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NON-TRIVIAL SOLUTIONS FOR p-HARMONIC TYPE EQUATIONS
VIA A LOCAL MINIMUM THEOREM FOR FUNCTIONALS

Ghasem A. Afrouzi* and Armin Hadjian

Abstract. In this paper, we establish existence results and energy estimates
of weak solutions for an equation involving a p-harmonic operator, subject to
Dirichlet boundary conditions in a bounded smooth open domain of RY. A
critical point result for differentiable functionals is exploited, in order to prove
that the problem admits at least one non-trivial weak solution.

1. INTRODUCTION

Let Q@ ¢ RY (N > 3) be a bounded smooth open domain and let p > 1. The aim
of this paper is to study the following Dirichlet problem

{ Ala(z, Au)) = Af(x,u), inQQ,

(1.1) u

=0. — =0 on of2
u ) 8',7/ ) )

where A € R, n denotes the outward unit normal to 992, and f : @ xR — Ris a
Carathéodory function such that

(f1) f(x,t)] < ar +aglt|9™,  V(x,t) € 2 xR,

for some non-negative constants a;, as, where ¢ € (1, p*) and

pN .

. if p
p =& N—-2p

+00 if p

N
< 5,
N

> 5
Regarding the function @ : & x R — R, we assume that A : OxR— R, Az, ) is
continuous in © x R, with continuous derivative with respect to &, a = D¢A = A,

having the following properties:
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(@ A(z,0)=0, VreQ.
(b) a satisfies the growth condition: There exists a constant ¢; > 0 such that

la(z, &) < a1+ [P, VreQ geR.
(c) A is strictly convex, that is Vx € Q, t € [0,1], £,n € R,

The above strictly inequality holds if and only if £ # »n and ¢ € (0, 1).
(d) A satisfies the ellipticity condition: there exists a constant ¢ > 0 such that

A([B,f) > C?‘f‘pa Vo € Qu é eR.

The simplest case occurs when a(z, s) = |s|P~2s, thus (1.1) reduces to a p-harmonic
equation with Dirichlet boundary conditions.

More precisely, employing a critical point result for differentiable functionals, the
main goal here is to obtain some sufficient conditions to guarantee that, problem (1.1)
has at least one weak solution (see Theorem 3.1).

A special case of our main result reads as follows.

Theorem 1.1. Let f : R — R be a continuous function satisfying a (¢ — 1)-
sublinear growth at infinity for some ¢ € (1, p*), i.e.,

ft)

— 0.
|t o0 [t]971

In addition, if f(0) = 0, assume also that

t
/ f(&) de
Of — +OO.

Then, there exists A* > 0, such that, for any A € (0, A\*) the following p-harmonic
problem

lim
t—0+

{ A(JAuPT2Au) = Af(u), inQ,
u

=0. — =0 on 0N
U ) 8” ) )
admits at least one non-trivial weak solution uy € ngm). Also, \* = 400, provided
q € (Lp).
Moreover,

li A Pdx =0
Jim [ (Aus@)p ds
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and the function

s d [anpas—a [ ( /O““”f@ d§> ds

is negative and strictly decreasing in (0, A*).

Finally, we cite the manuscripts [2, 3, 4, 5, 8], where the existence of multiple
solutions for this type of nonlinear differential equations was studied.

In conclusion, we cite a recent monograph by Kristaly, Radulescu and Varga [6] as
a general reference on variational methods adopted here.

2. PRELIMINARIES

In order to prove our main result, stated in Theorem 3.1, in the following we will
perform the variational principle of Ricceri established in [7]. For the sake of clarity,
we recall it here below in the form given in [1].

Theorem 2.1. Let X be a reflexive real Banach space, let &, ¥ : X — R be
two Gateaux differentiable functionals such that ® is strongly continuous, sequentially
weakly lower semicontinuous and coercive in X and W is sequentially weakly upper
semicontinuous in X. Let I, be the functional defined as I := ® — \¥, A\ € R, and
for any r > infx ® let  be the function defined as

sup U(v) — ¥(u)

ved-1 ((—oo,r))
2.1 = inf
(2.1) @(71) wed-1 ((—oo,?“)) r— <I>(u)

Then, for any r» > infx ® and any A € (0,1/¢(r)), the restriction of the functional
I to @ *((—o0,r)) admits a global minimum, which is a critical point (precisely a
local minimum) of 7 in X.

Now, let us denote by X the Sobolev space WOQ”’(Q), endowed with the norm

1/p
Jull = ( /Q \Au<x>\pdx> .

We recall that (see [9, page 1026]) if p > N/2, the embedding X — C°(2) is compact,
and if p < N/2, the embedding X — L7(Q) for all ¢ € [1,p*) is compact.
Hence, for the case where p > N/2, there exists k£ > 0 such that

[ulloo < Kllull,  Vue X,
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and for the case where p < N/2, there exists S, > 0 such that
lullLagoy < Sqllull, — Vue X.

We say that a function v € X is a weak solution of problem (1.1), if v satisfies

/ a(z, Au(z))Av(z) dx — /\/ f(z,u(x))v(x) de =0,
) )
for every v € X.

3. MaIN REesuULTS

In this section we establish the main abstract result of this paper.

Theorem 3.1. Let f: 2 x R — R be a Carathéodory function such that condition
(f;) holds. In addition, if f(z,0) = 0 for a.e. z € 2, assume also that

(f2) there are a non-empty open set D C Q and a set B C D of positive Lebesgue

measure such that

essinf F(x,t)
xeB

lim sup — = o0,
t—0t+ t
and
essinf F(x,t)
liminf 22— > o0,

t—0+ t

where F' is the primitive of the nonlinearity f with respect to the second variable,

e F(z,t) = /Otf@,g) e,

Further, assume that a and A are continuous functions and satisfy conditions (a)-(d).

Then, there exists A* > 0, such that, for any A € (0, A*) problem (1.1) admits at least

one non-trivial weak solution uy € X. Also, A\* = 400, provided ¢q € (1, p).
Moreover,

Jim x| =0
and the function

/\»—>/QA(ac, Au,\(x))da:—/\/QF(m,u,\(x))dx

is negative and strictly decreasing in (0, A*).
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Proof. ~ Our aim is to apply Theorem 2.1 to problem (1.1). To this end, let the
functionals ®, ¥ : X — R be defined by

() ::/QA@, Au(z))dz,  (u) ::/QF(x,u(x))da:,

for every u € X, and set I := & — A\,
Clearly, ® and ¥ are well defined and continuously Gateaux differentiable func-
tionals whose Gateaux derivatives at the point « € X are given by

&' (u) (v) = /Q o(z, Au(z))Av(x) dz,
W () (v) = /Q F(@,ul))o() de,

for every v € X (see [3, Lemma 2.2]).
By [3, Lemma 2.4], & is sequentially weakly lower semicontinuous and ¥ is
sequentially weakly (upper) continuous. By condition (d), for all © € X, we have

(3.1) B(u) = /QA@, Au(z)) dz > CQ/Q\Au(x)\pda:ZCQHqu.

Hence, @ is coercive in X and inf,cx ®(u) = 0.

Now, let » > 0. It is easy to see that ¢(r) > 0 for any » > 0, where ¢ is defined
by (2.1).

Then, by Theorem 2.1,

(3.2) forany » > 0 and any A € (0, 1/<p(r)> the restriction

of I, to @' ((—o0,r)) admits a global minimum w, .,

which is a critical point (namely a local minimum) of I, in X.
Let A* be defined as follows

1
N i=sup —.
r>0 @(71)

Note that A* > 0, since o (r) > 0 for any r > 0.
Now, fix A € (0, \*). It is easy to see that

(3.3) there exists 75 > 0 such that A < 1/¢(7y).
Then, by (3.2) applied with » = 75, we have that for any A such that

0< A< A< 1/p(ry),
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the function uy := wuyr is a global minimum of the functional I, restricted to
®~1((—o00,7y)), ie.,

(3.4) I(uy) < I)(u) for any u € X such that ®(u) < 75

and

(3.5) D(un) <75,

and also w, is a critical point of I in X and so it is a weak solution of problem (1.1).
Now, we show that \* = +oo, provided ¢ € (1, p). To this end, by (f;), one has

(3.6) |F(z,)| < ar[t] + %t\q,

for any (z,t) € @ x R.
Also, by (3.1), for any u € X such that ®(u) < r, with » > 0, we have

Jull? < =
C2

Now, we discuss two cases.

Case 1. If p < N/2, from (3.6), for any u € X such that ®(u) < r, we obtain

U(u) = /QF(az,u(a:))da:

IN

a2
alullz) + 2 ull gy

CLQSq

IN

a1Stlul +

alSl(L>l/p N a2 (L>q/p’

C2 q C2

[l

N

so that

q
sup U(u) < alSlrl/p + 4254 ra/p
1/p q/p
ued—1 ((—oo,r)) Cy qcy

for any » > 0. Now, by definition of ¢, for any » > 0 we have

su W(u

o < P () MY Sy S

o(r) < " S a/p '
Cq qcy

Since ®(0) = ¥(0) = 0, namely,

1 S ch/ P

o(r) — alSlqcéq_l)/pr(l—p)/p + G,QSgr(q—p)/p’
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so that

/
A* = sup 1 > sup - acs” = 400,
>0 @<r> >0 alslch]— )/pr(l -p)/p 4+ QQSgr(q—p)/p

provided ¢ € (1,p). Hence, \* = 400 if ¢ € (1, p).
Case 2. If p > N/2, from (3.6), for any u € X such that ®(u) < r, we obtain

\I/(u):/ F(z, u(z)) da
) (@l + 2l
meas( <a1kHuH+—H H")
0 (ot

k(- l/p aquq (é)q/p) ’

IN

meas

IN

< meas

so that

k ask?
sup W (u) < meas(2) <a11 pl/p g 22 ,ﬂ/p)

/p q/p
ued-1 ((—oo,r)) qc,

for any » > 0. Now, by definition of ¢, for any » > 0 we have

SUP. o 1 ((_oor U(u) . "
p(r) < (L) < meas(Q) <a+/pr1/p—1 + G’Qq/prq/p—l) .
r c ”
2 2
Namely,
1 q/p
A* = sup —— > sup A — foo,

>0 @<r> r>0 meas(Q) (alchgq_l)/pr(l_p)/p + a2qu(q—p)/p>

provided ¢ € (1,p). Hence, we obtain again A\* = +oo if ¢ € (1,p).

Now, we have to show that for any A € (0, A\*) the solution wy is not trivial. If
f(-,0) # 0, we have uy # 0 in X, since the trivial function does not solve problem
(1.2).

Let us consider the case when f(-,0) = 0 and let us fix A € (0, \*) and X € (0, \).
Finally, let uy be as in (3.4) and (3.5). We will prove that w) # 0 in X. To this end,
let us show that

(3.7 lim sup v(u)

Ju—o+ P(u)
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For this, first note that, by (a) and (c), we have
Az, t€) < tA(z,§),
forall z € Q, ¢t €[0,1] and £ € R. Thus, for all ¢ € [0, 1] and u € X, we have

B(tu) = /Q Az, Altu(z))) do

< t/QA(a:,A(u(a:)))da:
= t®(u).

Due to (f2), we can fix a sequence {&,,} C R™ converging to zero and a constant x > 0

such that inf F(z, £,)
essin z, &
lim =z 0 _ +00,

e &y

and

eiseilr)lfF(a:, &n) > Kén,

for n sufficiently large.
Now, fix a set C' C B of positive measure and a function v € X such that:

(i) v(z) € [0,1], for every = € Q;

(i) v(z) =1, for every z € C,

(iii) v(z) =0, for every z € Q\ D.
Hence, fix M > 0 and consider a real positive number n with
nmeas(C) + H/ v(x)dz

D\C
®(v)

Then, there is v € N such that &, < 1 and

M <

inf F' >
eiselél (33; fn) > 1,

for every n > v.

Finally, let w, := &,v for every n € N. It is easy to see that w, € X for any
n € N. Now, for every n > v, bearing in mind the properties of the function v
(0 < wy(z) < o for n sufficiently large), one has

/C Flx, &) dz + / Flz, &yo(z)) da

D\C
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Since M could be arbitrarily large, it follows that

W (wn)
)
w250 B ()

== +OO,

from which (3.7) clearly follows.
Hence, there exists a sequence {w, } C X strongly converging to zero, such that,
for every n sufficiently large, w,, € ®~*((—o0,7y)), and

(3.8) Iy(wy) = ®(wy) — AN (wy,) < 0.

Since uy is a global minimum of the restriction of I to ®~!((—oo, 7)) (see (3.4)),
by (3.8) we conclude that

3.9 I(ux) < Ii(wy) <0 = 1,(0),

so that uy #Z 0 in X. Thus, uy is a nontrivial weak solution of problem (1.1).
Moreover, from (3.9) we easily see that the map

(3.10) (0, \) 2 XA — I\(uy) is negative.

Now, we claim that
lim |Juy|| = 0.
A—0Tt

Indeed, let again A € (0, A*) and A € (0, \). Bearing in mind (3.1) and the fact that
®(uy) < 7y for any A € (0, \) (see (3.5)), one has that

coflurl|” < @(uy) <75,

that is,

JuallP < 2.
2
Again, we consider two cases.

Case 1. If p < N/2, we have

< arflurll ey + azllualleg

/ [z, un(z))ur(x) de
Q

(3.11) < a1 Sy [uall + azSg[[ual/?

ry\1/p 73\ 4/p
< alsl(—k> +a253(_>\> =: X0
C2 C2

for every \ € (0, \).
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Case 2. If p > N/2, we have

]Af@wxmmmww

meas(2) (a1][ux oo + azlurllS)

IN

(3.12)

IN

meas(2) (ar1k|un]| + ak?||url|?)

meas((2) <a1k(z_2> 1/p+a2kq(z_;>CI/p) N,

A

for every \ € (0, \).
Since w, is a critical point of Iy, then I} (u)(v) = 0, for any v € X and every
A € (0, ). In particular, I} (uy)(uy) = 0, that is

(3.13) @wmmmzxéf@wxmmxmma

for every A\ € (0, ). On the other hand, since A is convex with A(z,0) = 0 for all
x € Q, we have

(3.14) a(z,§) - § 2 A, §) = P,
for all £ € R. Then, from (3.13) and (3.14), it follows that

0 < eafjunl” < @' (ur)(ur) = A/Qf(flﬁa ux(x))ux(z) de,

for any A € (0, ). Taking into account (3.11) or (3.12) and letting A — 0%, we get
limy o+ [|up|| = 0, as claimed.
Finally, we show that the map

A — Iy (uy) is strictly decreasing in (0, \*).

Indeed, we observe that for any u € X, one has

(3.15) Iy(u) = A (@ - \I/(u)) .

Now, let us fix 0 < A\; < Ao < XA < X\* and let uy, be the global minimum of the
functional I, restricted to ' ((—oo, 7)) for i = 1,2. Also, let

T <%z/\l> - qj(u/\ﬂ) - ve<1>‘1é?—foovf;)) <%j> : qj<v>) |

for every i =1, 2.
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Clearly, (3.10) together (3.15) and the positivity of A imply that

(3.16) my, <0, fori=1,2.
Moreover,
(3.17) my, < my,,

thanks to 0 < A1 < Ao. Then, by (3.15)-(3.17) and again by the fact that 0 < A1 < Ao,
we get that
D, (uny) = Aamy, < Aamy, < Ay, = Iy, (uy,),

so that the map A — I, (uy) is strictly decreasing in (0, \). The arbitrariness of A < \*
shows that A — I(uy) is strictly decreasing in (0, A*). Thus, the proof is complete. m
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