given A\ > 0, there exist e9; > 0 such that k; — egje ™ 2i-1 = lg; 1(to;_1) = my,

i=1,2,3.
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Now, we suppose that there exist eg > 0, &1 > 0, €3 > 0 and 5 > 0 such that

a1e1 — bieg — c166 > €9, a1€2 — biez — c1e5 > €,
(3.5) bags — agea — cagp > €0, bagy — aze1 — cags > €,
c3€5 — azeo — byey > €9, c3eg — aszel — byeg > gg.

Letting ¢ > 0 sufficiently large and A > 0 sufficiently small be given, for the above

constants and suitable constants to, t4, tg, we define the continuous functions as follows:

At At nAit
— e’ t < tq, e qe , <1y,
(1) = X olt) = :
ki +e1e™, &> to, ki —ege M, >,
— e, t <ty ot —qe™t, t <t
U(r) = . (1) = y
ko 4+ eze™, ¢ > ty, ko —eqe™, 1 >t3,
Ast Ast _ 4oMAst
e t<tg e e t<ts
Py ={" " o) = ©o ’
ks +ese” ™, t>tg, ks —ege N, t>ts.

Obviously, My = sup,cg ¢(t) > k1, M2 = sup;cp @(t) > ko, M3 = sup;cg ¢(t) > k3, and
o(t), ¥(t), B(t), 8(t), ¥(t), p(t) satisfy (P1), (P2), ([2.4) and

min {ta,t4,t6} — cmax {1, 7,1 =1,2,...,6} > max {t1,ts3,t5}.

In the following, we prove that (¢(t), ¥ (t),(t)), (¢(t),1(t), p(t)) are a pair of upper
and lower solutions of (3.4]), respectively.

Lemma 3.4. Let 0 < r; < 1 (i = 1,2,3), and assume that (3.1) and (3.5) hold. Then
(o(t),(t),8(t)) is an upper solution of (3.4).
Proof. (i) For t < tg, (t) = eMt, ¢(t — ¢) = eM =), P(t —cr) > 0 and p(t — cm2) > 0.
We have
A1 (t) — G(t) + &t — ¢) +116(t) [1—a19(t) — biyp(t — c1) — crp(t — c))]
<did () = B(t) + Bt — ©) +116(1)
= eAltAlc(/\l) =0.
(ii) For to < t < ty 4 ¢, ¢p(t) = k1 +e1e™, @t —¢) = eMt=0), P(t —cm) = ko —

gqe~At—em) o(t —cmp) = k3 — ege M) In view of ki + eje M2 = eM?2 we obtain

dlal(t) =) + ot — ) + r1o(t) [1 — a19(t) — biy(t — c11) — crp(t — c72)]
- dlgl)\2€_>\t — (kl + €1€_At) + e)\l(t—c)
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ik +ee™) [1 — ay (k1 +e1e™™) = by (ks — e2e A7) — ¢ (ks — gge 7))
< dig N2 M — (k1 + 516—)‘t) 4 itz
+r1(ky +ere”M) [—alele_kt + byege MEem) o gpemAEmem)
= nLi(}),
where I1(\) = dig1\2e M —g1e M + e1e7M2 1y (kg + e1e7 M) [—arere M + bregemAEem)
+ crege M=), It follows ajeq — bieg — c1e6 > eo that I1(0) = 71 (k1 +e1)(—are; +breg+

cie) < 0. Thus, there exists a A} > 0 such that I1(\) < 0 for A € (0, A}).

(ili) For t > ta + ¢, d(t) = k1 +e1e™, ¢(t —¢) = k1 + e1e M7 h(t —cry) =

)\(25767'2)

ko — eqge=Mt—cm), p(t —cm) = k3 — gge™ , we get

A" (t) — ¢(t) + 6t — ¢) +19(2) [1—a1p(t) — bip(t — em1) — crp(t — cm2)]
= €_M |:d161)\2 — &1+ EleAC -+ 7“1(/61 + 816_)‘t)(l)1t54(2)‘071 + 01666)‘672 — aléle_At)}

= IQ()\)

Since aje] —bieg —c166 > €0, we can get Io(0) = r1(k1+¢1)(biea + 166 —ar1e1) < 0, which
implies that there exists a A5 > 0 such that I>(\) < 0 for A € (0, \3).
Taking A* = min {\}, A3} and for X € (0, \*), we get

did" (1) — D) + Gt — ¢) +119(t) [ — a1(t) — b (t — emy) — crp(t — em)] < 0.
In a similar way, we can find a A\** > 0, such that for A € (0, A**),
o) () = (t) + Dt — ¢) + 1r29(t) [1 — azg(t — e73) — bath(t) — capp(t — em4)] <0,
and a A™* > 0, such that for A € (0, \***),
ds@"(t) — 2(t) + Pt — ) + r3p(t) [1 — azd(t — c15) — bsh(t — c76) — c3p(t)] < 0.
Therefore, (¢(t),(t),$(t)) is an upper solution of (3.4)). O

Lemma 3.5. Let 0 < r; < 1 (i = 1,2,3), and assume that (3.1) and (3.5) hold. Then
((t),(t), (t)) is a lower solution of (3.4).

Proof. (i) For t < ty, ¢(t) = eMt — ge"™!, ¢(t —¢) = eM(t=c) _ genhit=c) Yt — erp) =
era(t—cm), P(t —cm) = eMs(t=cm)  GQince A1c(A1) = 0 and Aq.(nA1) < 0, we can choose an

enough large number ¢ such that

riaq + ribre 3T 4 pyc e M5CT
A1c(nAr)
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Thus, we obtain

d1g" (t) — (t) + ¢(t — ¢) + r19(t) [1 — ar(t) — brp(t — em1) — c1p(t — cm)]
- e’\lt(dl)\% +e My — 1) — ge™t [dl(n)\l)Q +eMMC fopy — 1}

— a1 (eM? — qe™ )2 — pby (Mt — geMit) e Emem) o) (eME — genhit)tslten)
= —qe™ " Ase(nhy) — rrag (€M — ge™)? — by (M — gei)etsemy)

— rrer (Mt — ety hs(tem)

> _qen)\ltAlc(nAl) _ ,r,laleQ)\lt _ T1b1€>\1t€/\3(t_07—1) _ Tlclekltekg,(t—cta)

—A\3ceT
_ _gemt [ Are(nhg) + T8 c@n—manry TIETT (o ns
q q
-\
L, nae 5CT2 a5 =)t
q
it ria1 T1b16_>‘3”1 rlcle_AWTZ

> —qe"" | Age(n1) + o . .

> 0.

(ii) For t; <t <ti+e, ¢(t) = k1 —e2e™, @t —¢) = M=) — geni(t=0) Yt —cmy) =
era(t—cm), B(t — cme) = ers(t—cm2), Taking account of eMil — ge™it = k; — gge M1,
el = Ly + wvarepsilonge™ M4, e = ks + e5e™M6 and t) + ¢ < ty, t1 + ¢ < tg, by

calculation we have
dléﬁ(t) — ?(t) + Q(t —c)+ rlé(t) [1 — alé(t) — blﬂ(t —cr) —ap(t — CTQ)]
_ _d1€2)\2e—)\t _ (kl - 626—)\15) + e)q(t—c) o qen)\l(t—c)
+ 11 (k1 — ege M) [1 — a1 (k1 — e2e M) — bretaltemn) 016’\5(t_072)]
Z _d1€2>\2€7)\t _ [kl o 626*)\(t1+c)i| + |:6)\1(t176) . 6A1t1j| + (6)\1t1 . qenz\ltl)
+ 1”1(](31 — €2€_>\t) [1 — al(kl — 526_/\t) — ble’\3t4 — 61€>\5t6:|
= I3(N),
where

I3(A) = —dieaN2e M 4 gpeMlite) 4 e)‘““(ef’\1C —-1)— gqe M1

+ r1(ky — ege™ ) (arege ™ — bege M4 — ¢rege o),

Since aje9 — bieg — c1e5 > €9, we can easily check that I3(0) = eMh (e‘Alc — 1)+ ri(k —
£2)(are2 — biez — c1e5) > 0 for sufficiently large q. Therefore, there exists a A\ > 0 such
that I3(A) > 0 for A € (0, \}).

Case 1. tg+ cmo >ty + cmy.
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(ifi) For t1+¢ < t < t4+cr, $(t) = ky —eae ™, d(t—c) = ky —e2e 9, Pt —ery) =
6>\3(1570‘r1)7 @(t — CTQ) — eMs(t—cm2) Taking etata — ko + 6367)\7547 etste — ks + 6567)"56 into

consideration, we can get

d1¢"(t) — p(t) + Bt — ) + r19(t) [1 — a19(t) — bp(t — em1) — c1B(t — em)]

> —digaAZe M 4 gge M gyeAE0)
+ (k1 — 526_)"5) [1 —ay(ky — 826—/\15) _ ble’\3t4 _ 016)\5t6
= Li(}),
where

Ii(A) = —diepAZe ™M 4 gge ™ — gpe M0

+ 71 (k1 — e0e ) (are9e M — breze Mt — ¢regeMo).

Since ajea — bieg — c165 > €0, we learn that there exists a A} > 0 such that I;(\) > 0 for
all A € (0,\}).
(iv) For ty+cm <t < tg+cm, ¢(t) = ki—ege M, o(t—c) = k1 —eqe A0, P(t—cr) =

ky + egeMmem), Pt —cm) = e*s(t=cm2) - Under the condition e = ks + e5e 6, by

calculation we can derive that

dl?ﬂ(t) N ?(t) + QG N c) + Tlé(t) [1 B al?(t) - b@(t —cm) —ap(t — 072)]

> —dieghZe ™M 4 ggem M gy M)
+ 11 (kp — e9e™ ) [1 — ay (k1 — eae™ ™M) — by (ko + ege A=)y — cle’\f’tﬁ}
= I5(N),
where

I;(\) = —dyeaN?e ™M 4 gge M — 5267)‘@70)

_)\(t—C’Tl) _)\t6).

+ 71 (k1 — ege™ ) (are0e ™ — brese _ cie5e

In view of a1e2 —bie3 — 165 > €0, we obtain that there exists a Af > 0 such that I5(\) > 0
for all A € (0, A).
(v) For t > tg + cTa, ¢(t) = k1 — eae™™, ¢t —¢) = ky — e0e M0 (t — o) =
ko + 636_)‘(':_67—1), @(t — CTQ) = k3 + 656_>\(t_CT2).
dléﬁ(t) — Q(t) + Q(t —c)+ Tlg(t) [1 — alg(t) — bla(t —cr) —ap(t — CTg)]
= —d1€2)\26_)\t + 826_)\t - 826_>\(t_c)
+ Tl(kfl _ 626—)\t) [a1€26_>\t . blgge—)\(t—cn) o 01556—)\(15—07'2)

= Ig(N).
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As the result of 16(0) = Tl(kl — 52)(a1€2 — bieg — 6165) and ajeg — bieg — c1e5 > €g, we
can get a A > 0 such that Ig(A) > 0 for all A € (0, \§).

Case 2. tg+cmo < tg + cmy.

(iii) For tg + cmy < t < t4 + cry, P(t) = ki — ege™, ot —c) = k1 — gge M=),

Yt —cm) = era(t—cm) P(t —cmp) = k3 — ese M=e™2) T view of e = kg + 56 M4 we

have
dl?//(t) - Q(t) t ?(t -0+ Tl@(t) [1 - al?(t) — b1@(t —cr) —ap(t — c7’2)]
> —diegA2e™M 4 gge M ghe M)
+ 71 (k1 — e2e™) [1 —ay(ky — eae™ M) — bye™t — ¢y (ks — 556—A(t_672))}
= Iz(),
where
Iz(A) = —dieaNZe ™™ e M gy METO)
+ 11 (ky — e2e7 M) (algze—)\t  ppegeMa 01656—)\(15—072)) '

Under the condition ajea — biesz — c1e5 > €0, we learn that there exists a A7 > 0 such that
I7(X) > 0 for all XA € (0, A\%).

(iv) For the cases t1 + ¢ <t < tg + c¢m» and t > t4 + c11, their proofs are the same to
(iii) and (v) of Case 1. We omit it here. Let

A* = min {3, A1, A5, A\g, A7}
We have

di19"(t) — o(t) + ¢(t — ¢) + r19(t) [1 — a1d(t) — bip(t — emp)] < 0.

Similarly, the rest inequalities are satisfied. The proof is complete. O

Therefore, by Theorem we can get the following result.

Theorem 3.6. Let 0 < r; < 1, ¢ = 1,2,3. Suppose that and (| . ) hold. If ¢ >
2 max {\/diri, i=1, 2,3}, . has a traveling wave solution (gb(a: +cn), Y(x+cen), oz +
en)) connecting (0,0,0) and (ki, k2, k3). Furthermore,

Jim o(§e M = lm y(§e ™ = lim p(e)e™ = 1.

Example 3.7. In the following, we discuss the following delayed diffusion system:
(3.6)

Un () — Up—1(2) = d1 Dup () + riug (@) [1 — artn—r () — b1vp—ry () — Crwn—ry (2)],
U () — Up—1(x) = daDvy (x) + rovn () [1 — agtin—r, () — b2Vn—r. () — Cowp—ry (T)]

)
Wy (2) — wp—1(x) = dzsAwy(z) + rawy(z) [1 — agtin_r, () — bgvp_re () — c3Wp—ry ()] .
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It is easy to obtain that the wave system corresponding to (3.6) is
(3.7)
d19"(t) — (t) + d(t — ) +r19(t) [l — ar1d(t — cm1) — biyp(t — c72) — c1p(t — e73)] = 0,
dotp" (t) — () + (t — ) + r2p(t) [1 — a2 (t — cma) — batp(t — c75) — cagp(t — e76)] = 0,
dzg" (t) — o(t) + o(t — ¢) + r3p(t) [1 — asp(t — e7) — bsp(t — c73) — cap(t — c19)] = 0.
Define f(¢7 ¢7 90) = (fl ((;57 QIZ), (:0)’ f2(¢7 sz)v 90)’ f3(¢7 sz)v 90)) by

f1(9. 9, 0) = 116(0) [1 — a1¢(—cm1) — bip(—cra) — crp(—cT3)]
f2(9, 9, ¢) = r29(0) [1 — aggp(—cma) — batp(—cT5) — cagp(—cT6)]
f3(9,9, ) = r39(0) [1 — azp(—cr7) — b3p(—cTs) — capp(—cT9)] -

Obviously, (A1) and (A2) are satisfied.

Lemma 3.8. Suppose that 1, 15 and 9 are sufficiently small. Then the function f(¢, 1), )
satisfies (EWQM).

Proof. For ® = (¢1,¢1,¢1), ¥ = (d2,¢2,2) € C([—cr,0,R?) with (i) 0 < ¢a(s) <
P1(s) < My, 0 < aha(s) < 9p1(s) < Ma, 0 < @a(s) < p1(s) < Ms; (ii) €% [¢1(s) — pa(s)],
P25 [ah1(s) — ha(s)], €% [p1(s) — pa(s)] are nondecreasing for s € R.

fi(d1, 91, 01) — fi(da, b1, 1)
=1161(0) [1 — a1¢1(—cm1) — b1 (—c2) — crp1(—cTs)]
—r1¢2(0) [1 — a1d2(—cm1) — bih1(—cmz) — crp1(—c73)]
=11 [$1(0) — 2(0)] — r1a1 [$1(0)d1(—c1) — ¢2(0)d2(—cT1)]
— r1b1ti(—c72) [$1(0) — ¢2(0)] — ricip1(—c73) [#1(0) — ¢2(0)]
> (r1 —ribi1Ma — rie1M3) [¢1(0) — ¢2(0)] — r1a161(0) [¢1(—cT1) — d2(—cT1)]
= ria1d2(—c71) [¢1(0) — ¢2(0)]
> 11(1 = b1 M — e1 M3 — a1 My) [¢1(0) — ¢2(0)]
— r1a161(0)e™ T e T [y (—emy) — o —c71))]
> ri(1— b1 Mz — et M3 — a1 My) [¢1(0) — ¢2(0)] — r1ays M1e” ™ [$1(0) — ¢2(0)]
=r1(1 = b1 My — e1 My — a1 My — a; M1e”°™) [$1(0) — ¢2(0)] .

Choosing 1 > 0 such that
(3.8) B1—1>r(biMa + ci M3 + 2a1M; — 1),
it follows from (3.8]) that

51 -1 Z Tl(ble + ClMg + CL1M1 — 1) + TlalMleﬂlcn
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for sufficiently small 71 > 0. Therefore,

f1(@1, 91, 01) = fi(d2,¢1,01) + (B1 — 1) [1(0) — $2(0)]
> [7’1(1 — b1 My — et M3 — ay My — a; Mye” ™) + (81 — 1) | [61(0) — $2(0)] > 0.

In addition,

f1(@1,701, 01) — fi(d1, 2, p2)
=7161(0) [ — a1¢1(—cm1) — bip1(—cm2) — crp1(—cT3)]
—71¢01(0) [1 = a11(—c71) — bigha(—cm2) — crpa(—ct3)]
= —110191(0) [1(—c72) — Yha(—c72)] — r1c191(0) [p1(—cT3) — pa(—cT3)] < 0.
Similarly, for sufficiently small 75 > 0 and 79 > 0, we can verify that fa(¢, v, p),

fa(p, 0, p) satisfty (EWQM) by choosing appropriate 2 > 0 and 83 > 0. The proof is
complete. O

Now, as in Example E we define (¢(t),¥(t), B(t)) and ($(t),¥(t), ¢(t)), respectively.

Lemma 3.9. Let 0 < r; < 1, i = 1,2,3 and suppose that (3.1) and (3.5) hold. If
71,75, 79 > 0 are small enough, then (¢(t),(t),p(t)) is an upper solution of (3.7).

Proof. For ¢(t), we need to verify that
(3.9) did (t)—d(t)+d(t—c)+r16(t) [1 — a1d(t — c71) — biip(t — cr2) — extp(t — er3)] < 0.

Suppose that 7 is small enough such that 0 < 7 < 1. We divide the proof into the
following steps.

(i) For t < ty and t > t3 + ¢, the proof of is similar to that of Lemma We
omit it here.

(ii) For ty < t <ty +c7i, ¢(t) = k1 +e1e™ M, ¢(t —emp) = eME—en) G(t —¢) = Mt
P(t—cmy) = ko —eqe~ME—em2) p(t—cr3) = ks —ege M) In view of ki +e1e M2 = eMit2,

therefore,
dig" (t) — G(t) + &t — ¢) +116(t) [L — ar(t — em1) — bio(t — em) — crp(t — e73)]
< diegN2e M — [kl + 61€_>\(t2+cn)} + etit2
+7r1(k1 + 8167/\2&) {1 — aleAl(t*CTl) — b [k:g - 6467)\(257072)} - [kg - 5667)‘(’5*”3)} }
— de N2 M _ e Mtarer) 4 oM
+r1(ky +ere” M) {1 —apeMtTen) _p, [kg - €4€7A(t7672):| - {kg — 8667)‘@7673)} }

— d1€1)\2€_>\t — 816_)\t2 + €1€_>\t2
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+ 7“1(/61 + 616_)‘t2) {1 — ale)‘m — b1 |:k2 — 646_)‘(t2_CT2)] — C1 [k’g — 666_)\(t_c‘r3):| }
= dierN2e M 1y (ky + e M) [—czlslff)‘t2 + byege M2em2) 4 618667/\(1}707—3)]

= II(A),

which implies 1;(0) = r1(k1 + £1)(bi1e4 + c166 — a1€1) < 0. Hence, for sufficiently small 1,
there exists a A} > 0, such that I;(\) < 0 for A € (0, \}).

(iii) For to + ey <t < to+ec, d(t) = ky +e1e7™M, ot —cr) = ki + greAlt—em),
Ot —¢) = M=)t — ) = ky — eqe M) o(t — em3) = kg — ege M) Since

ky +e1e M2 = e’\th, we have

A3 (t) — B(t) + 3t — ¢) + 116(t) [1 — arg(t — cr1) — byb(t — e7a) — crip(t — c73)]
= dietN2e ™M — (ky + ere M) 4 Mt

+ 7y (k1 +ere )

% {1 4 [kl - Eleﬂ(pcﬁ)] —b [/@ — 546”\(“”2)} - [kg — 566*/\('5*073)} }

< dieiN2e M — [kl + 516—A(t2+c)} 4 et

+ (k1 + €1€_>‘t) [—algle_’\(t_m) + brege Mtmem2) 4 clgﬁe—A(t—CTg):|
= die N2 M — e Mt | o At

+r1(ky +ere”M) [_algle—k(t—m) T byegeMtmem) 61566—)\(t—c7-3)}
= Ix(N).

Just like the case (ii), we can find a A3 > 0 such that I3(\) < 0 for A € (0,A3). Thus,
(3.9) holds.

Similarly, we obtain

1 —

dot)” () — P (t) + Pt — ¢) + r21p(t) [1 — agp(t — c1a) — bat)p(t — e75) — c2p(t — ¢76)] <0,
dsp” (t) —o(t) + @t — ¢) + r3p(t) [1 —agp(t —crr) — b3p(t — c13) — c3p(t — CTQ)] <0

The proof is complete. O

Lemma 3.10. Let 0 <r; < 1,7 =1,2,3. Suppose that (3.1)) and (3.5 hold. If 71,75, 79 >
0 are small enough, then (¢(t),(t), o(t)) is a lower solution of (3.7).

Proof. For ¢(t), we need to prove that

(3.10) di1¢"(t) — Q(t) + @(t —c)+ 1"19(25) [1 — alé(t —cm) — bla(t — CTQ)] > 0.

(i) For t <ty , ¢(t — cm1) < ¢(t), the proof is similar to the cases (iv) in Lemma
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(11) For tl <t S tl —+ CcT1, Q(t) — kl _ 526_)\t, Q(t _ C) — e)q(t—c) o qe'r])\l(t—c)7 d)(t -

CTI) = eAl(tich) — qenAl(tich), @(t — CTQ) = 6/\3(25767—2), @(t _ c7-3) — e)‘5(t707'3)_ Since

eMi(t—cm) _ qen)q(tfcn) <k — 6267” and t; + cr < ty, t1 + ey < tg, hence,

d1¢"(t) — ¢(t) + ¢(t — ¢) + 118(t) [1 — a1(t — em1) — bip(t — e72) — 1 P(t — c73)]
> —dieaX?e ™M — (kg — ege ™M) 4 M0 _ genalt=o)

+ (k1 — Ege*’\t) 1—ai(ks — Ege*)‘t) — beMsta — cle)‘5t6] )

Therefore, the proof returns to the case (ii) in Lemma and is omitted.
(iii) For t; + e <t <ty + ¢, ¢(t) = k1 — g9e M, ot —cr) = k1 — ggeAt=em)
p(t —c) = eMU=) — gm0 (t — crp) = M=) Bt — ) = e(7¢™) - Since

6)\1151 _ qen/\1t1 — kl _ 826_’\t1, 6>\3t4 — k‘g + 63€_>‘t4, e>\5t6 — k?g + 656_>‘t6, we have

dlé/l(t) - é(t) + Q(t — C) + Tl?(t) [1 - alé(t - CTl) - bla(t — CTQ) — Cl@(t — 07-3)]
= —d1ea)2e™™M — (k) — ege ™M) 4 M9 genhit=o)

+ (k1 — ene™) {1 —a [kl — gge—w—m)} — pretalt—em) _ Clexs(t—cm)}
> _d152)\26—)\t k4 €2€—>\(t1+c) + 6)\1(t1+cn—c) _ Mt + et q@n)\ltl

+71(ky — e2e™™) {1 —a [k‘l — 526_)‘(““_‘”1)} — breMsta cle)‘f’tﬁ}

= —d1eaX2e M 4 ggeMlte) 4 it [eh(CTrC) _ 1} —ege M

—)\(tl +C—CT1) .

+ 7“1(/'{31 - 626_>\t) |:CL1526 b1636_)\t4 - 01556_”6}

= Ig(A)

Therefore, I3(0) = M [e/\l(m*c) — 1] + 7r1(k1 — e2)(a1e2 — bies — c1e5). When ¢ > 0 is
large enough, —t; is sufficiently large. Since aje; — bie3z — ci1e5 > €q, there exists a A3 > 0
such that I3(\) > 0 for all A € (0, A3).

Case 1. t4 + co < tg + c73.

(iv) For t1 + ¢ <t < ty + cmo, P(t) = k1 — gqe M ot —cr) = k1 — gqe~ A=)
Bt — ) = ki — e2e™ M) Wt — ) = M) Bt — ery) = (™). According to

eMsta — ko + 53e*>\t47 eMste — ks + 6567)‘%, we obtain
di1¢" (t) — d(t) + ¢(t — ¢) + r1d(t) [1 — ar1(t — c11) — b (t — cm2) — c1p(t — c73)]
= —d1€2)\2e—/\t _ (kl _ 626_)‘t) Tk — €2€_A(t_c)
+ Tl(kl — EQGfx\t) {1 —al {kl — 526*)\(75707'1)} _ ble)\s(tfm'g) . Cle)‘s(tfcm)}
> —diea e M 4 gpe M ghemAE0)

+11(ky — eae ) {1 —a [lﬂ - 526_)‘(':_071)} — bretsts — cle’\5t6}
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At A(t—c)

= —dlag)\Qe*/\t +e9e” N —egg9e”

7)\(tfc‘l‘1) o At — Mg

+ri(k1 — Ege*)‘t) ajege biese” " — cexe

= 14()\)
Hence, 14(0) = r1(k1 — e2)(a1e2 — bies — c1€5). Note that ajeq — bieg — c1e5 > £, we can
get a A} > 0 such that I4(A) > 0 for all A € (0, \}).

(v) For ty +cm <t < tg+cm3, ¢(t) = k1 — goe M, ot —cr1) = k1 — gge~At—cm)
Pt —c) = ki — e2e M) Gt — ) = ko + e3¢ M) B(t — er3) = 5(7¢T3) . Since

et = kg + e5e M6 we have

dl@/(t) — ¢(t) + P(t — c) +r19(t) [1 —a1p(t —cm) — bi(t — em) — a1 p(t — 07.3)]
= —d1€2)\2e*)\t o (kl _ EQeiAt) + kl . gzeik(tfc)

+ T‘l(kil — 826_)\15) {1 — a1 |:k1 — 626_)\(t—m’1) — bl(kQ + 836—)\(t—CT2)) _ 616A5(t—m—3)} }
> —dieadZe ™M 4 ggem M gy A0

+ Tl(kl — 8267)‘7&) {1 —ay |:k1 — 6267)\(2&7671) — bl(kg + 6367)\()&7072)) — 616A5t6}

= —dieaXZe ™M 4 ege M — gpe M EO)

+ 7'1(1471 . €2€—/\t> [a162€—/\(t—cn) _ b1€3€—)\(t—c7'2) o 61856_)‘t6:|
= 15()\)
Therefore, I5(0) = r1 (k1 —e2)(a162 —bie3—c1e5). Taking account of ajeo—bie3—cie5 > €,
we can obtain a A\f > 0 such that I5(A) > 0 for all A € (0, Af).

(vi) For t > tg + cr3, in view of ¢(t) = ki — ese™, ¢(t — c71) = k1 — ege Mt=em)
Pt —c) =k — gge A=), P(t —cry) = ko + g3 AME—cm2) P(t —crm3) = ks + ege AMt—cTs),

we obtain

dig"(t) — ¢(t) + ¢(t — ¢) + r1d(t) [1 — a1 9(t — em1) — bip(t — em2) — c1p(t — c73)]
= —dieaA2e N — (ky — ege ™) + by — ege MO

+r1(ky — e2e™™)

X {1 —a [kl _ 526—)\(15—07'1)] _ bl(k?Q + 636—>\(t—c7'2)) _ Cl(kg 4 656—)\(1&—07—3))}
= —d1e2X2e ™M 4 g6 M — gpe 70
+ri(ky —e2e™™) {awze*)‘(t*m) — byege Mimem) _ 015564\(*673)}
= IG()‘)¢

which implies that I5(0) = 71 (k1 —e2)(a162 — bieg — c1e5). Noting that ajeo —bieg —cre5 >
€0, we can get a A§ > 0 such that Is(\) > 0 for A € (0, A).



Temporally Discrete Three-species Lotka-Volterra Competitive Systems with Time Delays 71

Case 2. tg+ cr3 < tg4 + cmo.

(iv) For t1 + ¢ < t < tg + c73, and t > t4 + c72, the proof is similar to (iv) and (vi) of
Case 1.

(v) For tg 4+ cm3 < t < ty + cm, ¢(t) = k1 — ege™™, ot —cr1) = k1 — gge~Al=cT1),

Pt —c) = ki — e2e M) Gt — emy) = (702 Gt — er3) = k3 + e ™). Since

et = Ly + e3e M then
dlgﬂ(t) - Q(t) + Q(t — C) + 7"1?(15) [1 — alg(t — 0’7'1) — bla(t — CTQ) — Cla(t - CT3)]
= —d1€2)\2€7)\t — (kl — 8267)‘16) + k1 — 526*)\(7570)
+ Tl(kl — gzefkt) {1 —aq |:k1 — 526*)\@707'1)} _ ble)\3(tfc‘rz) _ Cl(kS 4 ESG*)\(t*CTg))}
> —dieaX?e M 4 gge M — gpe M0
+71(ky — g9 M)
X {1 —ax [kl - 8267““”1)} — by (kg + e3e M) — ¢ (ks + 556*/\(%673))}
pry _d162)\26_)\t + €2€—>\t _ 626_)\(15_6)
+7r1(k1 — 526_/\t> [a152€_/\(t_671) _ b1€3€—)\t4 _ 61656_/\(t_CT3):|
= I7(\).
Thus, I7(0) = r1(k1 — 2)(a1e2 — bieg — c1e5). In view of ajeq — bieg — c1e5 > €, there
exists a A5 > 0 such that I7(A) > 0 for A € (0, \%).
According to the above argument, we can prove that (3.10) is satisfied. Similarly, we

can obtain

do)” (t) — P (t) + Y(t — ¢) + 11p(t) [1 — a2d(t — c7a) — batp(t — ¢75) — capp(t — c76)] > 0,
d3” (t) — p(t) + p(t — ¢) + r1p(t) [1 — azd(t — c77) — bsap(t — e78) — c30(t — c79)] > 0.
The proof is complete. O

Theorem 3.11. Let 0 < r; < 1, i = 1,2,3. Suppose that and hold and
71,75, Tg > 0 are small enough. Then for every ¢ > 2max{\/cm,i = 1,2,3}, has
a travelling wave solution (¢(x + cn),¥(x + cn), p(x + cn)) with the wave speed ¢, which
connects (0,0,0) and (k1, k2, k3). Furthermore,

Jim o©e M = lm (e = lim (e = 1.

Acknowledgments

The authors thank the editor and the referees for their valuable comments and suggestions

that help the improvement of the manuscript.



72

[1]

Qiankun Bian, Weiguo Zhang and Zhixian Yu

References

H. Busch and F. Kaiser, Influence of spatiotemporally correlated noise on structure
formation in excitable media, Phys. Rev. E. 67 (2003), 041105.
http://dx.doi.org/10.1103/PhysRevE.67.041105

J. Cushing, Integrodifferential Equations and Delay Models in Population Dynamics,
Springer-Verlag, Heidelberg, 1977.
http://dx.doi.org/10.1007/978-3-642-93073-7

Q. Gan, R. Xu, X. Zhang and P. Yang, Travelling waves of a three-species Lotka-
Volterra food-chain model with spatial diffusion and time delays, Nonlinear Anal:
Real World Appl. 11 (2010), no. 4, 2817-2832.
http://dx.doi.org/10.1016/j.nonrwa.2009.10.006

S. A. Gourley and S. Ruan, Convergence and travelling fronts in functional differential
equations with nonlocal terms: a competition model, STAM J. Math. Anal. 35 (2003),
no. 3, 806-822. http://dx.doi.org/10.1137/s003614100139991

J.-S. Guo and X. Liang, The minimal speed of traveling fronts for the Lotka-Volterra
competition system, J. Dynam. Differential Equations 23 (2011), no. 2, 353-363.
http://dx.doi.org/10.1007/s10884-011-9214-5

Y. Hosono, The minimal speed of traveling fronts for a diffusive Lotka-Volterra com-
petition model, Bull. Math. Biol. 60 (1998), no. 3, 435-448.
http://dx.doi.org/10.1006/bulm.1997.0008

X. Hou and A. W. Leung, Traveling wave solutions for a competitive reaction-diffusion
system and their asymptotics, Nonlinear Anal: Real World Appl. 9 (2008), no. 5,
2196-2213. http://dx.doi.org/10.1016/j.nonrwa.2007.07.007

W. Huang, Problem on minimum wave speed for a Lotka-Volterra reaction-diffusion
competition model, J. Dynam. Differential Equations 22 (2010), no. 2, 285-297.
http://dx.doi.org/10.1007/s10884-010-9159-0

W. Huang and M. Han, Non-linear determinacy of minimum wave speed for a Lotka-
Volterra competition model, J. Differential Equations 251 (2011), no. 6, 1549-1561.
http://dx.doi.org/10.1016/7.jde.2011.05.012

J. I. Kanel and L. Zhou, FEzistence of wave front solutions and estimates of wave
speed for a competition-diffusion system, Nonlinear Anal. 27 (1996), no. 5, 579-587.
http://dx.doi.org/10.1016/0362-546x(95)00221-g


http://dx.doi.org/10.1103/PhysRevE.67.041105
http://dx.doi.org/10.1007/978-3-642-93073-7
http://dx.doi.org/10.1016/j.nonrwa.2009.10.006
http://dx.doi.org/10.1137/s003614100139991
http://dx.doi.org/10.1007/s10884-011-9214-5
http://dx.doi.org/10.1006/bulm.1997.0008
http://dx.doi.org/10.1016/j.nonrwa.2007.07.007
http://dx.doi.org/10.1007/s10884-010-9159-0
http://dx.doi.org/10.1016/j.jde.2011.05.012
http://dx.doi.org/10.1016/0362-546x(95)00221-g

[11]

[12]

[13]

[14]

[15]

[17]

[18]

[20]

Temporally Discrete Three-species Lotka-Volterra Competitive Systems with Time Delays 73

M. Kot, Discrete-time travelling waves: ecological examples, J. Math. Biol. 30 (1992),
no. 4, 413-436. http://dx.doi.org/10.1007/bf00173295

M. Kot and W. M. Schaffer, Discrete-time growth-dispersal models, Math. Biosci. 80
(1986), no. 1, 109-136. http://dx.doi.org/10.1016/0025-5564(86)90069-6

K. Li and X. Li, Traveling wave solutions in a delayed diffusive competition system,
Nonlinear Anal. 75 (2012), no. 9, 3705-3722.

http://dx.doi.org/10.1016/j.na.2012.01.024

W.-T. Li, G. Lin and S. Ruan, Ezxistence of travelling wave solutions in delayed
reaction-diffusion systems with applications to diffusion-competition systems, Nonlin-
earity 19 (2006), no. 6, 1253-1273.
http://dx.doi.org/10.1088/0951-7715/19/6/003

G. Lin and W.-T. Li, Bistable wavefronts in a diffusive and competitive Lotka-Volterra
type system with nonlocal delays, J. Differential Equations 244 (2008), no. 3, 487-513.
http://dx.doi.org/10.1016/7.jde.2007.10.019

, Traveling wavefronts in temporally discrete reaction-diffusion equations with
delay, Nonlinear Anal: Real World Appl. 9 (2008), no. 1, 197-205.
http://dx.doi.org/10.1016/j.nonrwa.2006.11.003

Y. Liu and Z. Yu, Asymptotics of traveling waves for a single species with delays on

Lattices, Journal of University of Shanghai for Technology and Science, in press.

M. Luo, S. Zhong, R. Wang and W. Kang, Robust stability analysis for discrete-time
stochastic neural networks systems with time-varying delays, Appl. Math. Comput.
209 (2009), no. 2, 305-313. http://dx.doi.org/10.1016/j.amc.2008.12.084

G. Lv and M. Wang, Traveling wave front in diffusive and competitive Lotka-Volterra
system with delays, Nonlinear Anal: Real World Appl. 11 (2010), no. 3, 1323-1329.
http://dx.doi.org/10.1016/j.nonrwa.2009.02.020

S. Ma, Traveling waves for non-local delayed diffusion equations via auziliary equa-
tions, J. Differential Equations 237 (2007), no.2, 259-277.
http://dx.doi.org/10.1016/7.jde.2007.03.014

M. Mei, C.-K. Lin, C.-T. Lin and J. W.-H. So, Traveling wavefronts for time-delayed
reaction-diffusion equation: (I) Local nonlinearity, J. Differential Equations 247
(2009), no. 2, 495-510. http://dx.doi.org/10.1016/j.jde.2008.12.026


http://dx.doi.org/10.1007/bf00173295
http://dx.doi.org/10.1016/0025-5564(86)90069-6
http://dx.doi.org/10.1016/j.na.2012.01.024
http://dx.doi.org/10.1088/0951-7715/19/6/003
http://dx.doi.org/10.1016/j.jde.2007.10.019
http://dx.doi.org/10.1016/j.nonrwa.2006.11.003
http://dx.doi.org/10.1016/j.amc.2008.12.084
http://dx.doi.org/10.1016/j.nonrwa.2009.02.020
http://dx.doi.org/10.1016/j.jde.2007.03.014
http://dx.doi.org/10.1016/j.jde.2008.12.026

74

22]

23]

[24]

[25]

[27]

31]

Qiankun Bian, Weiguo Zhang and Zhixian Yu

, Traveling wavefronts for time-delayed reaction-diffusion equation: (1I) Non-
local nonlinearity, J. Differential Equations 247 (2009), no. 2, 511-529.
http://dx.doi.org/10.1016/j.jde.2008.12.020

S. Mohamad and K. Gopalsamy, Dynamics of a class of discrete-time neural networks
and their continuous-time counterparts, Math. Comput. Simulation 53 (2000), no. 1-
2,1-39. http://dx.doi.org/10.1016/s0378-4754(00) 00168-3

L.-I. W. Roeger, Dynamically consistent discrete Lotka-Volterra competition models
derived from nonstandard finite-difference schemes, Discrete Contin. Dyn. Syst. Ser.
B 9 (2008), no. 2, 415-429. http://dx.doi.org/10.3934/dcdsb.2008.9.415

T. Shibata and K. Kaneko, Coupled map gas: structure formation and dynamics of
interacting motile elements with internal dynamics, Physica D: Nonlinear Phenomena
181 (2003), no. 3-4, 197-214.
http://dx.doi.org/10.1016/S0167-2789(03)00101-5

M. M. Tang and P. C. Fife, Propagating fronts for competing species equations with
diffusion, Arch. Rational Mech. Anal. 73 (1980), no. 1, 69-77.
http://dx.doi.org/10.1007/bf00283257

J. H. van Vuuren, The ezistence of travelling plane waves in a general class of
competition-diffusion systems, IMA J. Appl. Math. 55 (1995), no. 2, 135-148.
http://dx.doi.org/10.1093/imamat/55.2.135

H. Wang, On the existence of traveling waves for delayed reaction-diffusion equations,
J. Differential Equations 247 (2009), no. 3, 887-905.
http://dx.doi.org/10.1016/7.jde.2009.04.002

Q.-R. Wang and K. Zhou, Traveling wave solutions in delayed reaction-diffusion sys-
tems with mized monotonitity, J. Comput. Appl. Math. 233 (2010), no. 10, 2549-2562.
http://dx.doi.org/10.1016/j.cam.2009.11.002

P. Weng and J. Wu, Deformation of traveling waves in delayed cellular neural net-
works, Internat. J. Bifur. Chaos 13 (2003), no. 4, 797-813.
http://dx.doi.org/10.1142/s0218127403006947

J. Wu and X. Zou, Traveling wave fronts of reaction-diffusion systems with delay, J.
Dynam. Differential Equations 13 (2001), no. 3, 651-687. Erratum: 20 (2008), no. 2,
531-533. http://dx.doi.org/10.1023/A:1016690424892
http://dx.doi.org/10.1007/s10884-007-9090-1


http://dx.doi.org/10.1016/j.jde.2008.12.020
http://dx.doi.org/10.1016/s0378-4754(00)00168-3
http://dx.doi.org/10.3934/dcdsb.2008.9.415
http://dx.doi.org/10.1016/S0167-2789(03)00101-5
http://dx.doi.org/10.1007/bf00283257
http://dx.doi.org/10.1093/imamat/55.2.135
http://dx.doi.org/10.1016/j.jde.2009.04.002
http://dx.doi.org/10.1016/j.cam.2009.11.002
http://dx.doi.org/10.1142/s0218127403006947
http://dx.doi.org/10.1023/A:1016690424892
http://dx.doi.org/10.1007/s10884-007-9090-1

32]

[33]

[34]

[37]

[38]

Temporally Discrete Three-species Lotka-Volterra Competitive Systems with Time Delays 75

J. Xia and Z. Yu, Traveling wave solutions in temporally discrete reaction-diffusion
systems with delays, ZAMM Z. Angew. Math. Mech. 91 (2011), no. 10, 809-823.

http://dx.doi.org/10.1002/zamm.201000157

X. Yang and Y. Wang, Travelling wave and global attractivity in a competition-
diffusion system with nonlocal delays, Comput. Math. Appl. 59 (2010), no. 10, 3338
3350. http://dx.doi.org/10.1016/j.camwa.2010.03.020

Z.-X. Yu and R. Yuan, Traveling waves of delayed reaction-diffusion systems with
applications, Nonlinear Anal: Real World Appl. 12 (2011), no. 5, 2475-2488.
http://dx.doi.org/10.1016/j.nonrwa.2011.02.005

, Traveling waves for a Lotka-Volterra competition system with diffusion,
Math. Comput. Modelling 53 (2011), no. 5-6, 1035-1043.
http://dx.doi.org/10.1016/j.mcm.2010.11.061

Z.-X. Yu, R. Yuan, C.-H. Hsu and Q. Jiang, Traveling waves for nonlinear cellular
neural networks with distributed delays, J. Differential Equations 251 (2011), no. 3,
630-650. http://dx.doi.org/10.1016/7.jde.2011.05.008

Z.-X. Yu, W. Zhang and X. Wang, Spreading speeds and travelling waves for non-
monotone time-delayed 2D lattice systems, Math. Comput. Modelling 58 (2013),
no. 7-8, 1510-1521. http://dx.doi.org/10.1016/j.mcm.2013.06.009

Z.-X. Yu, Z. Zhang and J. Xia, Monotone traveling waves of a population model
with non-monotone terms, Appl. Math. Comput. 219 (2013), no. 15, 7973-7981.
http://dx.doi.org/10.1016/j.amc.2013.01.042

Z.-X. Yu and H.-K. Zhao, Traveling waves for competitive Lotka-Volterra systems
with spatial diffusions and spatio-temporal delays, Appl. Math. Comput. 242 (2014),
669-678. http://dx.doi.org/10.1016/j.amc.2014.06.058

Qiankun Bian, Weiguo Zhang and Zhixian Yu

College of Science, University of Shanghai for Science and Technology, Shanghai 200093,
P. R. China
E-mail address: qkbian@163. com, zwgzwm@126. com, zxyu09020163. com


http://dx.doi.org/10.1002/zamm.201000157
http://dx.doi.org/10.1016/j.camwa.2010.03.020
http://dx.doi.org/10.1016/j.nonrwa.2011.02.005
http://dx.doi.org/10.1016/j.mcm.2010.11.061
http://dx.doi.org/10.1016/j.jde.2011.05.008
http://dx.doi.org/10.1016/j.mcm.2013.06.009
http://dx.doi.org/10.1016/j.amc.2013.01.042
http://dx.doi.org/10.1016/j.amc.2014.06.058

	Introduction
	Abstract results
	Applications

