TAIWANESE JOURNAL OF MATHEMATICS

Vol. 19, No. 1, pp. 31-49, February 2015

DOI: 10.11650/tjm.19.2015.4323

This paper is available online at http://journal.taiwanmathsoc.org.tw

PROPERTIES OF DUAL TOEPLITZ OPERATORS WITH APPLICATIONS
TO HAPLITZ PRODUCTS ON THE HARDY SPACE OF THE POLYDISK

Lakhdar Benaissa* and Hocine Guediri

Abstract. In this paper, we introduce dual Toeplitz operators on the orthogonal
complement of the Hardy space of the polydisk and establish their main algebraic
properties using an auxiliary transformation of operators. As a byproduct, we
exploit this mysterious transformation in the investigation of boundedness and
compactness of Hankel products and mixed Toeplitz-Hankel products on the Hardy
space of the polydisk.

1. INTRODUCTION

Dual Toeplitz operators on the orthogonal complements of various Hilbert spaces of
analytic functions become nowadays among the concrete classes of operators that attract
attention of operator theorists. Algebraic and spectral properties of these operators in
different contexts have been the subject of extensive studies in the last decade. For a
detailed account on this topic we refer to [4, 7, 9, 14, 17] and the references therein.

The purpose of this paper is two fold. First, to outline some basic algebraic prop-
erties of dual Toeplitz operators in the setting of the Hardy space of the polydisk. In
particular, in Section 3, we characterize commuting dual Toeplitz operators as well
as normal ones. The commutativity task in related contexts has been considered in
[2, 3, 6, 10, 12, 14, 16, 17].

Furthermore, in Section 4, we investigate products of dual Toeplitz operators. More
precisely, we establish Brown-Halmos type theorems and exploit them to characterize
the zero divisors among dual Toeplitz operators as well as symbols giving rise to
isometric, idempotent and unitary dual Toeplitz operators. These facts in related settings
can be found in [1, 3, 6, 10, 16, 17]; and our approach is similar to that used in [14].
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All the above results hinge on a crucial transformation of operators (which goes
back to Stroethoff & Zheng [17]), namely the operator S,, constructed in Section 2
(see formula (2.11)), which proves very suitable for such purposes. In the setting of
the Bergman space of the polydisk, an analog operator is already present in force in
the work of Y.F. Lu and S.X. Shang [14]. This transformation reveals an interesting
characterization of dual Toeplitz operators that is closely related to the intertwining
relations of such operators in one dimension, see [3, 7, 10]. For a brief history of this
powerful transformation we refer to [7].

Second, to study Hankel products and mixed Toeplitz-Hankel products on the Hardy
space of the polydisk. In particular, in Section 5, we make use of this pioneering
operator 8, in order to establish necessary conditions for boundedness and compactness
of these products. Products of merely Toeplitz operators in the present setting have
been considered by Ding in [5]; for the same problem in related contexts we refer to
[8, 11, 13] and the references therein.

First, let us start with setting up the framework of our study as well as the con-
struction and the main properties of the indispensable operator S,,,.

2. PRELIMINARIES

Let D be the unit disk in the complex plane C, and let T = 0D be its boundary
(the unit circle). For n > 1, the polydisk D™ and its distinguished (or shilov) boundary
T™, (the n-torus), are respectively the cartesian products of n copies of D and T; they
are defined respectively by

D" := {Z:<217227"'72n> GCn7 ‘Z]‘ <17-j:1""’n}’

T" := {C:<C17C27"'7Cn>ecn7 ‘C]‘:17]:1”n}

Let do (¢) be the normalized Haar measure on T"; it is obtained as the product of

the normalized Lebesgue measure on T, i.e. do (¢) = % where (; = i, j =

1,...,n. Thus, the Lebesgue space L' (T", do) is defined in the customary way, and
we have

F(C) do (€)= —

2 2 ) ) A
) / . f(ee® . ef) dodbs . ..db,.
’]I‘n O O

The Hardy space of the polydisk /2 (D") is defined to be the set of all holomorphic
functions f : D™ — C satisfying:

1£2 ::(sup / \f(rom(o)loo.
o<r<i1 n

Recall that for every function f € H?2(D"), the radial limit lim,_ - f (r¢) exists
for almost every ¢ € T™. Denoting this radial limit again by f ({), the Hardy space
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H? (D") can be regarded as a closed subspace of L?(T",do)=L?(T"). In fact if
H? (T™) denotes the closure of analytic polynomials in L? (T™), then every function
in H? (T™) can be identified with its holomorphic extension to D" via the poisson
extension; and hence we use the same notation for f € H? (T") and its holomorphic
extension f € H? (D") to D™. For more details on the function theory in the polydisk
we refer to Rudin’s book [15]. Let us denote the orthogonal complement of the Hardy
space H? (T™) in L? (T™) by (H? (T"))L. It is well-known that

HA(T™) 2 HA(T) @ HA(T) ® ... @ HA(T),

and that a similar factorization holds for L? (T™) as well. Thus clearly, for n > 1, we

would get (> (’JI‘"))L 2 'H3(T™), which motivates the study of dual Toeplitz operators
on this space, (see Sec.1 of [7] for an explanation). The Hilbert space H? (D") is
readily seen to be a functional Hilbert space with reproducing kernel given for w =
(wy,...,wy) € D" by:

1
Kw(Z>:Hm, Z:<Zl,...,2n>€Dn.
7=1

Thus, the reproducing kernel of 72 (T™) reads as:
1
KU)<C>:H7 C:<C17'~'7Cn>eTn7

J— )
i 1-— ’ijj

while the normalized reproducing kernel is given by

V1= w;)?
kw(c>zn47 C:<C177Cn>eTn
1 —w;¢;
Let P denote the orthogonal projection from L? (T™) onto its closed subspace H? (T™).
For a symbol ¢ € L? (T™), the Toeplitz operator on H?(T") is defined as follows:
T,: H?*(T") — H?(T")

foo—= Tf=Pef).

Similarly, the ”big” Hankel operator is defined by
1
H,: H*(T") — (H*(T"))

f — s@f = Q (‘Pf) 9

where Q = I — P is the orthogonal projection from L? (T™) onto (H? (T"))L.
A dual Toeplitz operator with symbol ¢ € L (T") is defined to be a multiplication
followed by a projection in the following way:
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Se: (H2(T)" — (H2(T)*
f — Ss@f = Q(of).
Since the projection Q has norm 1, then ||S,, (f)|l2 < [l¢llocll fll2, Vf € (H? (T"))L.

Using the decomposition L? (T") = H? (T") & (H? (T”))L, for f,g € L™ (T"™),
the product equation My, = MM, can be written in matrix form as follows:

Hfg ng Hf Sf Hg Sg

which yields the following algebraic equations:
Tyg =TsTy + H%Hgv
(2.1 Spg = HyHz + 858,
Hypg=H;T,+ SyH,.
It follows that the commutator [ S¢, Sg] = S¢S, — S, Sy can be written as
(2.2) [ S, S) = HQH% — HyHz.

Since the ”big” Hankel operator is trivial if the symbol is analytic, such identities
reduce to:

Lemma 2.1. Let f € H>®(T") and g € L*>°(T"), then we have
(i) HyTy = SpHy.
(if) TrHy = H}S+.
(iii) Spqg = StS,.

(iv) Sg? = SgS?

For A € D, let ¢ be the fractional linear transformation on D given by ¢ (u) =
A— . . . .
7_u’ u € D. Each map ) is a disk automorphism and satisfies cp;l = ). For

1—Ju
A\ —
7 € T, the mapping ¢\(7)= N XT remains well-defined on the circle T, and
— AT
moreover one has |p)(7)] = 1. Thus, for w = (wy,...,w,) € D", the mapping
w(Q) = (Pu, (1), - -+, Pw, (Cn))s ¢ = (C1y vy Cn) € T™ s still well-defined on the

n-torus T, and ¢,, o ¢, is the identity map; for more details we refer to [15].

For f and g in L?(T"), consider the rank one operator defined by (f ® g)h =<
h,g > f,Vf € L*(T"); and note that ||f ® g|| = ||f|| |lg||. Moreover, the unitary
operator U,, is defined on L?(T") by

(2.3) Uwf = (f ° @w)kur
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Thus, for a Toeplitz operator on H2(T"), we have
2.4) UuTsUs = Top,-
For a multi-index o = («vy, ..., ay,) € N, recall that
ol =a1+ ... +ap ; al=ao1! .. ! 2 =200z

We know that

n

H (1 — Z]w]yn = Z Z Cm,azawau

j=1 j=1a;=0
([ ™ m m\__ m
where C, o = (—1) <a1) <Otn>’ <aj) T — o)
In particular, we obtain
n n
(2.5) KN (2) =[] (0= zwy) = D (—)l0m™,
Jj=1 |a|=0

Finally, for operators T and S, we can easily verify that:
(2.6) T(f ®9)S"=Tf®8Sg.

Gluing all this stuff together, we arrive at the following crucial representation, whose
proof is similar to that of Lemma 1.2 in [14]:

Proposition 2.1. On the Hardy space of the polydisk H?(T"), the following oper-
ator identity holds:

(2.7) ko @ k= Y (=1) T e T, Y € D™
|a|=0

Proof. Let f be in H*°(D"). The invariant mean value property implies that

1(0) = / F(w)dA(w).

n
Inserting K ,,(2) K, (2) and observing that f(0) = (1 ® 1)f, we get
8 18 1f = [ K @R w)dAw).

n

Using (2.5), we obtain
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n n

(eDf= 3 (0 [T R wddw) = 3 (1) T ) (o)

|a|=0 Dn |a|=0

Thus, we arrive at the following operator identity in H*°(D"):

n

1®1)= Y (-1 TaTs.

|a|=0

Making appeal to the unitary operator U,,, we get

(2.9) Uw(l ® 1)Uw = Z (_1>|a| (Uszan> (UwTEan> :
|a|=0

By (2.3) and the fact that U,,1 = k,,, we obtain
(2.10) Up(1® 1)Uy = (Uypl) @ (Upl) = ky ® k.

Now, (2.4), (2.9) and (2.10) yield the following operator identity on H?(D"):

n
ko ® by = Y (—1)\T 0 T, Y € D™,
|a|=0

which is valid also on H2(T") as well. n

The latter key assertion gives rise to the following primordial operator transforma-

tion: for a bounded linear operator T' on (7—[2(’11‘"))L and w € D", define the linear
operator 8,,(T") by

2.11) 8u(T) = Zn: (=)l Sy TSmer.
|ee|=0
For a brief history of such type of transformations, we refer to [7].
Remark 2.1. For n = 1 we recover the operator identity obtained in [10].
The operator 8,, provides a nice characterization to our dual Toeplitz operators:

Proposition 2.2. If Sy is a dual Toeplitz operator on (H2(T”))L, then

8uw(Sf) =0, forall weD".
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Proof.  Let w € D™ and consider a dual Toeplitz operator Sy on (HQ(T”))L,
with symbol f € L>°(T"). Operating 8,, on Sy yields

n n

Su(Sp) = 3 (1) 8pp SrSpme = 7 (~1)) S = Se

|a|=0 |a|=0
with
O=f Z el el
|oe|=0
Replacing both of z and w in Formula (2.5) by ¢,,({) with ¢ € T™, we see that

n n

> (=D)ps(2)? =] (1 = lw, ) =0, as each [@u,;| =1 on the circle T.
|a|=0 Jj=1

Hence, we infer that 8,,(Sy) = 0 for every dual Toeplitz operator Sy. |
The following property of the operator S,, will be needed in the sequel:

Theorem 2.1. Let T be a compact operator on (HQ(T”))L, then ||S,(T)|| — 0
as w — T".

Proof. If o = (a1, 9,...,ay), let us use the notation o/ = (ag, ..., a,), and

observe that:
n

Suw(T) = > (—1)Sa TSme
|a|=0
1

(2.12) = 2 (NS S TS - Spuy
at,...,an=0
n—1
- Z (_1>|a Lgs@i% o S%ﬁ% (T Spu ISg, )‘%Z’é . S@%'
lo|=0
Hence, we only need to verify that for compact 7', one has
(213) HT_Ss@wlTS¢w1H—>0 as D" Qw= (wlf : '7wn>—>C:<C17' : 7(%) eTn

Since finite rank operators are dense in the set of compact operators, we only need to

verify the latter for rank one operators. For let f, g € (HQ(T"))L; then by (2.6) we
get

|o9- S, ro g)S%
(2.14) = [[(¢1f) @ (19) = (Spuy f) © (S, 9) |
< H(le_s‘ﬂw1f) Clg H+ H S¢w1f) (Clg_8¢w1g)H'
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Now, we know that, for w; € D and 7 € T, w1 — @y, (1) — 0 a.e. as |wy| — 17.

Making appeal to the dominated convergence theorem, we infer that for f € (H2 (T")) +
one has

Jurf = oS8 = [ 017 — o (O FEPdo€) — 0 a5 fwr] — 17,

']I'n

Hence, we see that ||(1f — @u, fll;, — 0 as D 3 w; — ¢ € T. Because of the
identity (I — P)(C1f(€)) = ¢1f(§), we see that

161 = Spu Flly = 1T =P)(C1f = Qun ), — 0 as D" 3w — ¢ €T

The latter together with Inequality (2.14) yield:
|f®g—Spu, (f ©9)Sgar]| — 0 as D" 5w — ¢ € T" n

3. COMMUTATIVITY OF DUAL TOEPLITZ OPERATORS

Hermitian dual Toeplitz operators can be characterized quite easily, as the forth-
coming lemma shows. However, characterizing normal dual Toeplitz operators is not
an immediate task. It is in fact a consequence of our main result in this section as we
will see soon.

Lemma 3.1. Sy is self-adjoint if and only if f is real.

Proof. Sy is self-adjoint means that Sy = S%, which is equivalent to f = 7.
Thus, f must be real-valued. ]

Recall that Lemma 2.1 indicates that Sy and S, commute if f and g are both
analytic or both conjugate analytic. If a non-trivial linear combination of f and g is
constant, they also commute. Thus, we are interested to see whether these are the only
cases where commutativity takes place. Using similar arguments as in [14, 17], we
arrive at:

Theorem 3.1. Let f,g be bounded functions on T"™. Then, the dual Toeplitz
operators Sy and Sy commute on (HQ(T"))L, (ie. S§Sy = S4Sy), if and only if f
and g satisfy one of the following conditions:

(1) they are both analytic on T™.
(2) they are both co-analytic on T"™.

(3) a non-trivial linear combination of them is constant on T™.
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Proof.  The if part is trivial due to Lemma 2.1. With regard to the only if part,
observe that by Proposition 2.1 and parts (i) and (ii) of Lemma 2.1 one has

n

(3.1) Hy(kw ® ko) Hy = > (1)l (Spo Hy) (HpSgme) = Sw(HpHE).
|a|=0

In a similar wa, we obtain
(3.2) Hy(ky ® kw)H% = Sw(HgH%).
Combining Equations (2.2), (2.6), (3.1) and (3.2), we see that

(Hgkw) ® (Hpkw) = (H ko) @ (Hgkw) = 8w ([Sy, S4l)-
The assumption reduces the latter to

(Hgkw) ® (H?kw) = (Hfky) @ (Hgky) , Yw € D".

In particular, for w = 0 one has ky = 1; whence H,1 ® H?l = Hy1 ® Hgl, which
can be rewritten as

< h,H71 > Hy1 =< h, Hgl > Hf1,Vh € (H(T"))".
Finally, we distinguish three cases:
(1) If Hy1 # 0 and Hygl # 0, then there exists a complex number p 2 0 such that
Hyl = pH,l and Hyl = pHgl. That is to say Q(f — pg) = Q(f —pg) = 0; whence
f — pg and f — 5g are both analytic. Thus f — pg is constant, which corresponds to
condition (3).

(2) If Hy1 = 0, then g is analytic. Also we must have either Hf1 = 0 or Hzl = 0,
which means that either f is analytic, (which corresponds to condition (1)), or g is
co-analytic, (in this case g must be constant, which corresponds to condition (3)).

(3) If Hgl = 0, then g is co-analytic. Also we see that either Hy1 = 0 or Hzl = 0.

This means that either g is analytic, (which implies that g is constant and corresponds
to condition (3)), or f is co-analytic, (which agrees with condition (2)). ]

Now, thanks to Theorem 3.1 that normal dual Toeplitz operators can be easily
characterized:

Corollary 3.1. Suppose that f € L*°(T™). Then, the dual Toeplitz operator Sy is
normal if and only if the range of its symbol f lies on a line in the complex plane.

Proof.  Because f and its conjugate f cannot be simultaneously analytic or co-
analytic unless f is constant, by Theorem 3.1 &y and &} = S? commute if and only

if there are constants +, 3 and x not all zero such that v f 4+ 8f = u. Thus, we infer
that Sy and S} commute if and only if the range of f lies on a line. ]
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4. ProbpucCTS OF DUAL TOEPLITZ OPERATORS

For dual Toeplitz operators on Bergman space of the polydisk, a Brown-Halmos
theorem has been proved by Y.F. Lu and S.X. Shang in [14]. Our aim in this section
is to establish a Brown-Halmos type theorem for our dual Toeplitz operators in an
analogous way. Before establishing it, let us first prove the following general form of
it. This generalization has been given in a related context first by K. Stroethoff [16]
and then also by C. Gu [6] and by Lee [12] as well as by Guediri [7].

Theorem 4.1. Let f, g, h and k be in L°°(T"). Then S¢Sy + SySk is a bounded
dual Toeplitz operator if and only if one of the following conditions holds
(1) f and h are both analytic.
@)
(3)
(4)
(5) there is a constant v € C\{0}, such that h — ~f is analytic and g + vk is

co-analytic.

g and k are both co-analytic.
f is analytic and k is co-analytic.

h is analytic and g is co-analytic.

In all cases Sy Sy + ShSk = Spg+nk-

Proof. The sufficiency of conditions 1, 2, 3 and 4 follows immediately from
Lemma 2.1. To prove the sufficiency of condition 5, suppose there exist an analytic
function ¢ and a co-analytic one ¢ with h — vf = ¢, and g + vk = ¢. Then, we see
that

Sng + SpSE = SfS(¢—7k) + S(mek
= S¢(Sy —vSk) + (Sp +7S¢) Sk
= Spy + Skp = Sfgtrfhthk—ik = Sfgthk;
which means that S¢S, + S5, S} is a dual Toeplitz operator.
To demonstrate the necessity, suppose that SyS; 4 S,S, = Sy, for some ¥ €
L*°(T™). Using Identities (2.1) we obtain
4.1) ng—l—hk—ﬂ = Hng* + HhHE*.

So, introducing the operator 8,,, by Proposition 2.1 and parts (i) and (ii) of Lemma
2.1 we observe that

(4.2) Hy(kw ® ko) Hy = > (1)l (Spo Hy) (HpSgpe) = Sw(HpHE).
|a|=0
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Similarly, we have
(4.3) Hp(ky ® kw)HE* = Sw(HhHE*).
Combining the three latter identities and owing to Identity (2.6), we see that

Suw(Srg+nk—v) = Sw(HpHg) + Suw(HpHy)
— Hy(kw @ k) Ho + Hiy (ko ® k) H2
(4.4) = (Hf(kw)) ® (Hg(kw)) + (Hp(kw)) ® (Hp(kw))-

Since Stg1nk—y is a dual Toeplitz operator, by Proposition 2.2 we infer therefore that:
Hy(ka) © (Hy(ku)) + (Hn(ka)) © (Hr(ki)) = 0.

In particular, if w = 0 € T" one gets kg = 1; so we obtain

4.5) Hil ® Hgl = —Hp1 ® Hzl.

Thus, we infer that

(4.6) (v, Hyl) Hyl = — (v, H1) Hyl, Vo € (HA(T™) .

Now, we distinguish several cases, (exactly we have 2*=sixteen cases):

(1) If Hzl = 0, then one of the following cases must be satisfied:

(@) Hfl =0, H;1 = 0 and Hp1 = 0 (a possible case). This implies that f and
h are analytic and g and k are co-analytic. This corresponds to conditions
1, 2, 3 and 4.

(b) Hf1 =0, Hi;1 = 0 and Hp1 # 0 (a possible case). This implies that f is
analytic and g and k are co-analytic; whence conditions 2 and 3 hold.

() Hfl =0, Hi1 # 0 and Hpl = 0 (a possible case). This implies that f
and h are analytic and g is co-analytic; whence conditions 1 and 4 hold.

(d) Hfl =0,Hz1 # 0 and Hy1 # 0 (an impossible case).

(e) Hyl # 0, Hl # 0 and Hp1 # 0 (an impossible case).

(H) Hfl #0,Hzl # 0 and Hpl = 0 (a possible case). This implies that h is
analytic and g is co-analytic; whence condition 4 holds.

(g) Hfl #0,Hz1 =0 and Hpl # 0 (a possible case). This means that g and
k are co-analytic; whence condition 2 holds.

(h) Hyl #0,Hz1l = 0 and Hp1 = 0 (a possible case). This means that i is
analytic and g and k are co-analytic; whence conditions 2 and 4 hold.
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(2) If else Hgl # 0, then one of the following cases must be also satisfied:

(@) Hfl =0, H1 =0 and Hp1 = 0 (a possible case). This means that f and
h are analytic and k is co-analytic; whence conditions 1 and 3 hold.

(b) Hyl = 0,Hz1 = 0 and Hpl # O (a possible case). It implies that f is
analytic and k is co-analytic; whence condition 3 holds.

(c) Hfl =0,Hzl # 0 and Hp1 = 0 (a possible case). This implies that f is
analytic and h is analytic; this corresponds to condition 1.

(d) Hfl1 =0, Hz1 # 0 and Hp1 # 0 (an impossible case).

(e) Hyl # 0, H71 =0 and Hp1 # 0 (an impossible case).

() Hfl #0, Hi;1 = 0 and Hp1 = 0 (an impossible case).

(g) Hfl # 0, Hz1 # 0 and Hpl = 0 (an impossible case).

(h) Hyl # 0, H71 # 0 and Hp1 # 0 (a possible case). It is in fact the only
nontrivial case. We infer that, there is a constant p € C\{0}, such that

<’U0, H§1>

= ——""9C for some vy € (HQ(T"))L. Thus Equation (4.6) for vg
(vo, HE1)

yields Hp1 = AHy1. Substituting the latter in the RHS of Equation (4.6)
again, we get (v, Hzl) Hy1 = (v, —AHy1) Hy1. Thus, we obtain Hyl =
—AHz1; whence, we conclude that (h— \f) € (7—[2(’11‘"))L and g+ Mk €
(HQ(T”))L. So that, (h — Af) is analytic and (g + Ak) is co-analytic;
which corresponds to condition 3.

This discussion completes the proof. ]

An immediate but interesting corollary about commutators can also be reported,
namely

Corollary 4.1. If f and g are in L>°(T™). Then, the commutator [S¢, Sg| is a dual
Toeplitz operator if and only if Sy and S, commute, i.e. [S¢,Sg| = 0.

Proof. Suppose that S;S,; — 5,5 is a dual Toeplitz operator. Then, from
Theorem 4.1 we see that one of the following conditions holds

(1) f and g are analytic.
(2
(3
(
(

) f and g are co-analytic.
)
4) g is constant.
)

f 1s constant.

5) there is a constant y € C\{0}, such that g + « f is constant.
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Hence by Theorem 3.1 we see that Sy and S, commute.
Conversely, if Sy and S, commute, then S¢S, — 5,57 = 0 = Sp; which is the
trivial dual Toeplitz operator. ]

Now, we are in the position to state our main result in this section, namely the
Brown-Halmos theorem; which can now be obtained as a corollary from Theorem 4.1
by taking h = k = 0:

Theorem 4.2. Let f and g be in L*°(T™). Then, the dual Toeplitz product S;S,
is again a dual Toeplitz operator if and only if one of the following conditions holds:
(1) f is analytic.
(2) g is co-analytic.

In either cases S;Sq = Syq.

A first corollary is about the so-called zero product problem. It tells us that among
the class of dual Toeplitz operators on the orthogonal complement of the Hardy space
of the polydisk there are no zero divisors.

Corollary 4.2. The product SyS, of two dual Toeplitz operators on (7—[2(’11‘"))L
is zero if and only if one of the symbols f or g is zero.

Proof. If §f =0 or S5 = 0, then immediately S¢S, = 0. Conversely, assume
that S¢S, = 0. Then S;S, is a dual Toeplitz operator with symbol zero. Theorem
4.2 implies that either f is analytic or g is co-analytic and moreover SyS; = Sy = 0.
Thus fg = 0 a.e. on T™. We then have two cases:

(1) If f is analytic. Then, in case g = 0 a.e., the result follows. But if g # 0, then
f must vanish on a subset of positive measure; whence f = 0 on T".

2) If g is co-analytic. Then, in case f = 0 a.e., the result follows. But if 0,
g yt
then the analytic function g must vanish on a subset of positive measure; whence
g =0, and thus ¢ vanishes on T".

We conclude that either Sy = 0 or S, = 0. ]

Corollary 4.3. Let f, g and h be in L>°(T™) with f # 0, such that S;Sg = S;Sh.
Then, we must have g = h.

Proof.  Because S¢S, = SrSh, we get S¢(Sy—p) = 0. Using Corollary 4.2, we
infer that f(g — h) = 0; whence g = h. ]

Corollary 4.4. The only idempotent dual Toeplitz operators are the trivial ones,
(0 orI).
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Proof. IfS]% = Sf, then 8]20 — Sf = Sf(Sf — I) = Sf(Sf — 81) = Sfo_l = 0.
By Corollary 4.2, we get Sy = 0 or Sy_1 = 0. Therefore Sy =0 or Sy =851 =1. =

Corollary 4.5. A dual Toeplitz operator Sy is an isometry if and only if f is
co-analytic in D™ and unimodular on T".

Proof. If Sy is an isometry, then S?S + = &1. Thus, Theorem 4.2 implies that f

must be co-analytic. Moreover, we should have ff = |f|* =1 on T".
Conversely if f is a co-analytic function of boundary modulus 1 then it is clear that
SiSp = S?S = Sl 2= I. Therefore, Sy is an isometry; and the proof is complete.

Corollary 4.6. A dual Toeplitz operator Sy is unitary if and only if f is a unimod-
ular constant function.

Proof. If Sy is unitary, then S}Sf = SfS;Z =1, ie. S?Sf = SfS? = &y. Thus,
Theorem 4.2 implies that f must be simultaneously analytic and co-analytic; whence
constant in D", Besides, we should have ff = |f|* = 1.

Conversely, if f is a constant function of modulus 1, then Sy = AI for some unimodular
complex constant A; whence S}Sf = SfS;Z = I. Therefore, Sy is unitary; which
completes the proof. ]

Corollary 4.7. Suppose that the dual Toeplitz operator Sy is invertible, and that
its inverse 8]71 is again a dual Toeplitz operator. Then, [ must be either analytic or
co-analytic.

Proof.  Suppose that 8]71 is a dual Toeplitz operator S, for some bounded symbol
g say. Since 8]718 + = 84Sy = I = &1, which is a dual Toeplitz operator, Theorem
4.2 implies, on the one hand, that either f is co-analytic or g is analytic. On the other
hand since we have Sf8;1 = 8¢Sy = I = &y, so again by Theorem 4.2, we see that
either g is co-analytic or f is analytic. Now, if f is analytic then we are done. But if
f is not analytic, then g must be co-analytic and non-constant (because if ¢ is constant
then S, = 8]71 = Al which means that Sy = %I, ie. f= % which is analytic). Thus
g is not analytic and hence f must be co-analytic (by the first case), which completes
the proof. ]

5. HANKEL PrRODUCTS AND MIXED TOEPLITZ-HANKEL PRODUCTS

In this section, we make use of the above pioneering operator S, in order to
establish necessary conditions for boundedness and compactness of Hankel products
and mixed Toeplitz-Hankel products on the Hardy space of the polydisk. This problem
in the framework of the Bergman space has been studied by Y.F. Lu and S.X. Shang
in [13], which is in fact our main reference in this section; for the same problem in
related contexts we refer to [8, 11].

The following assertion provides a necessary condition for the boundedness of a
Hankel product H¢H:
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Theorem 5.1. Suppose that f, g € L?(T™). If the Hankel product HyHy is
bounded on (HQ(T"))L, then

(5.1) SUp 1f 00w —P(f o puw)lla1lg ©pw —P(g0 puw)lly < .
webhn™

Proof. Combining Proposition 1 of Stroethoff & Zheng [18] and the variable
change formula (Corollary 1.2) of Ding [5], we obtain

(5.2) | Hpkwlly [[Hgkwlly =11 0w = P(f o uw)lly 190 pw = P(go @uw)lls-
By the above norm formula of rank one operators and Equation (2.6), we have
(53) [ Hpkully 1 Hghully = | (Hykw) © (Hokw)| = || Hp(ku © ki) Hy |

Thus, it suffices to verify that the R.H.S. of the latter is bounded. Since ¢,, € H*(T"),
we see by Lemma 2.1 that Hf T, = Sy, Hy and 155;H; = H Sz Thus in a similar
way to Identity (3.1), inserting Hy and H into Formula (2.7), we obtain the following
formula

(5.4) Hy(kw ® k) Hy = > (=1)1*S 0 (HpH;) Spyo.
|a|=0

On the other hand, we have ||Sge|| = [|Spa || < ¢ ]l < 1. Thus, we infer that
n n
(5:5) [ Hy(kw ® k) Hgll < D (IS || [HHy [ 1Szmel < D [|H H | < oo
|a|=0 |a|=0
whence, the theorem is proved. ]

The following result gives a necessary condition for the compactness of a Hankel
product HyH.

Theorem 5.2. Let f and g be in L*>(T"). If the Hankel product HyHj is compact,
then

(5.6) Jm lf o pw =P(fopw)ll g0 pw —Plgopu)l, =0
Proof. By Equations (5.2), (5.3) and (5.4), we see that

(5.7) 1 00w —P(fow)llyllgopw—Plgovw)ly = 8w (HsHy )| -
Hence, if HyH, is compact, by Theorem 2.1 we infer that

wli—>H’]1‘ln Suw (HfH;) H =0,
which completes the proof of the assertion. ]

Owing to the alternative representation (2.2) of the commutator of two dual Toeplitz
operators, we can characterize its compactness:
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Theorem 5.3. Let f and g be bounded measurable on T". If the commutator
St, 84| is compact, then
fr g

H(Hgkw) ® (H?kw> — (Hyky) ® (Hgka 0 as |w|— 1.
Proof. Making use of Formulas (2.2) and (5.4), we obtain:
Su ([ S5 Syl) = (Hokw) ® (Hpkw) = (Hpku) © (Hghy)
So, if the commutator is compact, then the result follows from Theorem 2.1. [ |

Analog characterizations of bounded and compact mixed Toeplitz-Hankel products
TyH, and H,Ty can also be obtained:

Theorem 5.4. Let f be in H?(T™) and g be in L*(T"). If one of the mixed Haplitz
products TyHj or H, ng is bounded, then

sup ||.f 0 pully llg 0w = P(g0 pu)lly < oo
’LUE]D)"

Proof.  Relying on the fact that ¢,, € H*°(T"™) and owing to the analyticity of f,
we see by Lemma 2.1 that T¥T,,, = T,,Tr and Tz Hy = H; S5 Thus, as in the
proof of Theorem 5.1, inserting Ty and H into Formula (2.7), we see that

n

(5.8) Tp(kw @ k) Hy = > (1)1 Tya (T H) Spe.
|a|=0

Estimating the norms of Toeplitz and dual Toeplitz operators with automorphic symbols,
we get || T,p|| <1 and ||Sgpm|| < 1. Thus, if T7H; is bounded, we infer that

(5.9) 1T (ko ® ko) H|| < || TrH;|| < oo
|a|=0

Hence, as in Equations (5.2) and (5.3), we obtain the claimed estimate. Similar argu-
ment can be used to handel the second case. ]

Compact mixed Haplitz products can also be characterized similarly:

Theorem 5.5. Let f € H*>®(T") and g € L*(T"). If one of the mixed Haplitz
products TyH  or H, ng is compact, then

lim [|f o @ully lg © ew = P(g 0 puw)ll, = 0.

w—T"
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Proof.  As in the proof of Theorem 2.1, for any operator A : (7—[2(’11‘"))L —
H2(T™), we have

n
Z (_1>|a|T¢%AS¢_wQ
(5.10) [I=0
= Z DT s+ Ty (A= T, AS5,, ) Szoz -+ Spa.
|a’|=0
We claim that if such a A is compact, then

n

(5.11) Jim (—D)IT o ASzze =

|a|=0
By Identity (5.10), we only need to verify that
(5.12) |A—T,, ASg|| — 0 as |wi| — 1~

Using the density of finite rank operators in the set of compact operators, we only need
to verify the latter for rank one operators acting from (7—[2(’11‘"))L into H2(T™). For
let f € H?(T™) and g € (HQ(T"))L. Then, one has

Hf®g Sﬂwl(f®g Sﬂw1H
(5.13) < |G f =Ty, f) ® (G| + [ (Tiu, ) @ (G19 = S 9) |-

- Hle SﬂwlfHQ HclgHQ + H ‘PwlfHQ HClg - SgﬂwlgH2 .

Now, for 7 € T and w; € D, observe that w; — @y, (1) — 0 a.e. as |wy| — 17.
Making use of the dominated convergence theorem, we infer that for f € H?(T™) and

ge (7—[2(’11‘"))L one has

Hw1f—<Pw1fH§=/\wlf(f)—wwl(f)f(f)\QdU(f)—>0 as |wy| — 17,

']T"L
and
Jung = eunsll = [ 101908 — 0 (O9(O P dor() — 0 as fu] — 1~
']T"L

Hence, we see that |1 f — @, flls — 0 and ||C19 — pw,9ll; — 0 as D> w; —
(1 € T. Because of the identities P(¢1f(§)) = (1.f(§) and (I —P)(¢19(§)) = C1g(§),

we see that

[¢1f =T, fll, = IP (1 f = @un f)ll; — 0 as D" 3w — (€T,
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and
1619 = Spu, 9ll, = 11 = P) (C1g = i 9)ll — 0 as D" 5w — ¢ € T".
Combining the latter two limits together with Inequality (5.13), we infer that
Hf®g—T%1(f®g)SmH —0asD">w— (€T

which proves (5.11).

Next, suppose for instance that Ty H; is compact, (the other case related to HyT+,
can be handled similarly), then by (5.8) and (5.11), we see that

|T¢(kw ® kw)H,|| — 0 as D" 5w — ¢ € T"

Thus, as in Equations (5.2) and (5.3), we obtain the claimed condition. ]
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