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THE WEIGHTED POINCARE DISTANCE IN THE HALF PLANE
Jisoo Byun, Seung Min Baek, Hong Rae Cho and Han-Wool Lee

Abstract. In this paper we introduce the weighted Poincaré distance and the
induced distance by the weighted Bloch type space. We prove that the weighted
Poincaré distance is identical to the inner distance generated by the induced dis-
tance.

1. INTRODUCTION

Let H = {x + iy : y > 0} denote the upper half plane in the complex plane C.
Let z,w € H. Given any distance function d on H we define the d-length of a curve
v+ [a,b] — H by

N
Ca(y) =sup < Y d(y(tj1),7(t) : NEN, 0=ty <--- <ty =1
j=1

Using the d-length of curves we define a new distance, d’, by
d'(z,w) = inf{{a(7) : 7(0) = 2,7(1) = w},

where v is a continuous curve in H (see [2]). Automatically d < d* and if equality

holds d is called an inner distance. More generally d' is referred to as the inner distance

generated by d. An inner distance d' generated by d is inner, i.e. (d%)" = d’ (see [3]).
For 0 < a < 1 the weighted Poincaré metric, introduced in [1], is given by

dx? + dy?
= yT'
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Suppose that y(¢), 0 < ¢ < 1, is a continuous and piecewise smooth curve in
H. We recall that the length of ~(¢) with respect to the weighted Poincaré distance is
defined by

[ [ )
b= [ = [ gl G

Then the weighted Poincaré distance is defined by
Pa(z, w) = inf{Ly, (7) : 7(0) = 2,7(1) = w},

where ~ is a continuous and piecewise smooth curve and z,w € H. Note that p; is
the classical Poincaré distance.
For each 0 < o < 1, we let B, denote the space of analytic functions f on H such
that
|| flla = sup{(Im 2)®|f'(2)| : z € H} < +o0.

Then, it is well-known that 3; is the Bloch space B and Lip, = Bi_, is the analytic
Lipschitz space of order 0 < o < 1. For z,w in H, we define the induced distance
(see [4] and [5]) by
do(z, w) = sup{[f(2) = f(w)] : [|flla < 1}.
We prove that the weighted Poincaré distance p,, is identical to the inner distance
d?, generated by the induced distance d,,.

Theorem 1.1. Let 0 < a < 1. Then d’, = ps.
By Theorem 1.1, (d!,)" = d!, and d,, < d:, we get following corollary.

Corollary 1.2. Let 0 < o < 1. Then
(@) do < pa-
(b) Pl = pa.
In the case of @ = 1, we prove the following :

Theorem 1.3.
pi(z,w) =di(z,w) for z,weH.

In [4], the author proved that d; = p; on the unit disc. We proved the same identity
on the upper half plane. We do not know that d,, = p, for 0 < a < 1. By Corollary
1.2, we know that d,, < p,. But authors believe that d, = p,, for the unit disc and the
upper half plane.

The organization of paper is as follows: In Section 2, we find geodesics for the
weighted Poincaré metric and compute the weighted Poincaré distance. In Section 3,
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we characterize the weighted Bloch function by the weighted Poincaré distance p,. In
Section 4, we prove several lemmas for main results. We also introduce the sufficient
and necessary condition for weighted Bloch functions using the induced distance d,.
Finally, we prove Theorem 1.1 and Theorem 1.3 in Section 5.

2. THE WEIGHTED PoINCARE DISTANCE

Let 0 < o < 1. The weighted Poincaré metric (see [1]) is given by
. dz? + dy?

2
ds n

(e

The parametric equation for geodesics is here:
. 20,
r=—21Iy

Y
o

QZZ(' — 7).

Another equivalent differential system is the following
T
o
x2 + y?
y2a

= Cs.

For a simple calculation, we give C; = Cs = 1 (the standard geodesic in H). Then

T
,
-2 -2
IV 1, w(1) =0
Y
and so
Py 1
P2 - y2a
Thus we have
d 1— 420
&__ y if z>0
dx Yy
d 1 — g2« ]
W_N_"Y if = <0.
dx Yy

For example, if o = 1, then
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z(y) = /yl \/gdt

= Vy(l —y) +cos ' (\/y)

= Vy(1 —y) +sin"1(/1 —y).

Now let 0 < o < 1. First, we recall the hypergeometric function F'(a, b; c|z). Let
acRandc>b>0. Then

1
Blb,c — b)F(a, b; c|2) = / P — et (1 ey, 2] < 1,
0

where B is the Beta function.
We see that, if z > 0,

1 o
z(y) = —dt
=] =
1
o v
:/ 76115—/ LA
0o V1-—t2 0 V1—t2«
=l + lo.

We calculate the first term ;. We have

1 a
t
I :/ —dt
0 1 —t2¢a

Now, we calculate the second term l5. We have

Y i
e [
0 1 — t2¢a

2@ 0

Ita 1 1+« 1
_y ) 7_+_y206 .
1+« 2" 2« 2

Thus, we have

1 1+a 1 1ta 114a 3 1
(2.1) w(y):—B< a—)—y F(——a'—+—y

200 200 ' 2
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Similarly, we can calculate the case 2 <0. Then, we get

1 14a 1 1ta 1 1+4a 3 1
x(y) = B( —)+y F<——'—+—y

" 2a 20 2 1+a 2 2a '2 ' 2a

Now we calculate the weighted Poincaré distance by using the above results. We
define

Ds(z) =6z for 6>0
and
Ti(z) =z+t for teR.
Then it is easy to see that
Ly, (Ds(7)) = 6" Ly, (v)
and
Ly (T2 (7)) = Lpa (7)-

Note that if -y, is a geodesic, so are D;(y) and T3(y). By these homogeneity properties,
we only need to know the distance between the point ¢ and any other point of the
standard geodesic of H.

Let v, be the standard geodesic in H connecting two points ¢ and x + iy where
rA0and 0 <y < 1.

For example, when o = 1, we have

Ly, (vg) = / \/f%\/Ttdt
= 2cos 1 (/Y)
= QSin_l(m)
:2(35— y(l—y)).

Thus
pa(i,x+iy) =2 (9: —Vy(l - y)) :

Now for 0 < a < 1 the length of ~, is calculated by

dz? + dy?
Ly = [ YR
N

o ye

1
1
[ =gt
y V1 — 2
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1 y
1 1
0 t¥V1 — 2« 0 t¥V1 — 2«
=J1 4+ J.

We calculate the first term J;. We have

1 l1—-a 1l
h=—B ).
1™ 90 <2a ’2)

Now, we calculate the second term J,. We have

Y 1
Jo = —/ —dt
0 t¥/1 — 2«

11 3 1
(1+ a)y/1 —y2a 4 y?F <§,%'—+—

"2 2«

1 —a2y1_a

ol

By (2.1), we have

1 (l-a 1 1
Jo=——B = ( oyl /1o 2a>.
2= Toa <20¢’2)+1—ax Y Y

Thus we have

1

Lpa(vg) = 7= (w —yl 1 - y20‘> :

Hence

. . 1 _
pa(z,xﬂy):fa(fﬂ—yl avl—y%‘).

1

If v, is the geodesic in H connecting two points ¢ and iy where 0 < y < 1, then
v4(t) =it,y <t <1 and the length of ~, is calculated by
1 ﬁ B 1
tr  1—a

Lpa (79) -
Y

or

. 1 _
pa(iyiy) = m(l—yl *).

3. WEIGHTED BLOCH SPACES

We recall that for each 0 < o < 1 the weighted Bloch space B, is the space of
analytic functions f on H such that

[ flla = sup{(Im 2)*|f'(2)| : z € H} < +oc.
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Theorem 3.1. Suppose 0 < a < 1, and f is analytic on H. Then f is in B, if
and only if there exists a constant C' > 0 such that

If(2) — f(w)| < Cpalz,w), z,weH.

Furthermore, we have

uma:am{ﬂlﬁ:i@ﬂzz¢w}

Pa(z, w)
for all f € B,.
Proof. The proof is as in ([4], Theorem 19). First assume that

We may assume that C' is the smallest constant satisfying the above condition. Fix
z € H and let v(s) be the geodesic (parametrized by arc-length) in the underlying
weighted Poincaré metric that starts at z. Since p,(v(0),v(s)) = s, we have

If(z) — f(w)|<Cs, 0<s<e.

Dividing both sides by s and then letting s — 0 in the above inequality, we obtain
[f' ()17 (0)] < C.

By the minimal length property of geodesics,

5 = pa(1(0),7(s)) = /O [Wi‘adt, 0<s<e

Imy(#)]
Then
i L @O
IS Tmop™
0
(Im z)®

It follows that (Im 2)®|f’(2)| < C and hence f € B, with
\ﬂw—ﬂmyz%w}

sup{(Im 2)®|f'(2)| : z € H} < SUP{ Palz, W)

On the other hand, if f is in B,, then
C = sup{(Im 2)®|f'(2)| : z € H} < +c0

and hence



1782 Jisoo Byun, Seung Min Baek, Hong Rae Cho and Han-Wool Lee

) C
7E < s

for all z € H. If y(¢), 0 <t < 1, is a smooth curve from z to w, the fundamental
theorem of calculus shows that

1)~ fwl= | [ S
SA\ﬂﬂWW%Wt

Uy
Scﬂ[mwmﬂt
— L, (7).

It is easy to see that this also holds if « is continuous but only piecewise smooth.
Taking the infimum over all piecewise smooth curves connecting z to w, we conclude

that
If(2) — f(w)| € Cpalz,w), z,weH.

This completes the proof.

4, INDuceDp DisTANCES FROM WEIGHTED BLOCH SpACES

For 0 < o <1 and z,w in H, we define

da (2, w) = sup{|f(2) = f(w)[ : [[fll« <1}.
Lemma 4.1. Let 0 < o < 1. For a fixed z in H we define
O N S
fo(w) = (20) / e vel
Then f € B, and || f;|lo = 1.

Proof.  Let z,w € H. Since f.(w) = (2i)* 5=, We have

a

(I )| ()] = (m ) |

= I a7<
(Im w) |w—Rez|* —

and (Im 2)®|fL(z)| = 1. Thus we have

| £2lla = sup (Imw)®| fL(w)| = 1.
weH
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Lemma 4.2. For 0 < o < 1, d,, is a distance on H.

Proof. Let z,w € H. Suppose that d,(z,w) = 0. We define
o [©d
filw) = 2 [ %

(2¢)*
By Lemma 4.1, it follows that || f; ||o= 1 and

) = fitw) = 2 [

By the definition of d,, for o = 1, we have
) - sl =| [ %]

= |Log(z) — Log(w)|
< dy(z,w) =0,

where Log is the principal branch of logarithm. When 0 < a < 1, we have

S
[

T l-a
< dy(z,w) = 0.

|fi(2) = fi(w)| =

’21—04 _ wl—a

Hence we have z = w. ]

Proposition 4.3. Let z, w € H. Then
(a) do(Ds(2), Ds(w)) = 6 %o (2z,w), 0<d < 1.
(b) do(Ti(2), Ty(w)) = do(z,w), teER.

Proof.  Since (b) is clear, we prove only (a).
Note that
(82, 0w) = sup{|f(52) = F(Ew)|: || flla < 1}.
For f € B, with || f||o < 1 let f5(z) = f(dz). Then

I folla = sup y*|f5(2)|
Z=x+1Yy

= supy”|f'(02)[6
= 617 sup(dy)°| f'(62)|
=5 flla-
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da(z, w) = sup{[f(2) = f(w)| : [[flla <1}

1
S F(62) = f(5w)

Hence || 5]l < 81~ so that

1

a

Now we have

>
so that
4.1) 1% (2, w) > do (62, 6w).
For the converse, we note that

[t =] <1

Thus we have
do (82, 6w) > ’51—a f1(652) = 60 f1 (6w)

=07 f(2) — f(w)|

so that
(4.2) do (62, 6w) > 817y (2, w).
By (4.1) and (4.2), we get the required result. |

Lemma 4.4. For 0 < o <1 and z,w € H, we have
lim do(z,w) _ 1 .
zw—z |z —w|  (Imz)®

Proof. By the definition of d,, we have

do(z,w) _ |f(2) = f(w)

|z —w| — |z — w|

for all || f||o <1 andall z,w in H. Let v be a simple closed curve in H containing zo
inside of 4. By the Cauchy integral formula, we have

e R e / e dg’

= |f'(z0)!.
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Thus, letting z, w — zp, we obtain

hmlnfM > 1f(20)]
zw—z |z — w|
for ||/l < 1.
Let w i
2 \W) = 20)” P —— w € H.
Fuli) = Ci)* [ e
Then || fz |l =1 and 1
/ —
‘fzo(z())‘ - (ImZ())O‘.
Thus
hmlnfd (2, w) 1 .
zw—z |z —w| T (Imzp)®

It remains to show that

d 1
lim sup a(2, W) < .
cw—zg |2 —w[ T (Imzg)®

Let z,w € H with z # w. Then
() \—’/ oz + (1 -ty )dt’

<17 —wl /O (k2 + (1 — )] dt

1 1
<lz—-w dt
<| | /0 Im[tz + (1 — t)w]|*
1

(min{Im 2z, Imw})®

< |z — w|

for all f € B, with || f|lo < 1. Taking the supremum over all such f, we get

do(zyw) < —— 12~

(min{Im z, Imw})®

Letting z, w — 2z, we obtain

do(z,w) 1
lim sup < .
2, Ww—20 ‘Z_ w‘ (Ing)o‘

This completes the proof. ]

We can characterize functions in B, by using the distance d,, as following.
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Theorem 4.5. Let 0 < o < 1 and f is analytic on H. Then f is in B, if and only
if there exists a constant C' > 0 such that

If(2) — f(w)| < Cdu(z,w), 2w e H.

Furthermore, we have

171 =sup { FEL IO

for all f € B,.

o(zw

Proof.  First of all, if we put M = sup {w Dz # w}, we show that
M < sup{(Im=z2)®|f'(2)| : = € H}.

Let

e = T
Then || F||, = 1. By the definition of d,, it follows that
IF(2) = F(w)| = 1) = S(w)
< do(z,w).

Thus we have

M= p{%} < sup{ (Tm u)| () }.

On the other hand, for any z € H, we clearly have

M > 1imM: lim |f(2) = fw)] |2 — w]|

w—z  do(z,w) w—z |z —w| da(z,w)

Applying Lemma 4.4, we obtain M > (Im z)®|f'(z)| for all z € H.
It follows that

f(2) = f(w)] o A
sup{m.z#w}Zsup{(Imz) |f'(2)|: =z € H},

which completes the proof of Theorem 4.5. |
5. COMPARISON BETWEEN p, AND d,,

We will prove Theorem 1.1.

Proof. In order to prove Theorem 1.1, we will prove that



The Weighted Poincaré Distance in the Half Plane 1787

i, (7) = Ly, (7)

for all C* curve v : [0, 1] — H.
Let v be a C! curve in the half plane H. Then, by Lemma 4.4, for any € > 0 there
exists 6 > 0 such that

do(v(t), 7)) 1

[y (@) =~ @) [y (8)]

Multiplying by | (t) — v(t')|, we get

<e 0<tt' <1, |[t—t]<a.

da(y(t),v(t)) — %’ <Ce 0<tt' <1, |t—t|<5,

where C is the Euclidean length of ~. Since v is C*, by the mean value inequality, we
arrive the following:

dar(0). 7)) - 2

[mey ()]

Wetake 0 =ty <--- <ty =1witht; —t;_1 <9d,j=1,...,N. Then

[t—t|| <2Ce, 0<tt'<1, [t—1t|<0.

> oty (1)~ 30 A LBy < ace

= [y (1))

This implies that
[lao (V) = Lpo ()] < 2Ce.

Since e is arbitrary, we get ¢4, (v) = Ly, (7). This implies that d, = p,. [ ]

The Bloch space B on H is defined to be the space of analytic functions f on H
such that

| flls = sup{Im(z)|f'(2)| : z € H} < +oc.

An important property of the Bloch space is its invariance under Mobius transforma-
tions. Thus the induced distance d; is also invariant under Mobius transformations.
Now, we will prove Theorem 1.3.

Proof. By Theorem 1.1, we have
di(z,w) < di(z,w) =p1(z,w) for zweH.

Now we prove that
p1(i,iy) < dy(i,iy) for y>0.

We know that
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p1(i,iy) = [In(y)|.
We take
f(z) = Log (?) , ze€H.

Then f is analytic in H and

)=+
Thus . .
and
Iflls <1
Now
|f(@) = f(iy)| = |In(y)[ = p1 (i, iy).

Hence we get
P13, 1y) < dq(3,iy).

We know that p; and d; are invariant under Mobius transformations. Thus

pi1(z,w) < di(z,w).

Hence we get
p1<27w>:d1<27w>7 Z,’LUGH. n

By Theorem 1.3, we conjecture that p, = d,, forall 0 < o < 1.

= {1 ()

Define

Then || falla < 1 and

. . 1 _ o
‘foc(” - foc(lyﬂ = m(l - yl a) - pa<la Zy)'
Thus we have d,(i,iy) = pa(i,iy). However, p, and d, are not invariant under
Mobious transformations. We don’t know that d, (i, x + iy) = pa(i, 2 + iy) for any
point = + 4y in the standard geodesic of H. Thus the following problem is open. The
same problem for the unit disc model is still open (see [4]).

Problem 5.1. Let 0 < o < 1. Then d, = pa.
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