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AN HARDY ESTIMATE FOR COMMUTATORS
OF PSEUDO-DIFFERENTIAL OPERATORS

Ha Duy Hung and Luong Dang Ky*

Abstract. Let T be a pseudo-differential operator whose symbol belongs to the
Hormander class S)'s with 0 <5 < 1,0<p< 1,0 <pand —(n+1) <m <

—(n+ 1)1 - p). In present paper, we prove that if b is a locally integrable
function satisfying

log(e+ 1/|B)) / 1 /
T dyldr < oo
balls Bcrn (1 +|BJ)? |B| ‘f |B| Bf(y) y‘

for some 6 € [0, o0), then the commutator [b, T is bounded on the local Hardy
space h!(R™) introduced by Goldberg [9].

As a consequence, when p = 1 and m = 0, we obtain an improvement of a
recent result by Yang, Wang and Chen [21].

1. INTRODUCTION

Let T be a Calderon-Zygmund operator. A classical result of Coifman, Rochberg
and Weiss (see [6]), states that the commutator [b, T'], defined by [b, T|(f) = bT f —
T(bf), is continuous on LP(R™) for 1 < p < oo, when b € BMO(R™). Unlike the
theory of Calderon-Zygmund operators, the proof of this result does not rely on a weak
type (1, 1) estimate for [b, 7. In fact, it was shown in [13, 18] that, in general, the
linear commutator fails to be of weak type (1, 1) and fails to be of type (H*, L'), when
bis in BMO(R"). Instead, an endpoint theory was provided for this operator.

Let T be a pseudo-differential operator which is formally defined as

Tf@) = [ oo 9@ fe)ds, £ e SE,
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where f denotes the Fourier transform of f and o(x,€) is a symbol in the Hormander
class Sy for some m, p, § € R (see Section 2). Remark that 7" is a Calderén-Zygmund
operator if the symbol o(z, &) satisfies some additional assumptions (cf. [12]). In
analogy with the classical results in the setting of Calderon-Zygmund operators, when
b € BMO(R™), the boundedness of [b, T'| on Lebesgue spaces LP(R"),1 < p < o0,
have been established, see for example [2, 5, 16, 19]. We refer to [8, 11, 15] for some
similar results in the setting of metric measure spaces. It is well-known that under
certain conditions of m, p, &, the operator 7' is bounded on h!'(R™) and bounded on
bmo(R™) (cf. [9, 10, 22, 23]). A natural question is that can one find functions b for
which [b, T is bounded on 2! (R™) ? Recently, some endpoint results have obtained by
Yang, Wang and Chen [21]. More precisely, in [21], the authors proved the following.

Theorem A. Let b € LM O (R™). Suppose that T is a pseudo-differential oper-
ator with symbol o (z, £) in the Hormander class S?ﬁ with 0 < § < 1. Then,

(i) [b,T] is bounded from H'(R™) into L*(R").
(i) [b, T is bounded from L>°(R") into BM O(R"™).

Our main theorem is as follows.

Theorem 1.1. Let b € LMOy(R™). Suppose that T is a pseudo-differential
operator with symbol o (z, &) in the Hormander class STs with0 <6 <1,0< p <
LLd<pand —(n+1)<m < —(n+1)(1—p). Then,

(i) [b, T is bounded from h'(R™) into itself.
(i) [b,T] is bounded from bmo(R") into itself.

Throughout the whole paper, C denotes a positive geometric constant which is inde-
pendent of the main parameters, but may change from line to line. For any measurable
set A C R™, denote by | A| the Lebesgue measure of A.

The paper is organized as follows. In Section 2, we give some notations and
preliminaries about the spaces of BMO type, Hardy spaces and pseudo-differential
operators. Section 3 is devoted to prove Theorem 1.1. An appendix will be given in
Section 4.

2. SOME PRELIMINARIES AND NOTATIONS

As usual, S(R™) denotes the Schwartz class of test functions on R", S'(R™) the
space of tempered distributions, and CS°(R™) the space of C*°-functions with compact
support.

Let m, p and ¢ be real numbers. A symbol in the Hormander class Sy will be a
smooth function o (z, &) defined on R™ x R", satisfying the estimates

|DIDJo(2,€)] < Cap(1 + €y PIPHoll o, 5 e N
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We say that an operator T is a pseudo-differential operator associated with the
symbol o(z, §) € S5 if it can be written as

Tf@)= [ o9 fQ)de, £ e SE,

where f denotes the Fourier transform of f. Denote by s the class of pseudo-
differential operators whose symbols are in S77;.
Let0<p<1,0<8§<landméeR. ltis weII known (see [10, Proposition 3.1])
that if 7" €~/ 7's with the symbol o (x, £), then T" has the distribution kernel K (z,y)
given by
K(z,y) =lim | ™00 (a, &)y (e€)de,

e—0 Rn

where ¢ € C°(R™) satisfies ¢ (£) = 1 for || < 1, the limit is taken in S’(R™) and
does not depend on the choice of .

The following useful estimates of the kernels are due to Alvarez and Hounie [1,
Theorem 1.1].

Proposition 2.1. Let0 < p<1,0<d<land T € & s . Then, the distribution
kernel K (z,y) of T is smooth outside the diagonal {(z, ) T € R™}. Moreover,

(i) For any o, 5 € N*, N > 0,
sup |z —y[V[DEDJK (2, y)| < C(a, B, N).
lz—y|=>1
(if) If M € N satisfies M + m +n > 0, then

1

Sup ‘DngKCE’ y)‘ S C<M> M+4m+4n ) €T # y

lectBl=M lz =yl
Here and in what follows, for any ball B ¢ R™® and f € L

1
fB = @/Bf(@dx

Let 0 < @ < oo. Following Bongioanni, Harboure and Salinas [3], we say that a
locally integrable function f is in BMOg(R"™), if

(R™), we denote

loc

1
1 fllBro, = U V] /B |f(y) — fBldy < o0,

where the supremum is taken over all balls B C R™. We then define

(2.1) BMOy(R™) = Ug=0 BMOg(R™).
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A locally integrable function f is said to belongs LM Oy(R™) if

log(e+1/rp) /
= d
HfHLMOe Sup <1+7’ 9 ‘B‘ ‘f fB‘ y<OO,

where the supremum is taken over all balls B  R™. We define
(2.2) LMOs(R"™) = Ugso LM Op(R™).

Let ¢ be a Schwartz function satisfying [, ¢(z)dz = 1. According to Goldberg
[9], we define h!(R™) as the set of all f € S'(R™) such that

[fllnr = llmg fllor < oo,

where mgy f(2) := supg_s<; | f * ¢¢(x)| with ¢y (z) :=t " ¢(t ).
Given 1 < ¢ < oo, a function a is called an (h', ¢)-atom related to the ball
B = B(zo,r) if r <2 and
(i) supp a C B,
(ii) llall e < BI"9,
(i) if 0 <7 <1, then [, a(z)dz = 0.

The following useful fact is due to Yang and Zhou [24, Proposition 3.2] (see also
[4, 22, 23]).

Proposition 2.2. Let 1 < ¢ < oo. If T is a bounded linear operator on L(R")
satisfying || Tal|,; < C for all (h!, g)-atoms a, then T' can be extended to a bounded
linear operator on h'(R™).

It is well-known (see [9]) that the dual space of h!(R") is bmo(R™), namely, the
space of locally integrable functions f such that

1
fbmo::sup—/ flx)— fpldx + sup / f(z)|dz < oo,
H H BED‘B‘ B‘ ( B‘ ‘B‘ ‘ ‘

where D = {B(zg,7) CR": 0 <r <1} and D¢ = {B(zg,r) C R" : r > 1}.
Denote by vmo(R™) the closure of C°(R™) in the space bmo(R™). Thanks to [7,
Theorem 9], we have the following.

Theorem B. The dual of the space vmo(R") is the space h'(R™).
The following result is due to Hounie and Kapp [10, Theorem 4.1].

Theorem C. Let T € s with0 < < 1,0<p<1,6d <pandm <
—n(1 — p)/2. Then, T is bounded on h!(R").
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3. PrRooF oF THEOREM 1.1

Here and in what follows, for any ball B = B(x,r) and k € N, we denote
28 B := B(xg, 2r).
In order to prove Theorem 1.1, we need the following three technical lemmas.

Lemma 3.1. Let1 < g < oo and 0 <6 < oo. Then,
(i) There exists a constant C' = C(q, #) > 0 such that

1 1/q
—_— _ q < 1 2k 260
(g [, 170 = 1a17) " < RO+ 201 v
for all f € BMOy(R"™), k > 1 and for all balls B = B(x,r) C R™.
(if) There exists a constant C' = C(q, #) > 0 such that

(e [, 17— smit) " < W*—%V;ufumoe

log (e—i— ﬁ

for all f € LMOg(R™), k> 1 and for all balls B = B(z¢,r) C R™.

Lemma3.2 Letl<g<ooandT e ’/m5with0<p<1 0<o<l,—n—-1<
m < —(n+1)(1 —p). Then, for eachN>0 there exists C' = C(N) > 0 such that

2—ck
N ‘QkB‘l/q_l

ITall agar+1p\26B) < Cm

holds for all (h!, ¢)-atom a related to the ball B = B(x,r) and for all k = 1,2,3, ...,
where ¢ = min{1, FHE ),

Lemma 33. Let T € 7 with0 < p <1, 0<0<1l,-n-1<m<
—(n+1)(1 — p). Then the foIIowmg two statements hold:

(i) If b € BMOy(R™) for some 6 € [0, 0o), then there exists a constant C' > 0 such
that for every (h!,2)-atom a related to the ball B = B(xo, ),

[(b—bp)Tal 1 < C|lbllBrro,-

(i) If b € LMOg(R™) for some 6 € [0, co), then there exists a constant C' > 0 such
that for every (h!,2)-atom a related to the ball B = B(xo, ),

log(e +1/r)[[(b—bp)Tallr < Cl|bl[aro,-
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The proof of Lemma 3.1 can be found in [14, Lemmas 5.3 and 6.6] as the special
cases. Now let us give the proofs for Lemmas 3.2 and 3.3.

Proof of Lemma 3.2 If 1 < r < 2, then for every z € 21 B\ 2*Band y € B =
B(zo,r), we have |z — y| > |z — x| — |y — zo| > 2Fr —r > 1. Hence, by (i) of
Proposition 2.1 and the Holder inequality,

K(x,y>a<y>dy] < [ 1K@l

1
<0 [ ——merlatu)ldy
1

Ta(z)| =
Rn

< O gprrmrliallel Bl
< 071
= 7 (2kp)N+nt1

for all = € 2T B\ 2*B. This implies that

1

1 1
< (O———— _|9kpB|l/a-1
- 2k (14 ri)N‘ |
< Ci‘gklg‘l/q—l.
— (14 2kr)N

In the case of 0 < r < 1, we have / a(y)dy = 0. Thus, for every 2 € 281 B\
B
2FB, from 1 +n +m > 0, Proposition 2.1(ii) yields

ITa(@)) = | fan K (2 9)a(y)dy| < /B K (2, ) — K (2, 20)||a(y)|dy

(3.) <o =l )y

14+n4m
B lx —xg| »
r
— itaim>
(ri>%
where we used the fact that |z — &| ~ |z — x| if £ € B. Let us now consider the
following two cases:
(a) If (28 — 1)r > 1, then, by using Proposition 2.1(i), it is similar to the case
1 < r < 2 that for every z € 2*+1 B\ 2¥B,

<C

1
Ta(x)| < C
‘ ( )‘ — (ri>N+n+ 1j:7/LJj:m

2—ck

< (O———r.
- C(ri)N+”
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Therefore,

—ck

2
HTa;HLq(Qk-Q—lB\QkB) < CW‘Qk-FlB\QkB‘l/q

2 kpil/a—1
< O 2B

(b) If (28 —1)r < 1, then since m < —(n + 1)(1 — p), (3.1) yields
r
ITall Lagarsi prorpy < C—— e 12771 B\ 28 B|/1
(24r)

1 1
< Copm
— 2k (ri>n

2—ck

‘QkB‘l/q

knpil/q—1
= C(1+2kr)N‘2 B,

which ends the proof of Lemma 3.2. |

Proof of Lemma 3.3. (i) Since » < 2, by the Holder inequality, the L2-boundedness
of T', Lemmas 3.1(i) and 3.2, we get

[(b—bB)Tal L1
= [|(b—bB)Tallp12p) + Z [(b—bp)Tall L1 ox+1p\2xB)
k=1
< Ib=bslr2ep) I Tallizee)+ > | Ib=bsll r2@rrpyoep) | Tall p2or1 gy or)
k=1

< C12BY2|1bl| oyl all 2
0 2—ck
+O 3 (k + 1)(1+ 25192251 B1 V2 b pago,
k=1

< Clbllsao, + C Y k2~ |[bllBaro,
k=1

QkB —-1/2
(1 +2kr)29‘ |

< ClbllBamo,
where ¢ = min{1, H"%} > 0.

(i) Setting £ = ¢/2 with ¢ = min{1, W%} > 0, it is easy to check that there
exists a positive constant C' = C'(e) such that

log(e + kt) < Ck® log(e + t)
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forall k> 1,¢> 0. As a consequence, we get

1 1
log (e + —) < 02 1og (e + —)
r 2kyp
for all £ > 1. This, together with the Holder inequality, Lemmas 3.1(i) and 3.2, gives

log(e +1/7)|(b — bp)Tal
= log(e +1/r) (b= b5)Tal 1121

+ Z log(e +1/7)[[(b— bB>TaHL1(2k+1B\2kB)
k=1

< log(e +1/7)[[b = bBllL22p)| Tall L2 (2)

+> log(e + 1/r)||b = bpll r2ar+1p\oepy | Tall p2or+1py 205y
=1

‘23‘1/2
log(e +1/(2r))

o
1 k 1)(1 2k+1 20
o 25k10g(6+2k )( +1)(1+ : r) |2+ B|1/2
2 57) g (e b )

< Clog(e+1/r) 16l Laro, lall 12

2—ck

k —1/2
HbHLMOem\Q B~

< Clblizaro, +C Y k2= |bllLaro,
k=1
< CbllLroy,

where we used the facts that » < 2 and ¢ = 2e. [

We are now ready to prove the main theorem.

Proof of Theorem 1.1. (i) Assume that b € LM Oy(R™) for some 6 € [0, c0). By
Proposition 2.2, it is sufficient to show that

116, TT(a) [l < CllbllLaro,

holds for all (h!, 2)-atoms a related to the ball B = B(zg, r). To this ends, by Theorem
C, we need to prove that

(3.2) [(b—bp)alln < CllbllLro,
and

(3.3) 1(b = bp)Tallp: < ClbllLaro,-
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Thanks to Theorem B, to establish (3.2) and (3.3), it is sufficient to prove that

1£(b = bp)allLr < Cl|b][Laro| f lomo

and
1£(b—bp)TallLr < C1b]|Larog 1 f |lbme

for all f € C°(R™). Indeed, since f € C°(R™), it is well-known that |fp| <
C'log(e + 1/7)| fllsmo- Therefore, by the Holder inequality and Lemma 3.1(ii),

1f(b = bp)all
< I(f = fB)(b—bg)all L1 +1og(e + 1/7)[| fllbmoll (b — bp)al| .1
< N(f = fB)xBllLall(b = br)xsll L4l all 2
+log(e+ 1/7)[[ fllomoll (b — bB)xB | 12[lall >
< B[ zarol B [bllLa10, | BI ™2 + C| fllbmol BI'/[bll a0, | B~/
< C|b]l Laro, | £ l[mos

where we used the facts that supp a € B and r < 2.
By the Holder inequality, the L2-boundedness of 7" and Lemmas 3.1(ii) and 3.2,

I(f = fB)(b—bp)Tal L1

= [|(f = fB)(b—bp)Tal[L1(2p) + Z |(f = fB)(b—bB)Tal 11 (2k+18\2xB)

k=1
< |f = fBllea@s)llb — bl a@p)llTal 2
+ > I = I8l parrip e 1D = ball 1ot g sy I Tl 2gari gy 20y
k=1

< C12B"||f | Barol2BI"|bl| Laso,lall .2

0o (k—i— 1><1 +2k+17’>29
+C Y (k+ D2 BV fllzmo
l; log(e + ﬁ)

2—ck

‘2k+1B‘1/4

b . —Ly
H HLMO(; (1—}—2]“7’)29‘ ‘
< C| fllsmollbllLaro,,

where we used the facts that » < 2 and ¢ = min{1, 21} > 0. Combining this
with (ii) of Lemma 3.3 allow to conclude that

16 =bp)Tallr < |[(f = fB)(b—bp)Tall + [fBI(6 = bp)Tal s
< Clbllaro,ll fllBaro + Clogle + 1/7)[| fllomoll (b — b5) T'al L1
< Clbll a0l fllomo;
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which completes the proof of (i).

(ii) By a symbol calculation (cf. [20, Proposition 0.3.B]), there exists o* € S
such that T is the conjugate operator of T~ whose symbol is o*. So (ii) can be V|ewed
as a consequence of (i). This ends the proof of Theorem 1.1. [ |

4, APPENDIX

The following theorem vyields the converse of Theorem 1.1. Although, it can be
followed from Theorem 1.2 of Yang, Wang and Chen [21], however we also would like
to give a proof here for completeness. Also, it should be pointed out that our approach
is different from that of Yang, Wang and Chen.

Theorem 4.1. Let b be a function in BM O, (R™). Suppose that [b, T'] is bounded
on W'(R*) forall T € 7 with0<d<1,0<p<1,6<pand —(n+1) <m<
—(n+1)(1—p). Then, b € LM O (R™).

Proof. Assume that b is a function in BM Oy (R™), for some 6 € [0, o), such that
[b,T] is bounded on n'(R™) for all T € s with 0 < § < 1,0 < p < 1,6 < p and
—(n+1) <m < —(n+1)(1—p). Then, for any r;,7 = 1,2,...,n, the classical local
Riesz transform of Goldberg (see [9] for details), the commutator [b, ;] is bounded on
h'(R™) since r; € 9 (e.9. [10]). Therefore, for every (h',2)-atom a related to the
ball B, (i) of Lemma 33 yields

I75((b = bp)a)llr < [I(b = bp)rjllr + Cl[b, 75)(a)||n
< Clbllamo, + Cll[b, rillln—pr-

By the local Riesz transforms characterization (see [9, Theorem 2]), we get

(4.1) 1(b—bp)allp <C (bBMoe +> I, rj]lﬂ—»hl) :

Jj=1

for all (h!,2)-atom a related to the ball B, where the constant C' is independent of b
and a. We now prove that b € LM Oy(R™). To do this, since b € BMOy(R"), it is
sufficient to show that

log(e +1/r) i
A i) dex<c(bBMoe+Z[b,rj]huhl)

J=1

holds for all B = B(x¢,r) the ball in R™ satisfying 0 < » < 1/2. Indeed, let f be the
signum function of b — b and a = (2|B|)~*(f — fB)xs. Then it is easy to see that
a is an (h!,2)-atom related to the ball B. We next consider the function

9o, (2) = X[o.r) (|2 = 2o[) 1og(1/7) + X(r1] (|2 = o[) log(1 /]2 — wo]).
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Then, thanks to [17, Lemma 2.5], we have ||gz, »|ltmo < C. Moreover, it is clear that
Guor(b—bp)a € L'(R™). By (4.1) and bmo(R™) = (h'(R"))*,

log(e+1/r) 1 1
W@/B\b(fﬂ)—bmdx < 310g(1/7’)®/]3\b(a:)—b3\da:

= 6| [ a0 (0)000) - bp)ata)a

< CHQIO,THmeWb —bp)al[,

< C | Ibllzaro, + Y I rilllni—m
j=1

This proves that b € LM Og(R™), moreover,

n
Ibllzato, < C | bl Baro, + Y I, illlw—nt | - m
j=1

Let b € LL _(R™). A function a is called an h}-atom related to the ball B =

loc

B(zo,r) if aisa (h!, co)-atom related to the ball B = B(x, ), and when 0 < r < 1,
it also satisfies / a(x)b(z)dz = 0.

Rn
We define h} (R™) as the space of finite linear combinations of 1} -atoms. As usual,

the norm on A} (R™) is defined by

N N
[f1lny = inf > Nai f =Y Nay
=1 j=1

Given b € BMOq(R™), similar to a result of Pérez [18, Theorem 1.4], we find
a subspace of h'(R") for which [b, T] is bounded from this space into L'(R™). In
particular, we have:

Theorem 4.2. Let b € BMOx(R") and T' €/ 71y with 0 < 6 < 1,0 < p <
L,d<pand —(n+1) <m < —(n+1)(1—p). Then, [b,T] is bounded from h}(R™)
into L1(R™).

Proof. ~ Assume that b € BMOy(R") for some 6 € [0, 00). It is sufficient to
prove that for all h}-atom a related to the ball B = B(xo, r),

(4.2) 1o, THa)ll 1+ < Clbll Baro,-

Indeed, we first remark that supp ((b—bp)a) C B and ||(b—bg)al| 2 <C||bl|zaro,| B|*/?

by (i) of Lemma 3.1. Moreover, if 0 < r < 1, then / (b(z) — bp)a(x)dx =
R7l
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/ a(x)b(z)dr — bB/ a(x)dx = 0. Therefore, (b — bp)a is a multiple of an
n RTL
(ht,2)-atom. So, by (i) of Lemma 3.3 and Theorem C, we get

I16; (@)l 2 < [[(b—bp)Tallpr + [ T((b— bp)a)l s
< Cl|bl Broy;

which ends the proof of Theorem 4.2. [ ]
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