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GENERAL L,-INTERSECTION BODIES

Weidong Wang and Yanan Li

Abstract. For 0 < p < 1, Haberl and Ludwig defined symmetric and asymmetric
L,-intersection bodies. In this paper, we introduce general L,-intersection bodies
and study their properties. In particular, we obtain the extremal values of their
volume and establish a Brunn-Minkowski type inequality for them.

1. INTRODUCTION

Classical intersection bodies of star bodies were defined by Lutwak (see [23]). Dur-
ing the past two decades, they and their L,, generalizations have received considerable
attention (see [5, 6, 14, 15, 16, 20, 22, 23, 28]).

An L, generalization of intersection bodies was first defined by Haberl and Ludwig.
For 0 < p < 1, Haberl and Ludwig ([8]) defined asymmetric L -intersection bodies
and gave a characterization using the notion of valuation. They also pointed out that
the classical intersection bodies may be obtained as a limit of L,-intersection bodies
as p — 1. Recently, Haberl ([7]) obtained a series of results for L,-intersection bodies
and Berck ([2]) investigated the convexity of L,-intersection bodies. L,-intersection
bodies are an important concept in the dual L, Brunn-Minkowski theory. For further
results on L,-intersection bodies, see also [13, 33, 38, 39].

The main aim of this paper is to introduce general L,-intersection bodies and
to determine the extremal values of their volume. Moreover, we establish a Brunn-
Minkowski type inequality for them.

If K is a compact star-shaped (about the origin) set in R™, its radial function,
pr = p(K,-) : R"\{0} — [0, +00), is defined by (see [5])

p(K,z)=max{\>0: A x € K}, x € R™\{0}.
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If px is positive and continuous, K will be called a star body (about the origin). Let
S7 denote the set of star bodies (about the origin) in R™. Two star bodies K and L are
said to be dilates (of one another) if px (u)/pr(u) is independent of u € S, where
S"—1 denotes the unit sphere in R™.

If c>0and K € 87, then p(cK,-) = cp(K,-).

For K,L € S}, p > 0and A, > 0 (not both zero), the L,-radial combination,
Ao K+,uoL €8, of K and L is defined by (see [7])

(11) p<AOK—T_ZJMOL7)p:Ap<K7>p+Mp<La>p

It follows that A o K = AY/PK. For p = 1, Ao K+,u o L is just the radial linear
combination, AK+uL, of K and L.

Lutwak introduced the following notion of an intersection body of a star body (see
[23]): For K € S, the intersection body, I K, of K is the star body whose radial
function in the direction v € S™~! is equal to the (n — 1)-dimensional volume of the
section of K by u', the hyperplane orthogonal to u, i.e., for all uw € S,

p(IK,u)=V,_1(KnN uL),

where V,,_; denotes (n — 1)-dimensional volume.
In 2006, Haberl and Ludwig ([8]) defined the asymmetric L,-intersection body
IFK as follows: For K € S}, 0 < p < 1, define

P _ Cxlm
(1.2) pI;K(u)—/Kmﬁ\u x| Pdx

for all uw € S"~1, where u* = {z : u-x > 0,2 € R"} and u - = denotes the standard
inner product of « and x. They also define

(1.3) I K = IJ (-K).
From definitions (1.2) and (1.3), we see that
p _ P — 2l Pdy = cx|TP
(1.4) pIp_K(u) pjg(_K)(u) /—Kmu+ |u- 2| Pdx /Km(—u)+ |u- 2| Pdx.
Moreover, Haberl and Ludwig ([8]) defined the (symmetric) L,-intersection body

as follows: For K € S}, 0 < p < 1, the Ly-intersection body, I,K, of K is the
origin-symmetric star body whose radial function is given by

1 _
(1.5) P (u) = 5/ |u- x| Pdx
K

for all uw € S™~!. Here for convenience, we add a coefficient 1/2 in definition (1.5).
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Haberl and Ludwig ([8]) pointed out that the classical intersection body, I K, of
K is obtained as a limit of the L,-intersection body of K, more precisely, for all
we Sh1
p(IK,u)= lim 2(1—p)p(I,K,u)’.

p—»l_

In [22], Ludwig introduced a function ¢, : R — [0, +-00) by
(1.6) (P'r(t> = ‘t‘ — Tt,

for 7 € [—1, 1]. Using (1.6), we define the general L,-intersection body with parameter
7 as follows: For K € S, 0 < p < 1 and 7 € (—1,1), the general L,-intersection
body, Iy K € S, of K is defined by

@.7) () =i() [ o7 2)da

for all w € S™1, where

, (I1+7)P(1—T1)P
(1.8) i(t) = AP+ d=rp

From (1.6), (1.7) and (1.8), together with (1.2) and (1.4), we have that for all
we Sh1

i) =i(r) [ [fu-al = r(u- o) 7da

() [/Imu+(1—7)_p(u~x)_pda:+/ (14+7)?(—u - 2) Pdz

KN(—u)*
__i(7) R i(7) / R
=Ty /Kmﬁ\u x| dx+(1+r)p . (_u)+\u x| Pdx
(1+7)° P (1—7) P

(u) + (u).

T+ (1K A+rrp+1-rpnK

Now denote by

B (14 7)P B (1—m7)P
(1-9) f1<T>_ (1_|_7—>p+<1_7->p’ f2<7_>_ <1+7_>p+<1_7_>p7
where 7 € [~1, 1], then
(1.10) Prc(uw) = fi(m)ps i (W) + fa(T)p - (u)

for all w € S*~1. By (1.2), we see that for all u € S"1,

(1.11) Proe = Hm prepe(u) = phy ()

T—>1
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and
p — : p _ P
(1.12) Proige = m pp () = o ().
By (1.10), for K € S, 0 < p < 1 and 7 € [—1, 1], the general L,-intersection
body, I; K, of K is given by
(1.13) DK = fi(t)o I/ K+ fa(1) o I K.
From (1.13), it also follows that

1 1
O —
(1.14) K = S o IFK ¥, 5 0 I, K = I,K.

Our first main result is the determination of the extremal values of the volume of
general L,-intersection bodies:

Theorem 1.1. If K € 87, 0 <p < 1, 7 € [-1,1], then
(1.15) V(I,K) < V(IJK) < V(IFK).

If K is not origin-symmetric, there is equality in the left inequality if and only if 7 =0
and equality in the right inequality if and only if 7 = +1.

Theorem 1.1 is a dual analogue of a volume inequality of Haberl and Schuster
(see [9]) for polars of general L, projection bodies which in turn is part of a new and
rapidly evolving asymmetric L,, Brunn-Minkowski theory that has its origins in the
work of Ludwig, Haberl and Schuster (see [3, 4, 7, 8, 9, 10, 11, 21, 22, 25, 26, 30,
31, 32, 33, 34, 35, 36, 37]).

We also establish the following Brunn-Minkowski type inequality for general L,,-
intersection bodies with respect to L, (¢ > 0) radial combinations of star bodies.

Theorem 1.2. If K, L € S}, 0<p<1,¢g>0andn—p > g, thenfor r € [-1, 1],

(1.16) V(I;_(K_T_qL>>—n(szp) < V([;K>—n<53p> 4 V([gm—n(ﬁp) ’

with equality if and only if K and L are dilates.

Brunn-Minkowski type inequalities for intersection bodies and related operators
have been the focus of recent interest. We refer to [1, 17, 18, 19, 27, 29, 41, 40, 42]
for further information.

We give the proofs of Theorems 1.1-1.2 in Section 4. In addition, in the Section 3
we prove several properties of general L,-intersection bodies.

2. Ly-DUAL MIXED VOLUMES

For p > 0, the L,-dual mixed volume is defined as follows (see e.g., [7, 38]): For
K,LeS],



General L,-Intersection Bodies 1251

e—0t IS

_ KipeoL)— V(K
“V(K,L)= lim VE+peol) = VIK)
p

From this definition, Haberl [7] obtained the following integral representation of
L,-dual mixed volumes. If K, L € S}, p > 0, then

@) D = [ s ).
Notice that
@2 Vi) = 5 [ s,

thus, by (2.1) and (2.2), we have

(2.3) V,(K,K) = V(K).

The Minkowski inequality for L,,-dual mixed volumes can be stated as follows (see
e.g. [7]:
Theorem 2.1. If K, L € S7, p > 0, then for n > p,

(2.4) V,(K,L) < V(K)="V(L)";
for n < p,
(2.5) V,(K,L) > V(K)="V (L)~

In each case, equality holds if and only if K and L are dilates.

The Brunn-Minkowski inequality with respect to L,,-radial combinations (1.1) can
be stated as follows:

Theorem 2.2. If K, L € 8}, p > 0 and A, u > 0 (not both zero), then for n > p,
(2.6) V(Ao Kfyuo L) < AV(K)w +uV (L)*,
with equality if and only if K and L are dilates; for n < p, (2.6) is reversed.

Proof. For n > p, by (1.1) and (2.1), we have that for any Q € S,
Vol(@ Ao KTppo L) = AV(Q. K) + uVp(Q, L)

Combining this with inequality (2.4), yields

n—p

T AV(K) W+ pV(L)7].

Vo(Q, Ao K+ppo L) < V(Q)

Take @ = Ao K+pu0 L and use (2.3), to get (2.6). According to the equality condition
of (2.4), we see that equality holds in (2.6) if and only if K and L are dilates.



1252 Weidong Wang and Yanan Li

Similarly, if n < p, using (2.5), we obtain the reverse form of (2.6).

3. PROPERTIES OF GENERAL L,,-INTERSECTION BODIES

In this section, we establish several properties of general L,-intersection bodies.

Theorem 3.1. If K € §7, 0 < p < 1, then for 7 € [-1, 1],

(3.1) 'K =I}(-K) = -ITK.

Proof. By (1.2) we have for u € S"1,

pZiI;K(lQ = pZ[);K<_u> - /Kﬂ(—u)+ | —u- | Pde

= /Km(—u)+ |u- 2| Pde = pz;p_K(u).

Thus, by (1.3),

T 7+
(3.2) I,K =L (-K)=-I K
and

+ _ — _ —
(3.3) 'K =1 (-K)=-I, K.

But by (1.9), we have that
(3:4) fi(r) + fo(7) = 15
(3.5) H(=7) = fol7),  fa(=7) = fi(7).
This together with (3.2), (3.3), (3.5) and (1.13), vyields

ITK = fi(—7) o Iy K+ fo(—7) o I, K

(3.6) )
= fo(1) o Iy (=K)+pfi(7) o I (- K) = I (—K)
and
I (=K) = fo(1) o I (=K)Fp fi(7) 0 Iy (- K)
(3.7)

= h(D) o [-I K| T, folr) o [-1; K] = ~IIK.

Hence, from (3.6) and (3.7), we obtain (3.1).
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Theorem 3.2. If K € S, 0 < p < 1, then IZ;LK = I, K if and only if K is
origin-symmetric.

Proof. If IF K = I K, then by (3.2) we know that for all u € 5",

But (1.2) gives that

1
P — .| TP P ds
pI;K<u> n—p/gn—lmﬁ‘u v|Pp P (v)dS(v)
and .
p = . —p =P
e =7 [ el A0S (),
From this and (3.8) we obtain
(3.9) / - o P[P (0) = PP (—)]dS(v) = 0.
STt

Since K € 87, pi-P(v) — pl P (—v) is continuous on S™~! NuT. Hence, if (3.9)
holds for all u € S*~!, then (see [7])

Py P(v) — p P(—v) =0,

i.e., pr(v) = p—k(v). This means that K is origin-symmetric.
Conversely, if K is origin-symmetric, i.e., K = —K, then by (3.2), we get

tro— 7t e
INK =If(-K)=I, K. m
Theorem 33. If K € S}, 0 <p <1, 7€ [-1,1]and 7 # 0, then

(3.10) LK=IK <« IK=IK.

Proof. From (1.10) and (3.5), we have that for all v € S™1,
- o0 = Fi (=) () + o) ()
= PP () + () (o),
Hence, by (3.4) and (3.11), if I,/ K = I K, then for all v € S" 1,

o) = o ().
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This gives IJ K = I 7K.
Conversely, if I7K = I;7 K, then (1.10) and (3.11) yield that

A7) = fa (TP o (u) = [F2(7) = fa(T)]p - (),
for all w € S™ L. Since fi(r) — fo(7) # 0 when 7 # 0, we conclude that
IZ;LK =1, K. ]
From Theorem 3.2 and (3.10), we obtain that

Corollary 3.1. If K € S}, 0 <p< 1,7 €[-1,1]and 7 #0, then [[ K = I;7K
if and only if K is origin-symmetric.

In addition, using (1.10), (1.14) and Theorem 3.2, we have the following result.

Theorem 34. If K € S}, 0 < p <1, 7 € [-1,1] and 7 # 0, then K is origin-
symmetric if and only if I'K = I, K.

Proof. From (1.14), we know that for all v € S™~!,

1 1

(3.12) o () = 300 () + 30 ().

If K is origin-symmetric, then according to Theorem 3.2 and (3.12), we have

LK=I'K=1IK.

Similarly, for origin-symmetric star bodies, from (1.10), (3.4) and Theorem 3.2, we
know that
T _ 7t T
IDK=I1/K=1IK.
From this, if K is origin-symmetric, then I K = I, K.
Conversely, if I7K = I,K, then from (1.10) and (3.12) we have that for all
uwe Sn1
R () + BV () = Sl () + 3 ()
TP p g (U 2P\ = 5Pk o1 \W
This together with (3.4), yields

@13 50 = 5| el = 110 - 5 ()

But 7 # 0 gives fi(7) — % #£ 0. Thus, from (3.13), we obtain for all v € S™~1,

that is, IZ;LK = I, K. This and Theorem 3.2 yield that K is an origin-symmetric star
body. [ |
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4. Proors oF THEOREMS 1.1-1.2

We first give the proof of Theorem 1.1:

Proof of Theorem 1.1. By (3.1), we have that for K € S, 0 < p < 1 and
T € [-1,1],
V(DK)=V(I,"K).

This together with inequality (2.6), yields that for 7 € [—1, 1], the function V(I K) is
convex and symmetric. Therefore,

V(I,K) < V(IJK) < V(IFK).

This yields inequalities (1.15).

From the equality condition of (2.6), we see that equality holds in the right inequality
of (1.15) if and only if 17K and I K are dilates. Hence, [."K = cI K for some
¢ > 0. Using V(LK) = V(I, K), we see that ¢ = 1. This gives I,/ K = I, K.
Thus, from Theorem 3.2, we see that if K is not origin-symmetric, then equality holds
in the right inequality of (3.1) if and only if 7 = +1.

From Theorem 3.4, we see that if K is not origin-symmetric, then equality holds
in the left inequality of (1.15) if and only if 7 = 0. ]

In order to complete the proof of Theorem 1.2, we require the following lemma:

Lemmadl. If K,Le S, 0<p<1l,¢g>0,n—p>gqandr e [-1,1], then for
all u e 871,

4.1) plg(pKJLqL)m) < pjgﬁ(u) 1L (u),
with equality if and only if K and L are dilates.

Proof. Since ¢ > 0 and n—p > ¢, we have (n—p)/q > 1. From definition (1.7), a
transformation to polar coordinates, and the Minkowski integral inequality (see [12]),
we obtain for 7 € (—1,1),

q
n—p

Pq

Pk, (W) = [i(ﬂ /K . Lwip(uw)dw]

_ [m) /K;QL[\u-x\ —T(u~x)]_pda:]
i(7)

n—p

q
n—p

q

/Sn_1 [lu-v|—7(u- v>]_pp?<?qL<U)dS(v)] T

L —
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q

dS(v)] o

n—p

=2 el = v o o)+ )

n—p

< |2 ol = vl 0 7 0)dS0)

+ [ i(T) /Sn_l[\u.v\ —7(u- v>]_pp7£_p(v)d5(v)] —

n—p

prq prq
= pi () + i L (u)
for all w € S™~1. This gives (4.1). From the equality condition of the Minkowski
integral inequality, we see that equality holds in (4.1) if and only if K and L are dilates.
If 7 =+1, then by (1.11) and (1.12), (4.1) is also true. ]

Proof of Theorem 1.2. From 0 < p < 1, ¢ > 0 and n — p > ¢, we see that
n(n —p)/pg > 1. Using (4.1) and the Minkowski integral inequality (see [12]), we
obtain

P
- - Pg 1 n n(n—p)
V(I (K44L)) 7 = [E /Sn_1 pjg(K;qL)(u)dS(u)]

_ prq
1 Pq n(n—p) n(n—p)

_ | = n—p

~ | /n_l[pfg(KiqL)w” " dS(u)]

1 e e n(n—p) n(n—p)
< |y ol + o ()] e dS (u)
:1 % 1 (pq 5
n(n—p n(n—p
S0 fg P (w)dS ~ [ php(wds
o R /Sn—l pIPK(u) <u>:| " |:TL /Sn—l pIPL(u) <u>:|

— T ﬁ T ﬁ
= V(IJK)"9 + V(I5L)70.

Hence, we obtain (1.16), and equality holds in (1.16) if and only if K and L are
dilates. =

If 7 = 0 in Theorem 1.2, then the following Brunn-Minkowski inequality for
L,-intersection bodies follows.

Corollary 41. If K,L e S}, 0<p<1,¢g>0andn—p>gq,then
~ __Pg __Ppg __Pqg
V(Ip<K+qL>> n(n—p) S V(IpK) n(n—p) + V(IpL) n(n—p) ,

with equality if and only if K and L are dilates.

Taking ¢ = 1 in Corollary 4.1, and noting that » > 2 and 0 < p < 1 imply that
n —p > 1, we also have
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Corollary 42. If K, L € S, 0 < p <1 andn > 2, then
(42) V(Ip(K:{.L)) n(np—p) S V(IpK) n(np—p) + V(IpL) n(np—p) ,

with equality if and only if K and L are dilates.
Inequality (4.2) is due to Yuan and Sum (see [39]). Since

p(IK,u)= lim 2(1 —p)p(l,K,u)?,
p—1—

we can let p — 1 in (4.2), to obtain

Corollary 43. If K, L € S}, n > 2, then

(4.3) V(I(KTL)" 0 < V(IK)" oD 4 V(IL)7D,

with equality if and only if K and L are dilates.

Inequality (4.3) can be found in [38, 39] and is the Brunn-Minkowski inequality
for the classical intersection bodies.
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