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More Results on the Existence of Simple BIBDs with Number of Elements a

Prime Power
Hsin-Min Sun

Abstract. We study the existence of simple (¢, k,A) BIBDs when the number of
elements is a prime power ¢ and {c1, co} N{1,2} is not empty, where ¢; = ged(k,g—1)
and c¢g = ged(k — 1,¢ — 1). We show that in many situations the necessary conditions
AMg—1)=0 mod (k—1), A\g(¢—1) =0 mod k(k — 1), and X < (Z:g) are also
sufficient for the existence of a simple (g, k, A) BIBD. These new results improve the
valid range of simple BIBDs.

1. Introduction

The existence problem for combinatorial structures is among the main issues in combi-
natorics. In this paper, we will obtain some existence theorems for simple BIBDs whose
number of elements is a prime power.

Let V be a finite set of symbols, and suppose B is a collection of subsets of V. Then
(V,B) is called a (v, k, \) BIBD (balanced incomplete block design) if there are parameters
v, k, and A with v > k& > 2 such that the following properties are satisfied:

(D) V] =w;
(2) every block in B has exactly k symbols;
(3) every pair of distinct symbols appears in exactly A blocks.

Suppose (V, B) is a (v, k, \) BIBD, it holds that every symbol appears in exactly r blocks,
where r = A(v — 1)/(k — 1), and b = |B| = vr/k. So sometimes a BIBD is described as a
(v,b,r,k,\) design. A design without repeated blocks is called simple.

Let v, k, and A with v > k > 2 be positive integers. It is known that

(1) M(v—=1)=0 mod (k—1) and

(2) Aw(v—1) =0 mod k(k — 1) are necessary conditions for the existence of a BIBD

with parameters (v, k, \).
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We fix v and k, then the smallest positive integer A that satisfies these conditions is
denoted by Apmin. It then follows that Ayi, divides A whenever a (v, k,A) BIBD exists.
Note that

k(k—1)
ged(kged(k — 1,v — 1), ged(k(k — 1), v(v —1)))

)\min = lcm()\l, )\2) =

 k(k—-1)
crco ged(k, v)

where \y = (k—1)/ged(k—1,v—1), Ay = k(k—1)/ ged(k(k—1),v(v—1)), 1 = ged(k,v—1),
and co = ged(k — 1,v — 1). When v is a prime power ¢ = p® with p t k, we obtain
Amin = k(k—1)/(c1c2); especially, if {c1, c2a} N {1, 2} is not empty, then a simple (g, k, Amin)
BIBD always existg|

Recent results [6}[7] tell that, when the number of elements is a prime power ¢, in many

situations the necessary conditions
(1) M(¢—1)=0 mod (k—1),
(2) A\¢g(¢—1)=0 mod k(k—1), and

(3) A< ({73

are also sufficient for the existence of a simple (¢, k,\) BIBD. Here we continue the in-
vestigation, and the raised problem is: For which specific ¢ and block size k, it happens
that all simple BIBDs whose parameters (q,k,\) satisfy the necessary conditions exist?
We will introduce the new results (Theorems in the next section, and give the
proofs in Section [3] For terminologies and previously known results, the reader is referred
to |1,12L/57]. We review some facts in the rest part of this section.

BIBDs can be constructed by various ways. One of the methods uses difference families.
Suppose (V,+) is a group of order v. Let B = {b1,ba,...,b;} be a subset of V. The V-
stabilizer of B is the subgroup Staby (B) of V' consisting of all elements g € V such
that B4+ g = B. B is full or short according to whether Staby (B) is or is not trivial.
The V-orbit of B is the set Orby (B) of all distinct translates of B, namely, Orby (B) =
{B + s|s € D} where D is a complete system of representatives for the cosets of Staby (B)
in V. The list of differences from B is the multiset AB = {b; — b; | 1,7 = 1,2,...,k;i # j}.
The multiplicity in AB of an element g € V' is of the form p4| Staby (B)| for some integer
tg- The list of partial differences from B is the multiset 0B where each g € V' appears

IThis fact can be obtained directly from Theorem according to the following situations:
(1) when {c1,c2} = {1,c}, at this time Amin = k(k — 1)/¢;
(2) when p # 2 and {c1,c2} = {¢,2}, at this time Amin = k(k — 1)/(2¢).
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exactly g, times. Note that AB = OB if and only if B is a full block. A collection
{Bji,..., B} of k-subsets of V forms a (v, k, \) difference family if every nonzero element
of V appears exactly A times in By U --- U dBy;. The sets B; are called base blocks. At
this time the collection of blocks Orby (Bi) U --- U Orby (B;) forms a (v,k,\) BIBD. A
difference family having at least one short block is further called a partial difference family.

Let (F,+,-) be a finite field with |F| = ¢ = p®. The action of the affine group Aff(F’)
on the complete design (1; ) gives a partition of (I,j), where

Af(F)={ne: F = F | mpe(z) =br+a,be F*, a € F},

and (i) is the collection of all k-subsets of F. Each orbit is a simple BIBD. That is,
let S be any proper subset of F' and |S| = k > 2. We call S a generating block. Define
B ={bS+al|be F* aec F}, which is exactly the orbit Orbg(S) of S under the action
of the affine group G = Aff(F'). Define an equivalence relation ~. on F* by by ~ by if
there is an a € F such that b;S = 025 + a. Let n = |F*/ ~|, and denote the equivalence
class of b by b. Define an equivalence relation ~, on F by a; ~, as if S+ a3 = S + as.
Let u = |F/ ~r|. We have the following result.

Theorem 1.1. [5, Theorem 2.7]

(1) (F,B) is a simple BIBD with parameters v = q, b = pn = |F/ ~op|-|F*/ ~|, r = &2&

q )
_ _ pnk(k—1)
k=S|, and A = YR

(2) Let {b1,ba,...,by} be a set of representatives of the equivalence classes induced by
~c. Then {b1S,b2S,...,b,S} is a difference family if ~, is trivial, and a partial

difference family if ~, is nontrivial.

(3) If char F # 2 and [1| is odd, then the BIBD (F,B) can be partitioned into two

isomorphic simple BIBDs with parameters v = q, b = &, r = “2—7?, k =S|, and
)\ = unk(k—1)
T 2q(g-1)

The idea of zero-sum generating blocks gives more detailed description for the struc-
tures of the constructions. If ) ¢z = 0, we say that S is a zero-sum generating block
(abbreviated as ZSGB). Suppose S is a ZSGB. Then, it is of the first type if 0 ¢ S.
Otherwise, it is of the second type. A ZSGB containing 1 is abbreviated as ZSGBO.

For any nonempty subset S of I, define S to be a generating block of the first type if
there exist § € F* and a € F such that 85 + « is a ZSGB of the first type; if there exist
B € F* and a € F such that 85 + « is a ZSGB of the second type, we say that S is of
the second type. For any BIBD (F,B), we say B (or the BIBD) is of the first type if it is
generated by a first-type block; B (or the BIBD) is of the second type if it is generated by
a second-type block.
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Suppose p, i.e., char F', does not divide the block size k. Then ~,. is trivial. At this time,
we have that a BIBD (or a generating block) with block size k is either of the first type or of
the second type |5, Theorem 2.8]. Let S be a ZSGB, then 1 = Stabg+(S) |5, Theorem 2.10].
Therefore, | Stabp=(S)| divides & if S is of the first type. Also, | Stabp«(.S)| divides (k—1)
if S is of the second type.

Theorem 1.2. |5, Theorem 3.5, Corollary 3.6] We assume that p is a prime and q¢ = p®.
Let (F,+,-) be the finite field with |F| = q. For 3 < k < q — 4, there is a first-type
ZSGBO S such that |S| = k and | Stabp«(S)| = ¢ where ¢ is any divisor of ged(k,q — 1).
The exceptions are when (q,k,c) = (7,3,1) or (9,4,1). For 4 < k < q — 3, there is a
second-type ZSGBO S such that |S| = k and |Stabp«(S)| = ¢ where ¢ is any divisor of
ged(k — 1,9 —1). The exceptions are when (q,k,c) = (7,4,1) or (9,5,1).

When p 1 k in any of these cases, we obtain that {S, ¥S, ... ,fy((q_l)/c_l)S} is a dif-
ference family, where v is a generator of F*. The difference family produces a simple
(¢,k,k(k — 1)/c) BIBD. Moreover, if p # 2 and c is an odd number in these construc-

tions, the BIBD can be partitioned into two isomorphic simple BIBDs with parameters

(¢, k, k(k —1)/(2¢)).

Wilson gets the idea of blocks with evenly distributed differences [8]. Let (F,+,-) be
a finite field with |F| = ¢q. Let  be a generator of F*. If e divides ¢ — 1, let h = (¢ — 1) /e,
we write H® for the subgroup of order h, i.e., H® = (y¢). Also let Hf = H® -+ for
0<i<e—1. Alist L of elements of F'* is called evenly distributed over the e-th power
cosets HS, Hf, ..., HS | if there is ¢ with e = |L| and in each coset there are ¢ elements

of L, counting multiplicities.

Theorem 1.3. [8] As in the above settings. Let S be a k-set such that the differ-
ence list of S is evenly distributed over H§, HY,...,HS_;. Then le = k(k — 1), and
{#¢S10<i<h—1} isa(qk, L) difference family. If 2e | (¢ — 1), then {y*S |0 < i <
h/2 =1} is a (q,k,0/2) difference family.

Theorem 1.4. |6, Theorem 5] Let (F,+,-) be a finite field with |F| = q. Suppose e
divides ¢ — 1; let h = (¢ — 1)/e. Suppose a k-subset S generates a BIBD (F,B) with
trivial ~y., by the action of the affine group Aff(F) on S. Let ¢ = |1|. Suppose S also
generates a difference family by Wilson’s method, with respect to the subgroup H€ of order
h. Then, the BIBD constructed by Wilson’s method is simple if and only if ged(c,h) = 1.
At this time (F, B) can be partitioned into d isomorphic BIBDs, where d =n/h = e/c and

n=(q-1)/c

For all (g, k, \;) BIBDs (1 < i < t;) obtained from the affine constructions, i.e., the
action of the affine group Aff(F') on the complete design (g), suppose
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(1) B; can be further partitioned into d; isomorphic BIBDs by Wilson’s method for
1 < i < w, according to Theorem

(2) Buw+1, Bw+2, - .., By are distinet from the above BIBDs and each can be partitioned
into two isomorphic BIBDs, according to Theorem [L.1](3);

(3) Buwtnt1, Buwtht2,---, B, are the rest of the BIBDs.
We then make a list A of numbers:
(1) first we put d; copies of \;/d; in A for 1 <i < w;
(2) next we put two copies of Ayyi/2 in A for 1 < i < h;
(3) finally, we put one copy of \; in A for w+h+1 <i < t;.

We can also have a list (B}, B), ..., B;) of mutually disjoint simple BIBDs whose parame-
ters correspond to those numbers in the list A, where ¢t =t —w+h+ ;" | d;. Then any
simple (g, k, \) BIBD exists whenever X can be expressed as a sum of some numbers chosen
from the list A. The BIBD is formed by taking union of the BIBDs which correspond to

those selected numbers for the sum.

Theorem 1.5. [6, Theorem 10] Suppose 3 < k < q¢— 3 and p t k(k — 1). Suppose
A= (A1, Ao, ..., A) is a list of parameters described above. Then, the necessary conditions
are also sufficient for the existence of a simple (q,k,\) BIBD if there is a sublist T' of A
with the following properties:

(1) Xrer7 = k(k —1) = Amin;

(2) any iAmin with Amin < iAmin < ) .cp T can be expressed as a sum of numbers chosen
from T,

Using this theorem, we obtain several existence theorems for simple BIBDs. We quote
four results in the following.

Suppose ¢ divides ¢ — 1 and @ is a subgroup of F* with |®| = ¢. Let ¢;(k,c) denote
the number of distinct first-type BIBDs in the affine constructions with block size k and
|1| = c. Similarly, let t2(k, ¢) denote the number of distinct second-type BIBDs with block
size k and |1| = ¢. Let t(k, ¢) denote the number of distinct BIBDs with block size k and
|1| = c. Recall that when p 1t k, we have t(k,c) = t1(k,c) + ta(k, c).

In the remainder of this paper, we always let ¢; = ged(k, ¢—1) and ¢a = ged(k—1,¢—1).

Theorem 1.6. [6, Theorem 14] Suppose 3 < k < ¢ — 3 and p t k(k — 1). Suppose
{c1,c2} N {1,2} is not empty. Except when (k,c1,c2) = (3,3,2) or (¢ — 3,2,3), suppose

there exists a set D of some divisors of c1co with the following properties:
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(1) Xyepd>cica —1, and

(2) every number i with 1 <i <) ,.pd can be expressed as a sum of distinct elements

chosen from D.

When k # 3,q—3 and {c1,c2}N{1,2} = {2}, let dy be the odd value in {ci,ca2}, we further
require that t(k,dy/d) > 2 for any d such that both d and 2d are in D. Then, the necessary
conditions are also sufficient for the ezistence of a simple (q,k,\) BIBD.

Theorem 1.7. [6, Theorem 15] Suppose 3 < k < q—3, pt k(k—1), and {c1,c2} ={2,8™},
where m > 1 and [ is odd. Then, the necessary conditions are also sufficient for the
existence of a simple (q,k,\) BIBD if t(k,™) > . In particular, this is the case if
¢ > (/68 +1/4+3/2) and ¢ —36™ > k > 36™.

Theorem 1.8. [6, Theorem 16] Suppose 3 < k < q—3, ptk(k—1), and {c1,c2} = {1, 5™},
where m > 1 and B is even. Then, the necessary conditions are also sufficient for the
existence of a simple (q,k,\) BIBD if t(k, ™) > f — 1. In particular, this is the case in

any of the following situations:
(1) ¢> ™28 —1)+1 and ¢ — 28™ > k > 28™;

(2) ¢ > p"™(\/68 —23/44+3/2) and g — 38™ > k > 35™.

Theorem 1.9. |6, Theorem 17] [7] Suppose 3 < k < q—3, ptk(k—1), and {c1,c2} =
{1,28™} with m > 1. Then, the necessary conditions are also sufficient for the existence
of a simple (q,k,\) BIBD in the following cases:

(1) B is odd and t(k,B™) > (B — 1)/2. In particular, this is the case in any of the
following situations:
(a) ¢ = B+ 5™ + 1 and k = 26™, 28™ + 1, = 28™, or q — 28" — 1;
(b) ¢ > B™(\/38 —11/4+3/2) and ¢ — 35™ >k > 35™.
(2) B is even and t(k,B™) > (B — 2)/2. In particular, this is the case in any of the
following situations:
(a) q Z Berl + 1 and k = 2Bm’ 26m + 1; q— 2Bm7 orq — QBm - 1;
(b) ¢ > B™(\/38 —23/4+3/2) and ¢ — 35™ >k > 35™.
Remark 1.10. Theorem is still valid if the assumption “p { k” is used instead of
“p 4 k(k —1)”. The interesting point about the condition “p { k(k — 1)” is that there is

a one to one correspondence between second-type BIBDs of block size k& and first-type

BIBDs of block size k — 1 in the affine constructions [6, Theorem 7]. However, we do not



Existence of Simple BIBDs 529

use this property in the proofs of Theorems|1.5 That is, the assumption “p { k(k—1)"
is more restrictive. We find that Theorems [LL6HI.9 are still true if we use the condition
“ptk and p # 2” instead of “pt k(k —1)".

Note that when S and m are specified in Theorems there are only a finite
number of unknown cases left, whose values ¢ are below the valid bounds. Hence, in order
to reduce the amount of the unknown cases, it is reasonable to make the lower bounds for
q as small as possible.

In the next section, we will introduce more results, which can improve the valid range
of simple BIBDs.

2. More existence theorems for simple BIBDs

We state the results first, and we prove their correctness in the next section. With a
similar proof to that of Theorem we obtain a result for ¢ = 2.

Theorem 2.1. Let ¢ = 2%. Suppose 3 < k < q — 3 is odd, and {c1,co} = {1,8™},
where m > 1 and § > 3. Then, the necessary conditions are also sufficient for the
existence of a simple (q,k,\) BIBD if t(k,f™) > 8 — 1. In particular, this is the case if

g > B™(\/68 — 23/4+3/2) and q — 38™ > k > 38™.

For example, a simple (256,45,132i) BIBD exists for any ¢ with 1 < ¢ < (%1534)/132,

using § = 15.

Theorem 2.2. Let q be a power p® of an odd prime and let B > 3. Suppose 3™ < k <
q—308™, ptk, and {c1,c2} = {2,38™} with m > 1. Then, the necessary conditions are
also sufficient for the existence of a simple (q,k,\) BIBD if t(k,5™) > (8 —1)/2. In

particular, this is the case in any of the following situations:
(1) ¢ > B"(\/38—3/44+3/2) and k =35™, 36™ + 1, ¢ —35™, or q —38™ — 1;
(2) ¢ > B"(\/38—11/44+3/2) and g —95™ > k > 95™.

For example, a simple (601, 75,37:) BIBD exists for any i with 1 < < (5;)39) /37.

Theorem 2.3. Let q be a prime power p® and let £,3 > 2. Suppose 3 <k < q—3, ptk,
and {c1,ca} = {1,£8™} with m > 1. Then, the necessary conditions are also sufficient
for the existence of a simple (q,k,\) BIBD if t(k, (™) > ¢ —1 and t(k,™) > B —1. In

particular, this is the case in the following situations:

(1) ¢ > ™ max {%2 0,128 —47/4 + 3/2} and q — 208™ > k > 23"
(2) ¢ > 8™ max {6(\/66 9374+ 3/2),\/128 — 47/4 + 3/2} and q—306™ > k > 305™.



530 Hsin-Min Sun

Note that this result also applies to ¢ = 2% and odd k. For example, a simple
(4096, 945, 2832i) BIBD exists for any i with 1 < i < (‘55 )/2832, using £ = 9, 3 = 35,
and m = 1. This case is not covered within the scope of Theorem

Theorem 2.4. Let g be a power p* of an odd prime, and let 8 > 3 be odd. Suppose
3<k<q-3,ptk, and {c1,ca} = {1,£8™}, where £ > 2 is even and m > 1. Then,
the necessary conditions are also sufficient for the existence of a simple (q,k,\) BIBD if
t(k,0p™) > €/2—1 and t(k, ™) > (8—1)/2. In particular, this is the case in the following

situations:
(1) ¢ > ™ max {e? — 0,68 —23/4 + 3/2} and q — 208™ > k> 2037
(2) ¢ > B™ max {z(\/?)e —23/4+3/2),\/68 — 2374 + 3/2} and q — 305™ > k > 306™.

For example, a simple (251,100, 198:) BIBD exists for any i with 1 < i < (2;89)/198,

using £ =2, =5, and m = 2.

Theorem 2.5. Let q be a power p® of an odd prime, and let £,5 > 3 be odd. Sup-
pose 3™ < k < q—308™, ptk, and {c1,co} = {2,08™} with m > 1. Then, the
necessary conditions are also sufficient for the existence of a simple (q,k,\) BIBD if
t(k,0p™) > (£ —1)/2 and t(k,B™) > (8 — 1)/2. In particular, this is the case when

g > B max {E(«/?)é 1174+ 3/2), /68 — 23/4 + 3/2}.

For example, a simple (617,231, 345i) BIBD exists for any i with 1 < < (550)/345,
using £ =7, =11, and m = 1.
Next, we improve the result of Theorem

Theorem 2.6. Let g be a power p* of an odd prime. Suppose 3 < k < q—3 and p1tk.
Suppose {c1,ca} N{1,2} is not empty, and there is a set D of some proper divisors of cica
such thafd

(2) every number i with 1 <i <) ,.pd can be expressed as a sum of distinct elements

chosen from D.

Then the necessary conditions are also sufficient for the existence of a simple (q,k,\)
BIBD.

For example, a simple (67,33,16i) BIBD exists for any i with 1 < i < (gi) /16. This
case is not covered within the scope of Theorem

2 As to which even number n (= cic2) implies a set D with these properties, the reader is referred to the

remark after Theorem 14 [6].
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Theorem 2.7. Let q be a power p“ of an odd prime, and let B > 3 be odd. Suppose
M <k <q—4L", ptk, and {c1,co} = {1,£8™}, where m > 1 and £ > 4 is an even

number with the following property: there is a set D of some proper divisors of £ such that

(1) Xgepd=£—1;

(2) every number i with 1 <i <), pd can be expressed as a sum of distinct elements

chosen from D.

Then, the necessary conditions are also sufficient for the existence of a simple (q,k,\)
BIBD ift(k, ™) > (8—1)/2. In particular, this is the case when g > B™(\/3(8 —1)/d + 1/4
+ 3/2), where 6 = 1 =37 (RF/B™M=1 " More specifically, this is the case when

h prime

q > Bm(\/68 — 23/4+3/2).

For example, a simple (601, 150, 1497) BIBD exists for any i with 1 < i < (?Zg)/lélg,
using £ =6, 8 =5, and m = 2.

Theorem 2.8. Let ¢ be a power p® of an odd prime, and let £,5 > 3 be odd. Suppose
M < k< q—U8™ ptk, and {c1,ca} = {2,08™}, where m > 1 and 2{ satisfies the

following property: there is a set D of some proper divisors of 20 such that

(1) Ygepd=>20—1;

(2) every number i with 1 <i <) ,.pd can be expressed as a sum of distinct elements

chosen from D.

Then, the necessary conditions are also sufficient for the existence of a simple (q,k,\)
BIBD ift(k, ™) > (B—1)/2. In particular, this is the case when g > 8™ (\/3(8 — 1)/d + 1/4
+3/2), where 6 = 1 =3 (RF/B™M=1 " More specifically, this is the case when

h prime
q>pB™(\/66 —23/4+3/2).
For example, a simple (9001, 3375, 50617) BIBD exists for any i with 1 < i < (5a23) /5061,
using £ = 9, 8 = 5, and m = 3. This illustrates a case which is not covered within the
scope of Theorem

3. Proofs of Theorem to Theorem

First, we quote some known results, which are used in the proofs. Suppose ¢ divides ¢ — 1

and @ is a subgroup of F* with |®| = c.

(1) Let Z1(k,c) be the collection of first-type ZSGBs S with block size k and & <
Stabp«(S); let Z1(k, c¢) denote the cardinality of Z;(k,c). Similarly, let Z5(k,c) be
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the collection of second-type ZSGBs S with block size k and ® < Stabp«(5); let
Zs(k,c) denote the cardinality of Zs(k,c). Let Z(k,c) = Z1(k,c) U Z2(k, c) and let
Z(k, c) denote its cardinality.

(2) Let Ni(k,c) be the number of S in Zi(k,c) with Stabp«(S) = ®. Similarly, let
Ns(k,c) be the number of S in Zs(k,c) with Stabp«(S) = ®. Let N(k,c) be the
number of S in Z(k,c) with Stabp«(S) = ©.

Theorem 3.1. [6, Theorem 9] Suppose p 1 k, then t(k,c) = ¢N(k,c)/(q—1), where N(k,c)
can be computed by the inclusion-exclusion formula with respect to distinct prime divisors
of ged(k,q —1)/c or ged(k — 1,9 — 1) /c stated in the following.
(1) Whenc > 1 and c divides ged(k,q—1), let ged(k,q—1)/c = p7*p5* - - - pGr if ged(k, g—
1)/¢ > 1. Then
N(k,c) = Ni(k,c) = Zi(k, c) ZZl (k,cpi) + > Z1(k, epip;) —
]
(2) When ¢ > 1 and ¢ divides ged(k — 1,q — 1), let ged(k — 1,9 — 1)/c = p{*p5? - - - p&m
if ged(k —1,q—1)/c > 1. Then
N(k,c) = Na(k,c) = Za(k, c) ZZQ (k, cpi +ZZQ (k,cpipj) —
i#]

(3) When ged(k,q—1) > 1, let ged(k,q—1) = p{'ps? - - pSr; when ged(k—1,9—1) > 1,
let ged(k — 1, — 1) = q{1q£2 qg‘{. Then

N(k,1)=Z ( Zzlkpz +ZZ1szPJ )

i#j

ZZZ (k,qi) + > Za(k, qiq5)

i#]

Corollary 3.2. [6, Corollary 2] Suppose p t k, we have the following estimates on t1(k,c),
ta(k,c), and t(k,c).

£ —1)/e c -1 —1)/ch
(1) [ﬁ((qk/g/ )} > ti(k,c) > 5 ((‘qk/i/) Zch|ghcd(k,q b (o )), and t(k, ¢) =
prime
t1(k,c) if ¢ divides ged(k,q— 1) and ¢ > 1.
c —-1)/c 1) /¢ “1)/ch
(2) [q—il(g—lgéc)] > ta(k, c) Z - <(EZ 1%?0) Zch\ged(k_—l,q—l) (EZ—lgéch)>’ and t(k,c)

h prime

= to(k,c) if ¢ divides ged(k —1,q— 1) and ¢ > 1.
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3) [ (O)/a—v)] > k1)

_1/h “1)/h .
z q—% (1)/a = Zhlgeara—1) ((qk/lf)/ ) = Chlged(k—1,4-1) (Ei_%h)) » where y = 0 if

h prime h prime
p=2;y= ((q;/l%/Q) if p# 2 and k is even; and y = (EZ:R@) if p# 2 and k is odd.
When (1) ¢ = ged(k,q — 1) in the first expression, (2) ¢ = ged(k — 1,q — 1) in the second
expression, and (3) ged(k(k —1),q — 1) = 1 or 2 in the third expression, the equalities
hold, respectively. When (1) ged(k,q — 1)/c does not have two distinct prime divisors in
the first expression, (2) ged(k — 1,9 — 1)/c does not have two distinct prime divisors in
the second expression, and (3) ged(k,q—1) and ged(k —1,q—1) do not have two distinct

prime divisors in the third expression, the lower bounds are reached, respectively.
We need two lemmas in the proofs.

Lemma 3.3. Let q be a prime power p*. Suppose pt k, 8 > 1, k > ™, and (™ =
ged(k,q — 1) (or (6™ = ged(k — 1,q — 1)). Then, t(k, ) > t(k, 6%) = --- > t(k, B™).

Proof. We give the proof for £5™ = ged(k,q — 1). From Corollary we know

[qﬁ—i1<(q ;/lﬂ)z‘/ﬂiﬂ Zt(’“’ﬁi’zqﬁ—il <(q ;/lﬁ)i/ﬂi)_ hlZw <(q ;/lﬂ)z‘/hﬁih)

h prime

for 1 <14 < m. We point out that the inequality

(™)) 2 ()
hprime

implies t(k, 3") > B | (la=1)/BYy _ (g=1)/5%h > t(k,3"1). We also need to
hles
o

a1 k/B" prime k/Bih
apply the following inequality: ((q;/lgf/fh) < ((q;/lg/c) /h¥/eh Therefore t(k, 87) > t(k, B7+1)
(1 < i< m) holds as long as
I} 1
St Y
/B 57,+1 h\éﬁ h Bth
h prime

is less than or equal to 1. This holds according to the following reasons. Since k > ™

and 8 > 1, we have

1 1
bl cicm
/8 Bi+1 /8 2
We claim that ), 1/h*/h < 1/2 for any number n > 2. Let w(n) denote the number

h prime
of distinct prime divisors of n, and let Q(n) denote the number of prime divisors of n,
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counted with multiplicity. Then, w(n) < Q(n) < log, n. Let 7 be the one among the prime

divisors of n such that /" is the smallest. It is obvious that 7"/ > 2log, n. Therefore,

> hn 1/h™h < (/1) ~1log, n < 1/2. Hence we complete the proof. O
h prime

Remark 3.4. In fact, Robin [4] obtains the upper bound of w(n) for n > 3:

1 1 1
ogn . < %" L4 4574328"

loglogn’ win) = loglogn (loglogn)?

w(n) < 1.3841

Lemma 3.5. Let g be a prime power p® and let ¢ > 1. Suppose ptk and 3 <k < q— 3.
We have the following lower bounds for ti(k,c) and ta(k,c).
(1) ti(k,¢) > 0(Y ) s if | ged(k,q — 1), where 6 = 1 — 3 e (RF/M) =1

k/c q—1
/ h prime

(2) ta(k, 0) > 6((71))0) 555 if e | ged(k—1,q—1), where § = 1= Sy ) o (B~ D/eM) =L,
h prime

In particular, when q > £c+ 1, we have the following lower bounds in these situations.
(1) t(k,e) > (€= 1)/4 if q—2c > k > 20;
(2) t(k,e) > (-1 —2)/12 if ¢ —3c >k > 3c.

Proof. We here give the proof for ¢ | ged(k,q — 1), ¢ > {c+ 1, and ¢ — 3¢ > k > 3¢. From
Corollary [3.2] we have

t(k,c) = t1(k,¢) > qil <(q ;/10)/6> .S ((q ;/t)h/Ch>

chlged(k,q—1)
h prime

(e e (e

chlged(kg—1)
h prime

v

> qf1 <(q ;/16)/0> 1— Z (hﬁ)_l

n
h prime
= 5<(q ;/16)/0> - i : > ;((q _31)/C>qi1
:;'cls(q;l_l)<q;1—2>>112(§—1)(£—2). O

Now, we give the proofs of Theorems [2.1
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Proof of Theorem 2.1 Notice that A\ynin = k(k — 1)/8™. We here sketch the proof for
c1 = ™ and cp = 1. Without loss of generality, we assume that k < ¢/2 = 2@=1) " We
have t(k, ™) = t1(k, ™) = (qk/lﬂfnﬁm)ﬁm/( 1). Now, we are going to find a list T’
with the properties: (1) > 7 = k(k — 1) — Anin; (2) any jAmin with 1 <5 < g™ —1
can be expressed as a sum of numbers chosen from I'. By the assumption on the value
of t(k, ™) and the fact t(k,3) > t(k,3%) > --- > t(k, B™), we have 3 — 1 disjoint simple
(q,k, B'k(k — 1)/B™) BIBDs for each i with 0 < i < m — 1. So we put 3 — 1 copies of
B Amin into I for each i with 0 < i < m —1. The numbers in I' can represent the following
numbers: jApin for 1 < 57 < ™ — 1. Hence I' meets the requirements of Theorem
The particular case are derived for the following situation: ¢ — 35" > k > 3™ and

t(k, ™) > (N (g —1) > B 1. 0

Proof of Theorem [2.2. We have Amin = k(k — 1)/(68™) and § is odd. The idea of the
proof is in essential on finding a sublist I' mentioned in Theorem We here give the
proof for ¢; = 3™ and ¢y = 2. We assume that k < (¢ — 1)/2. First we have t(k, ™) =
t1(k, ™) = (((q;/l%fm) — ((q;}gé?me ™/(q — 1) from Theorem We are going to
find a list I' with the following properties: (1) > 7 = (68™ — 1) Amin = k(k — 1) — Amin;
(2) any jAmin with 1 < j < 68™ — 1 can be expressed as a sum of numbers chosen from

I". Let us collect the following numbers to form the sublist I'.

(1) Since t(k,35™) > 1 we have a simple (g, k, 2Apin) BIBD from the affine construction;
this BIBD can be partitioned into two isomorphic BIBDs. Thus we put two copies
of Amin into I'.

(2) By the assumption on the value of t(k, 3™) and the fact t(k,3) > t(k,B?) > --- >
t(k, ™) from Lemma we have (8 — 1)/2 disjoint simple (¢, k, B'k(k — 1)/5™)
BIBDs for each i with 0 < ¢ < m — 1; moreover, each of these BIBDs can be
partitioned into two isomorphic BIBDs. So we can put 8 — 1 copies of 38 Amin into
T for each 7 with 0 <7 <m — 1.

(3) We further put one copy of 35" Apin into I' by the fact that ¢(k,1) > 1 and such
BIBD can be partitioned into two isomorphic BIBDs.

The resulting I" then satisfies the specified conditions. Hence I' meets the requirements of
Theorem [1.5] and we finish this part of the proof.

Now we derive the results for the particular situations.

(1) When k = 3p™, 3™ + 1, ¢ — 36™, or ¢ — 3™ — 1, we require that t(k, ™) =
(((q—13)/ﬁm) (ta=) /3/3’")) B™/(q—1) > (8 —1)/2. From this we obtain

q>B"(\V/38—3/4+3/2).
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(2) When g — 95™ > k > 95™, let us consider the case when t(k, 5™) = t1(k, ™).

= () ()

s 1 (¢—1)/8™ s 1Y ((¢g—1)/8"
> 55 () (T )2 () (707
J2 (L) 2 (0 (e
9\ pgm g—1 3 “qg-1 3 '
Therefore, when ¢ > ™ (/35 — 11/4 + 3/2), the requirement ¢(k, 5™) > (8 —1)/2
is satisfied. O

Proof of Theorem [2.3] Notice that Amin = k(k — 1)/¢8™. We here give the proof for
c1 = ¢B™ and ¢z = 1. We assume that & < [(¢ — 1)/2].

We have t(k, 8™) = t:(k, 8™) = ( (U 17") - o (B ™ | 87/(g = 1) from
Corollary We are going to find a list I' with the fr())rlllr:l)f)ving properties: (1) >° 7 >
(™ — D)Amin = k(k — 1) — Amin; (2) any jAmin With Amin < jAmin < > cp 7 can be
expressed as a sum of numbers chosen from I'. Let us collect the following numbers to

form the sublist T'.

(1) Since t(k,¢8™) > ¢ — 1 we have ¢ — 1 disjoint simple (g, k, Amin) BIBDs from the

affine constructions. Thus we put £ — 1 copies of A, into I

(2) By the assumption on the value of t(k, ™) and the fact t(k,3) > t(k,3%) > - >
t(k, B™), we have B — 1 disjoint simple (q, k, 8°k(k — 1)/8™) BIBDs for each i with
0 <i<m-—1. So we can put 3 — 1 copies of £3*A\pin into I' for each i with
0<i<m—1.

The resulting I" then satisfies the specified conditions. Therefore, I" meets the requirements
of Theorem The particular situations are derived as follows.

(1) When g — 2(8™ > k > 2(3™, we require the following two conditions.

Condition 1: 1\ /eamy ggm
U L L
qg—1

t(k,e6m) > ( 5

This holds when ¢ > 8™(2(% — /).
Condition 2:
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Note that § = 1 =3 pp (RF/F"M)=L > 1%, (h/")=1 > 1/2. This holds

h prime h prime

when ¢ > B™(y/128 — 47/4 + 3/2).

(2) When g — 3™ > k > 3(8™, we use the following similar conditions:
-1 m m
1k, 08™) > <(q )/¢B )M Y

3 q—1~—
my 5 5@ DIB™ 5"
trsmy = o( ) e,

These hold when ¢ > 8™ max {5(,/65 9374 +3/2), /128 — 47/4 + 3/2}. 0

Proof of Theorem [2.4] The proof is similar to that of Theorem [2.3] The different part is

on collecting the following numbers to form the sublist I'.
(1) Since t(k,€8™) > £/2 — 1 we have £/2 — 1 disjoint simple (¢, k, Amin) BIBDs from

the affine constructions. Thus we put £/2 — 1 copies of Api, into I'.

(2) We have (8 — 1)/2 disjoint simple (q, k, 3'k(k — 1)/8™) BIBDs for each i with 0 <
1 < m — 1; moreover, each of these BIBDs can be partitioned into two isomorphic
BIBDs. So we can put 8 — 1 copies of %Eﬂi)\min into I for each ¢ with 0 <i <m—1.

(3) We further put one copy of %fﬁm)\min into I" by the fact that ¢(k,1) > 1 and such
BIBD can be partitioned into two isomorphic BIBDs.

The particular situations are derived as follows.

(1) When g — 2¢p™ > k > 2(3™, we require the following two conditions:

t(k, 06™) > <(q— 12)/%’”) qw_ml 2Ly
= ()= 3 (M) |05
hl|l

h prime

(E Y

where 6 =1 -5 e (hk/ﬁmh) I>1-% hle (hg/h)

h prime h prime

(2) When g — 3¢8™ > k > 3(5™, we use the following similar conditions:

(¢ — 1)/5’”) g B-1

t(k, ™) > 2( 3 q_lzT L]

| \/

-1
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Proof of Theorem 2.5 Notice that Apmin = k(k — 1)/(2¢8™). We here give the proof for
c1 = L™ and co = 2. We are going to find a list I" with the following properties: (1)
dorer T > (208 = 1) Amin = k(k — 1) — Amin; (2) any jAmin With Apin < jAmin <D0 cp 7
can be expressed as a sum of numbers chosen from I'. Let us collect the following numbers
to form the sublist I'.

(1) Since t(k,£™) > (£—1)/2 we have (£{—1)/2 disjoint simple (g, k, 2Amin) BIBDs from
the affine constructions. Moreover, each of these BIBDs can be partitioned into two

isomorphic BIBDs. Thus we put £ — 1 copies of Ay, into I

(2) We have (8 — 1)/2 disjoint simple (q, k, B%k(k — 1)/5™) BIBDs for each i with 0 <
1 < m — 1; moreover, each of these BIBDs can be partitioned into two isomorphic
BIBDs. So we can put 8 — 1 copies of 3 Amin into I' for each i with 0 < i < m — 1.

(3) We further put one copy of ¢8™ Apin into I' by the fact that ¢(k,1) > 1 and such
BIBD can be partitioned into two isomorphic BIBDs.

The resulting I' then satisfies the specified conditions. Therefore, I' meets the requirements
of Theorem

We require the following conditions for the particular case:

oy o (@= D™ 8" -1
t(k:,w’)z( ) >q_12 =)
o L(l@a=1)/8™ " p-1
“’“75)22( 3 )(]—122' -

Proof of Theorem [2.6] This improvement to Theorem is made for the situation when
{c1,c2} = {2,d1} with odd d; > 1. We assume that k < (¢ — 1)/2.

When g — 3d; > k > 3d;, we need t(k,d1/d) > 2 whenever d is a proper divisor of d;.
According to Lemma [3.5] it suffices to show that ¢ > 5(d1/d) + 1. Since ¢ > 2k > 6d; >
5(dy/d) + 1 it is clearly true. This part then follows.

When k = d; (or k = d; + 1), we still have ¢(k,d;/d) > 2 for any proper divisor d of
dy with d # 1, since ¢ > 2k > 2d; = (2d)(d1/d) > 5(d1/d) + 1. Therefore, the problem
appears at d = 1, i.e., we can only have t(k,d;) = 1. Thus, we can not put A\pin and 2Anyin
into the list I" at the same time.

We are going to make some adjustments in order to get a suitable list I'. Note that it
is easy to see that 3 | dy, since 4 ¢ D and 4 = 1 + 3 is the unique expressed sum of 4 by
distinct numbers. Therefore, we obtain 1,2,3 € D. We now make a list L = (1,1,3,3,...)
where the rest part of L are exactly the elements of D\ {1, 2, 3}—if there is any. We claim
that this list L has the properties:

(1) Ygerd= (ZdeD d) +2>cieo+ 1
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(2) every number i with 1 <¢ <), ; d can be expressed as a sum of numbers chosen

from L.

Let ¢ be expressed, in expression F1, as a sum of distinct elements chosen from D. We

express i, in expression Fs, as a sum of numbers chosen from L in the following.
(1) If 2 is not used in Ej, then Ej is the same as Ej.

(2) If 2 is used and 1 is not used in Ejp, then Es is formed by removing 2 and adding
two 1 in Fj.

(3) If 2 and 1 are used in E7, no matter 3 is used or not, then Es is formed by removing

1,2 and adding one 3 in Ej.

Also note that the expression for the number i = (3 ,cpd) +1 = (3 4cp d) — 1 is formed
by removing 1 from the sum ) ;. ; d. One can see that the two 1 and two 3 in L correspond
to BIBDs with parameters (g, k, 2Anin) and (g, k, 6)\min)E|, respectively; each BIBD can be
partitioned into two isomorphic BIBDs. The list I' is then formed by putting one copy
of dAmin into I' for each number d in the list L. Hence I' meets the requirements in
Theorem and we complete the proof. O

Proof of Theorem [2.7 Notice that Amin = k(k — 1)/£8™. We here give the proof for
c1 = ¢B™ and ¢y = 1. We assume that £ < (¢ — 1)/2.

We have t(k, ™) = t1(k, ™) > ((q;/l%fm) — > hl ((q;/l%nﬁ:h) B™/(q — 1) from
h prime

Corollary We are going to find a list I with the following properties: (1) > 7 >
(€A™ = D)Amin = k(k — 1) — Agin; (2) any jAmin With Apin < jAmin < ) cp 7 can be
expressed as a sum of numbers chosen from I'. Let us collect the following numbers to
form the sublist I

(1) For each d € D, we have a simple (g, k, dA\pnin) BIBD from the affine construction,
since t(k,(£/d)f™) > 1. Then, a simple (q, k,iAmin) BIBD exists for any i with
1 <i <) 4epd, by collecting the BIBDs corresponding to the distinct numbers
selected from D in the expressed sum for ¢. Thus we put one copy of dAmi, into I’
ford € D.

(2) By the assumption on the value of t(k, ™) and the fact t(k, 3) > t(k,3%) > --- >
t(k, ™), we have (3 — 1)/2 disjoint simple (g, k, B'k(k — 1)/8™) BIBDs for each i
with 0 < ¢ < m — 1; moreover, each of these BIBDs can be partitioned into two
isomorphic BIBDs. So we can put S — 1 copies of %Kﬁi)\min into I" for each ¢ with
0<i<m—1.

3This argument does not apply to ¢ = 7 and k = 3, since there is no simple (7, 3,6) BIBD.
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(3) We further put one copy of %Eﬂm)\min into I" by the fact that t(k,1) > 1 and such
BIBD can be partitioned into two isomorphic BIBDs.

The resulting I" then satisfies the specified conditions. Therefore, I' meets the requirements
of Theorem [L.A

The particular case is derived by requiring

1k, B™) > <(q— 1)/6’”) S <(q— 1)/ﬂmh> B

k/Bm o\ kb )| a=1
h prime
> 5<(q—1)/6m>5m 25<(q_1)/5m>ﬁm . -1
k/pm™ ) q—1 3 qg—1 2

Therefore, we have 8™ (/68 —23/4 + 3/2) > ™(\/3(B —1)/6 + 1/4 + 3/2). Note that
d=1-> np (RF/BTM=1 > 1 - % hle (Rt/h)=1 > 1/2. Hence, we can require that

h prime h prime

((q_lg/ﬁm)ffml > B — 1 for the special case. O

Proof of Theorem [2.8 Notice that Amin = k(k — 1)/(2¢8™). We here give the proof for
c1 = ¢B™ and ¢y = 2. We assume that £ < (¢ —1)/2.

We are going to find a list I' with the following properties: (1) > 7 > (2(6™ —
D)Amin = k(k — 1) — Amins (2) any jAmin with Amin < jAmin < > cp 7 can be expressed as

a sum of numbers chosen from I'. Let us collect the following numbers to form the sublist
r.

(1) For each d € D, we make the discussion according to the parity of d.

(a) When d is odd, we have a simple (g, k, 2dA\pin) BIBD in the affine constructions,
since t(k, (¢/d)s™) > 1; this BIBD can be partitioned into two isomorphic
BIBDs. At this time we put one copy of dAnpi, into I'.

(b) When d is even, we have a simple (g, k, dApin) BIBD from the affine construc-
tion, since t(k, (2¢/d)p™) > 1. Therefore, we can put one copy of dApi, into
TI.

Note that for any odd d € D such that 2d is also in D, in order to have two disjoint
simple BIBDs, we need t(k, (¢/d)™) > 2. According to Lemma this happens
when ¢ > 5(¢/d)f™ + 1. Tt is clearly true when ¢ — 3¢8™ > k > 3¢3™, since
q > 2k > 65™. So we can put one copy of dAni, into I' for each d € D. Then,
a simple (g, k, iAmin) BIBD exists for any ¢ with 1 <14 < ), pd, by collecting the
BIBDs corresponding to the distinct numbers selected from D in the expressed sum

for 3.
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When k = £8™ (or k = ¢8™+1), we still have t(k, (¢/d)"™) > 2 for any proper divisor
d of ¢ with d # 1, since ¢ > 2k > 2¢8™ = (2d)(£/d)B™ > 6(£/d)™. Therefore, the
problem appears at d = 1, i.e., we can only have ¢(k,¢8™) = 1. Thus, we can not
put Amin and 2\, into the list I' at the same time. Note that we have 1,2,3 € D.
The discussion is then similar to the late part of the proof of Theorem 2.6l So we
make a list L = (1,1,3,3,...) where the rest part of L are exactly the elements of
D\ {1,2,3}—if there is any. We claim that this list L has the properties:

(a) Yyerd=(C4epd) +2>20+1;

(b) every number i with 1 < i < )7, ; d can be expressed as a sum of numbers

chosen from L.

So we can put one copy of d\pi, into I" for each d € L. Then, a simple (g, k, i Amin)
BIBD exists for any 7 with 1 <1i <} ,-; d, by collecting the BIBDs corresponding

to the numbers selected from L in the expressed sum for 3.

(2) We claim that t(k, ™) > (8 —1)/2 when q > 8™(y/3(8 — 1)/ + 1/4 + 3/2), where
6 =1-3 npe (RF/B™h)=1_ This part of proof is exactly the same as that for

h prime

Theorem Then, by the fact t(k, 3) > t(k, 8%) > --- > t(k, B™), we have (8—1)/2
disjoint simple (¢, k, 3'k(k —1)/B™) BIBDs for each i with 0 < i < m — 1; moreover,
each of these BIBDs can be partitioned into two isomorphic BIBDs. So we can put
B — 1 copies of 8 Amin into I' for each 7 with 0 < i < m — 1.

(3) We further put one copy of ¢8™ Apin into I' by the fact that ¢(k,1) > 1 and such
BIBD can be partitioned into two isomorphic BIBDs.

The resulting I" then satisfies the specified conditions. Therefore, I" meets the requirements
of Theorem [L.El ]

4. Conclusions and remarks

We give more results showing that, when the number of elements is a prime power, in
many situations the necessary conditions are also sufficient for the existence of a simple
BIBD.

We summarize the particular results as follows. Let ¢ = p%, p # 2,3 <k <q—3
with pt k, ¢; = ged(k,q — 1), and ¢g = ged(k — 1,¢ — 1). Then, all simple BIBDs whose

parameters (g, k, \) satisfy the necessary conditions exist in the following situations.

(1) {c1,e2} ={2,38™} with odd 8 > 3, ¢ > ﬁm(\/M+3/2)7 and g—95™ > k >
08™.
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2) {e1,e0} = {1,68™) with £,8 > 2, ¢ > 5™ max{2€2 0, ,/12,8—47/4+3/2}, and
q—206™ >k > 208"

(3) {c1,c2} = {1,¢p™} with even £ > 2 and odd B > 3, ¢ > S max{(? —{, /63 — 23/4
+3/2}, and g — 2¢5™ > k > 26™.

(4) {c1,e2} ={2,¢8™} withodd ¢, 8 > 3, ¢ > "™ max{l(/3¢ — 11/4+3/2), /68 — 23/4
+3/2}, and g — 3¢5™ > k > 3(6™.

(5) {c1,c2} N{1,2} is not empty, and there is a set D of some proper divisors of c¢jca
such that (a) > ;cpd > cica — 15 (b) every number ¢ with 1 <4 < 3", 5 d can be

expressed as a sum of distinct elements chosen from D.

(6) fer, ca} = {1,£8™} with odd B > 3, ¢ > B™ (/68 — 23/4+3/2), g— (8™ > k > (8™,
and there is a set D of some proper divisors of the even number ¢ > 4 such that (a)
> dgep d > £—1; (b) every number i with 1 <4 <), d can be expressed as a sum

of distinct elements chosen from D.

(7) {c1,c2} = {2,¢p™} with odd ¢,8 > 3, ¢ > ™(1/65 —23/4+3/2), ¢ — {™ > k >
£B™, and there is a set D of some proper divisors of 2/ such that (a) > ;cpd > 20—1;
(b) every number ¢ with 1 < 4 <}, 5 d can be expressed as a sum of distinct

elements chosen from D.

We also obtain particular results for ¢ = 2% Suppose 3 < k < ¢ — 3 is odd; let
c1 = ged(k,g — 1) and ¢g = ged(k — 1,¢ — 1). Then, all simple BIBDs whose parameters

(g = 2%k, \) satisfy the necessary conditions exist in the following situations.

(1) {c1,e2} ={1,8™} with odd 8 > 3, ¢ — 3™ > k > 38™, and ¢ > ™ (/65 — 23/4 +
3/2).

(2) {c1,c2} ={1,£p™} with odd ¢,5 > 3, ¢ — 3¢™ > k > 3¢™, and

¢ > 8™ max {E(\/M+ 3/2),\/126 — 47/4 + 3/2}.

Note that when ¢, 5, and m are specified in the above various situations, there are
only a finite number of unknown cases left, whose values ¢ are below the valid bounds.
Thus, in order to reduce the amount of the remaining unknown cases, it is reasonable to
make the lower bounds as small as possible.

We are informed by a referee that Dehon in 1983 proved the following theorem: There
exists a simple (v, 3, A) BIBD if and only if A < v—2, Av(v—1) =0 mod 6, and A\(v—1) =0
mod 2 [3].
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