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CLASSIFICATION WITH POLYNOMIAL KERNELS AND
I'—~COEFFICIENT REGULARIZATION

Hongzhi Tong*, Di-Rong Chen and Fenghong Yang

Abstract. In this paper we investigate a class of learning algorithms for classifica-
tion generated by regularization schemes with polynomial kernels and I —regularizer.
The novelty of our analysis lies in the estimation of the hypothesis error. A
Bernstein-Kantorovich polynomial is introduced as a regularizing function. Al-
though the hypothesis spaces and the regularizers in the schemes are sample
dependent, we prove the hypothesis error can be removed from the error decom-
position with confidence. As a result, we derive some explicit learning rates for
the produced classifiers under some assumptions.

1. INTRODUCTION

We consider binary classification algorithms generated by regularization schemes
with general convex loss functions and polynomial kernels. Let X be a compact metric
space (input space) and Y = {—1,1} (representing the two classes). Classification
algorithms produce binary classifiers C : X — Y, which divide the input space into
two classes. The misclassification error is used to measure the prediction power of a
classifier C. If p is a probability measure on Z := X x Y, then the misclassification
error for C is defined to be the probability of the event {C(x) # y}:

R(C) = Prob {C(x) £ y} = /X oy # C(x)[z)dpx.

Here px is the marginal distribution on X and p(:|z) is the conditional probability
measure at z € X induced by p. It has been known from [6] the classifier which
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minimizes the misclassification error is the Bayes rule. Recall the regression function
of p:

fo(x) = /Y ydp(ylz) = p(y = 1]z) — ply = —1jz), z € X.

Then the Bayes rule is given by the sign of the regression function f. := sgn(f,).
Here, for a function f : X — R, the sign function is defined as sgn(f)(x) = 1 if
f(z) > 0and sgn(f)(x) = —1if f(z) <O0.

The classifiers considered here are induced by f : X — R as C = sgn(f), where
the real-valued functions f are generated from regularization schemes with general
convex loss functions and polynomial kernels.

Definition 1.1. A continuous function V: R — RT is called a classifying loss
(function) if it is convex, differentiable at 0 with V/(0) < 0 and 1 is the smallest real
for which the value of V' is zero.

Examples of classifying loss include the hinge loss V},(t) = max{l1 — ¢,0} for
the classical support vector machines (SVM) [15] classifier, and the least square loss
Vis(t) = (1—)? (see [12]).

In this paper we consider the univariate input space X = [0, 1]. The polynomial
kernel is defined by

K(z,u) := Kg(z,u) = (1 +zu)?,  Va,u € X,

where d is the degree of kernel polynomial. We know from [4] that K is a Mercer
kernel and the reproducing kernel Hilbert space (M, || - || x) associated with kernel K
is the set of polynomials on X of degree at most d.

As p is unknown, the best classifier f. can not be found directly. What we have
in hand is a set of samples z := {z;}!", = (z;,%;)7, € Z™ independently drawn
according to p. We call

m
&) =€ (D) = — S Vi f ()

i=1
the empirical error with respect to z. Regularization learning schemes are implemented
by minimizing a penalized version of the empirical error over a set of functions H,
called a hypothesis space, equipped with a penalty functional Q : # — R*, called
a regularizer that reflects constraints imposed on functions from hypothesis space in
various desirable forms.

With classifying loss V' and polynomial kernel K, [22] analyzes a regularized

classifier sgn(f,.), where

(1.1) far = argfrélg; {&(NH +AIfl%}
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Here A\ > 0 is a regularization parameter. Particularly, when V' is the hinge loss V},,
(1.1) becomes the classical SVM soft margin classifier (see [3]).

In this paper we shall consider a different regularization scheme. In our setting,
the regularizer is rather than a reproducing kernel Hilbert space norm but a ['—norm
of the coefficients in the kernel ensembles. Let

m
HK,Z = {ZG’ZKIL ta; ER, 1= 1’2’...m}’

=1

where K, (-) = K(u,-) = K(-,u), and

Q,(f) := inf {Z lag| : f = ZaKx} :
=1 =1

Then the regularized classifier with polynomial kernel K considered in this paper is
given by sgn(fzx), where f,  is a minimizer of the following optimization problem:

(12) fari=arg min {€,(f)+ A% (D)}

Algorithms like (1.2) are also called coefficient regularization (see [11]). Recently,
1* —coefficient regularization has attracted much attention, the increasing interest is
mainly brought by the progress of lasso in statistics [13] and compressive sensing in
signal processing [2]. An essential difference between scheme (1.2) and (1.1) is the
dependence of the hypothesis space and regularizer on samples z. It raises a need of
different methods for analyzing scheme (1.2). For instance, a key approach for scheme
(1.1) used in [22] is an error decomposition which decomposes the total error into a
sum of sample error and regularization error. However, this typical error decomposition
technique does not apply for scheme (1.2) due to the dependence of Hg , and £2,(-) on
z. This was pointed out in [19] where a modified error decomposition was introduced
by means of an extra hypothesis error. Under the framework established in [19],
[20, 14] study least square regression and SVM regression with I!—regularizer. The
novelty of this paper is that we illustrate the hypothesis error can be removed with
confidence by a special choice of the regularizing function for polynomial kernels. As
a result, we derive some explicit learning rates for learning scheme (1.2) by estimating
the sample error and regularization error respectively.

2. ERROR DECOMPOSITION

Define the generalization error associated with classifying loss V' as

E(f) = EY(f) = /Z V(yf(x))dp.
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Let f;/ be a measurable function minimizing the generalization error, that is
£y = argmin{&(f) : f is a measurable function on X}.

Since the smallest zero of V' is 1, it is shown in [17] that f;/ can be chosen such that
fY(x)e[-1,1] forall z € X.

Our goal is to estimate the excess misclassification error
(2.1) R(sgn(fap)) — R(fe).

The following comparison theorem given by [3, 21] implies that the excess misclassi-
fication error can be bounded by the excess generalization error.

Proposition 2.1. Let V' be a classifying loss, then for any measurable function f,

&(f) —&(fe) if V() =(1—=1)y,

R(sgn(f)) = R(fe) <{ Cyr\JECF) = E(fY) if V"(0) >0,

where Cy is some constant dependent on V.

One always gets better estimates by making full use of the projection operator
introduced in [1].

Definition 2.1. The projection operator = is defined on the space of measurable
functions f: X — R as

1, if f(x)>1,
(@) =49 -1 if flz) <-1,
flx), if —1< flz) <1
Trivially sgn(w(f)) = sgn(f), Proposition 2.1 tells us
E(m(f) = E(fe) if V() =(1—=1)y,
Cv\[E((F) = E(Y)  if V"(0) 2 0.
Therefore, to estimate (2.1) it is sufficient for us to bound the excess generalization
error E(m(fz)) — £(f)). In addition, we can get immediately from Definition 1.1
that V(ym(f)(x)) < V(yf(x)), so for any measurable function f,
(2.3) E(m(f) &), Ealn(f)) < E(f).
Let v be a Borel measure on X, we denote L (1 < p < oo) the measurable

functions on X with norm || f||.» := ([ \f(x)\pdu)% < 0o. When v is the Lebesgue
measure, we simply denote LY as LP. We also denote C'(X) as the space of continuous
functions on X with the uniform norm || - || .

Now we introduce the Bernstein-Kantorovich polynomials [9] that will play a key
role in our analysis.

(2.2) R(sgn(f)) —R(fe) < {
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Definition 2.2. Let f € L', the Bernstein-Kantorovich polynomial (of degree d)
for f on X is given by

d (k+1)/d+1
(2.0 Bulfa) = Y pusta)(d+1) [ f(w)du,
Pt k/d+1
where pax(z) = (Ha*F(1 —2)*, &k =0,1,---,d, are the Bernstein basis polyno-

mials of degree d.

To formulate the error decomposition, we need to make use of a polynomial repro-
duction in the univariate case X = [0, 1].

Definition 2.3. Let T be a normed linear space with dual 7. Given two subspaces
W CTand U C T*, the set U is called a norming set of W' if there exists some ¢ > 0
so that
sup  |u(w)| > cllw| Yw e W.
uel, [Jul|=1
With 4, we denote the point evaluation functional at z, i.e.: ¢,(f) = f(x). The
following proposition was given in [16], which was a reformulation of the result of

[8].

Proposition 2.2. If {1, 29 -, 2, } C X, W is a finite dimensional subspace of
C(X)and U = span{d,, : 1 <1i < m} isa norming set of " with norming constant
¢ > 1/2. Then for every w* € W* with ||w*|| = 1 there exist real numbers a; with
> ity aw(z) = w*(w) and 3707 a;| < 2.

Definition 2.4. A set {x1,x9 - ,2z,,,} C X is said to be A—dense if for any
x € X there exists some 1 < < m such that |z — z;| < A.

Lemma2.1. Let P = P9 be the space of polynomials of degree d. If {z1,zo- -, 2.}
is A—dense in X with A < #, then U = span{d,, : 1 <1i < m} is a norming set
of P with norming constant ¢ = 1/2.

Proof. For any p € P, there exists an z € X with p(Z) = ||p|lec. Since
{z1,29- -, zp} is A—dense in X, there is some 1 < i < m such that |z — z;| < A.
By Lagrange’s Mean Value Theorem, there is at least a ¢, between z and x;, such that

p(z) — pla)| = [P(OT — 2il.
Applying the Markov inequality which is given for p € P by
p'(t)] < 2d°||plloc, T € [0,1],

1

we have with A < vl

} 1
p(@)] = p(w:)] < 20 [Iplloc < 5 [IP]loo-
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So .
162, (P)| = [p(zi)] = S IPlloo-
This proves the lemma. ]

An immediate consequence of Lemma 2.1 and Proposition 2.2 is

Proposition 2.3. If {zy,29- -, 2z} IS A—dense in X with A < #, then
there exist for every « € X real numbers a;(x) such that > 7", |a;(x)| < 2 and

>oivi ai(x)p(x;) = p(x) forall p € P.

Definition 2.5. The margin distribution px is said to satisfy condition L, with
1 <7 < oo if for some ¢, > 0 and any interval B(z,r) :={u € X : |u — x| < r},
one has

(2.5) px(B(z,r)) > ¢, Vre X, 0<r <1.

Proposition 2.4. If px satisfies condition L, with = > 1, and {z1,z9- -, 2}
are samples independently drawn from px, for any ¢ > 1, choosing

1+ <i) %] <logm+t)%.
cr m

Then {x1, 29, xy} is A—dense in X with confidence 1 —e~".

A=2

Proof. Let N be the minimal [ € N such that there exist [ open intervals with
radius n/2 covering X, then N < % If {BJ~}§\f:1 are the open intervals with radius n/2
covering X, by Definition 2.5, for each j the probability of the event {z;}/",NB; = @
is (1= px(B;))™ < (1 —c-(2)7)™. So the probability for {z;}7, N B; = @ to be

true for at least one j € 1,---, N is at most
n 2 n
N(1 - cT(g)T)m < Eexp {—ch(g)T)} .

This implies {z;}™, is n—dense in X with confidence at least 1—% exp {—me; (1)) }.
So, if n satisfies

(2.6) log (g) + me, (g))T > t,

then {z;}™, is n—dense in X with confidence 1 — e~*. What is left is to verify A
satisfies (2.6). To this end, we consider the strictly increasing function h; on (0, +o0)

defined by B}
hi(n) = log (g) + me, (g) .

A=

, then

Take 7] to be the positive solution to the equation hy(n) = t. If 7 > 2 (%)
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1 ~ T
t=hi(n) > ——logm—l—ch <g) ,

thus

mer

1
t+ 11 T
ﬁ§2<w> N

1

If 7 <2 ()7, we can see 77 < A still holds. Therefore
hi(A) > hi(n) =t.

It follows that A satisfies inequality (2.6) and the proof of Proposition 2.4 is
completed. =

(<_))]

From Proposition 2.3 and 2.4, we can get

2.7) Cy =

Corollary 2.1. Suppose px satisfies condition L, with 7 > 1, and {z;}*, are
samples independently drawn from px. For any ¢ > 1, when

(2.8) m > Cy(logm + t)d*7,

then with confidence 1 — e~*, we can find numbers a;(x), for every z € X such that

> ai(x)p(xi) = p(x)
=1
for all p € P and

Z\al )| < 2.

Theorem 2.1. Suppose z = {(z;,y;) }~, is a set of samples independently drawn
according to the measure p, and px satisfies condition L, with = > 1. If |f(x)] <1
for all z € X, then for any ¢ > 1 and m satisfying (2.8), with confidence 1 — e,
there holds

Ba(f) € Hic, and Qu(Ba(f)) < 2-18%

Proof. Let u;j = %, j=0,1,---,d. Then

d
Ky () = (14u)? = (1—z+(1+uy) (14uj)pas(z), j=0,1,---,d.
J 3% J ]
1=0
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The Bernstein basis polynomial py i (x) with & € {0,1,---,d} can be written as
Pad, k Z ck,j u]
where {cx ;}9_, is the solution to the linear system

d
Z —i—u] Ck] 5l,ka [=0,1,---,d.
7=0

By Cramer’s rule,

ij
L= ' =0.1.---.d
ck‘,j D ’ J - )
where D is the Vandermonde determinant
1 1 . 1
14 ug 14w 14+ ug
D:=D(1+wup,1+uy, -, 14+uy) = ) ) )
(1+u0)d (1+u1)d (1+ud)d

and Dy, ; is the determinant obtained from D by replacing the jth column by ej.;.

Take
fj(flf):D(1+u0,"',1+u]‘_1,$,1+u]‘+1,"',1+’U,d>.

We can see

fi(z) Zk oDkux chﬂ? Hﬂf— (A +w)

D ki Uj — Uy
It follows that for k =0,1,--- ,d,
(_1>d—k
S | S e > Atuy) (4w, )
I#5 T ! J1<j2-<Jd—k
Ji#J
(1) H(=1)? g J1 Jd—k
p— 1 .. 1 e .
d—j)! 2. (W) (=)

J1<g2-<Jd—k
Ji#d

dd d A\ ya-k
‘ k‘m]‘ — d' k .

Hence

We thus can write
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(k+1)/d+1
Zpdk )(d+1) / f(u)du
k/d+1
d (k+1)/d+1 d
~ >+ 1)/ F(u)dnY Ko (2)
k=0 k/d+1 =0
d
=0
and
d (k+1)/d+1
5 = > ewsta+1) | Flu)du
Pt k/d+1
d
< D Lol
k=0
<

()50

:d_ddgd
a\j)"

Since K,(-) € P for any fixed z € X, by Corollary 2.1, with confidence 1 — e™*, we
have for j =0,1,---,d,

Koy () = Ko (uj) = Y ai(u) Ka(wi) = Y ai(u;) Kz, (x),
=1 =1
and m
> lai(uy)| < 2.
i=1
Therefore,
d m d
Bd( 7x>:Z Zzaz u] B] T; )eHK,zu
Jj=0 i=1 j=0
and

Qu(Ba(f)) <

D_ﬂs
M&

a;i(u;)B;] < QZ‘B]

7=0

d
<d)3d_2 Gdd <2.18¢%
'\ d!

s.
i

I
T

o

IN

[\
M=
=%

i
o
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The last inequality follows from the Stirling formula. |

Taking Bd(f;/) as the regularizing function, we can now present the error decom-
position as following.

Theorem 2.2. If z = {(x;,y;)};~, are independently drawn according to p, and
px satisfies condition L, with 7 > 1. Then for any ¢ > 1 and m satisfying (2.8), with
confidence 1 — e~*,

g<7r<fz,>\>> - 8<f;§/> < [8<7T<fz,>\>> - 8z<7r<fz,>\>>

(2.9) E(Ba(f))) - €

_l’_

Proof. Since f) (z) € [—1,1] for all 2 € X, according to Theorem 2.1, we know
that Bd(f;/) € Hx ., With confidence 1 — e*. So under the same confidence,

E(m(fa0) —E(f))
< 8<7T<fz,>\>> 8<f;§/> + AQz(.fz,>\>
= [E(m(far) = Ea(T(far))] + [(Ea(m(f20)) + As(f20))

(
(2.10) —(E(Ba(FY)) + A%(Bu(£Y)))]
[

+[E(Ba(f))) = E(Bal(f)))]
+EBa(f)) — E(f)) + Au(Ba(f) ).

It follows from (2.3) that £,(7(f2.2)) < €4(fz,»). This in connection with the definition
of f,  implies the second term of (2.10) is at most zero. So the theorem is proved. m

)
) -

The second term in (2.10) with a regularizing function f\ € Hy is called in [19]
hypothesis error, caused by the sample dependence of the hypothesis space H x , which
need not contain the regularizing function f,. Dealing with hypothesis error is usually
the key and difficult step in the analysis of algorithms established in a data dependent
hypothesis space (see [14, 20]). However, Theorem 2.2 ensures us the hypothesis
error can be discarded with high confidence, which is mainly attributed to the special
structure of polynomial kernels.

3. ERROR ANALYSIS

As usual, the first and second term on the right side of (2.9) are respectively called
sample error and regularization error. In this section, we shall provide some bounds
for them separately.
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3.1. Estimating £(Ba(fY)) — £(fY)

Since V' is convex, its left, right derivatives V', V7 exist.

Proposition 3.1. Let V' be a classifying loss function and My := max{|VL(-1)],
|V4(1)]}, then there holds

(3.0) E(BalfY)) ~ €(£)) < MollBa£)) — £ Iy

Proof. Since f) (z) € [—1,1], we can see that |By(f) , )| <1 for each z € X.
By Theorem 4 in [17],

E(Ba(fy)) = E(fF)) < WVillpsorvagllBalf,) = £ My -

The convexity of V' implies that the one-side derivatives V., V' are both nondecreas-
ing, this proves the proposition. |

In order to estimate || Bq(f)") — fXHL,gX, we give the following definition which
was discussed in [4].

Definition 3.1. We call D, the distortion of px (with respect to the Lebesgue
measure), if D, is the operator norm ||.J|| where J is the identity mapping

1 J 71
L —>pr.

D, measures how much px distorts the Lebesgue measure. It is often reasonable
to suppose that the distortion D, is finite. Therefore

(3.2) 1BalsY) = £¥ ey, < Do IBalsY) = £l

It has been known from the knowledge of approximation theory that approxima-
tion by Bernstein-Kantorovich polynomials can be characterized by the modulus of
smoothness of the functions they approximate.

Definition 3.2. Let p(z) = /(1 — z) and

AZ_f(x) :{ f@ = hp(2)) = 2f(2) + f(a + hp(x)), if =+ he(z) € [0,1],

0, otherwise.
Then the modulus of smoothness of f € L' is defined as

wi(f,r) = sup (A7, flLo-
0<h<r
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From Theorem 9.3.2 in [7] we know that for any f € L',

1Bu5) ~ flis = Ca [ w20, + 1022,

where C5 is a constant independent of f and d. This together with (3.1) and (3.2)
implies

Proposition 3.2. If D,, < oo, wZ(f),r) = O(r*), (0 < s < 1). Then there

exists a constant Cs independent of d, such that

E(Ba(fy)) = E(f)) < C5Dypd ™.

3.2. Bstimating [£;(Ba(fy ) — £(f))] — [(Ba(f,)) — £(£})]

For a measurable function f : Z — R, denote Ef := [, f(z)dp. The follow-
ing definition is a variance-expectation condition for the pair (V, p), which has been
generally used to achieve sharp estimation of the sample error.

Definition 3.3. A variance power « of the pair (V, p) is a number in [0, 1] such
that for any f : X — [—1, 1], there exists some constant ¢, > 0 satisfying

(3.3) B[V (yf(2) = V(yfy (@) < cal€(f) = E(F;)]

Remark 3.1. For V = V,, the power can be taken as « = 1 (see [5]). For the
hinge loss V' = V}, one can take o = %, when a Tsybakov noise condition with
exponent ¢ > 0 is satisfied (see [10]). In general, (3.3) always holds for o = 0 and
ca = (V(—1))%

To complete the estimation, we need to use the following one-side Bernstein in-
equality (see [4]).

Let & be a random variable on a probability space Z with mean E¢ = p and
variance o2(¢) = o2, If |¢ — pu| < B almost everywhere, then for all 5 > 0,

Prob ! Zm:f(z) > <e i
rO0zcyzm § — i) — = S ex —_————— .
€z m v 7 2 n P 2<02 + %Bn>

Proposition 3.3. If (3.3) holds, then for any ¢ > 1, with the confidence 1 — e~?,
[€2(Ba(f,)) = E(f, )] = [E(Ba(fy) — £(f,)]

4V (=1)t <20at)
+
3m m

IN

1/(2-a)
) L EBAY)) — EU).
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Proof. Let & = V(yBa(f),x)) =V (yf) (x)). Since |fY (x)] < 1and [Ba(f), )]
< 1, we know by the monotonicity of V' that |¢| < V(—1). Hence E¢ = £(Ba(f))) —
E(f)), € —E€| < 2V(~1), and (3.3) yields 0*(¢) < E(£?) < ca(EE)*. Applying the
one-side Bernstein inequality to &, we find that for every n > 0,

PT’Ob m i i§<2> — Ef > < ex — mn2
S\ & S TS S = O T (B + 2V (=) [

So for any ¢ > 1, with confidence 1 — e¢,

m

1

N 4V (1)t 2tcq (E€)
E;fs(m BE < — =4y —

AV (-1t « o, [2tc, =
—fﬁ%—+§m+“—?<m)
< 4V (-1)t N <21tca)E LRt

3m m

Here the second inequality follows from an elementary inequality
1 1 1 1
(3.4) ab < —a? 4+ -b?, Va,b>0,p,g>1, —4+—-=1.
p q P q
This proves the proposition. ]

3.3. Estimating [£((fz.1)) — £(f})] = [Ea(m(f2)) — Ea(f))]

The function f, » changed with the sample z runs over a set of functions in Hr,
so we need a uniform probability inequality which involves the complexity of Hx
described by means of the covering number.

Definition 3.4. For a subset F of a metric space and n > 0, the covering number
N (F,n) is defined to be the minimal integer / € N such that there exist [ balls with
radius 7 covering F.

We can see that the dimension of Hy is d + 1. For any f € Hy, denote
d+1 d+1
£l ==inf $> ajl, f =Y a;jKu,u € X
j=1 j=1
and Br :={f € Hx, ||f]| < R}. It is easy to see that By, is a subset of C'(X), and
1 flloe < sup |K(a,u)|-|If]| < 2°R.

z,uceX
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By Proposition 5 in Chapter | of [4], we have

(3.5) log N (Br,n) < (d+ 1) log <4 : idR) )

The following lemma is adopted from [18], it can been seen as a uniform law of
large numbers for a class of functions.

Lemma3.l. Let0<a<1,B>0,c>0,and G be a set of functions on Z such
that for every g € G, Eg > 0, |g — Eg| < B almost everywhere and E(g?) < c(Eg)~.
Then for every n > 0,

E _ 1 T’l 2 o 2—a
Probyczn §sup 2t I s ny(g pespy T
e6  /(Eg)*+n° 2(c+gBn'=?)

Applying Lemma 3.1 to the following function set:
Fr=A{V(yn(f)(x)) = V(yf, () : f € Br},

we can find

Proposition 3.4. Let R > 0, if (3.3) holds, then for every > 0,

S { oy ETUa)) — €D~ [Ealrliaa) = &GP _ s }
et VIEE(Fa2) = AN +1
4-29MoR mn?=e
= imew {<d+ log < 1 ) ~ 2(ca + 2V(-1)n'®) } '

Here M, is given in Proposition 3.1.

Proof. Each function g € Fr has the form g(z) = g(z,y) = V(yn(f)(z)) —
V(yf) () with some f € Bp. Hence Eg = £(n(f)) = £(f,)) > 0, 1 3212 g(=) =
E(m(f)) — E4(fY). Furthermore,

[9llec <V(=1), [g—Eg| <2V(-1).
(3.3) tells us E(g?) < C,(Eg)®. Now applying Lemma 3.1 to Fr, we have

S {Sup (i) ~ EUD] ~ [Exla) &N, 1o }
et VIER () = N+

mn2—o¢
< N(fR, 77) eXp{_2<ca + %V<_1>n1—a> } '
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What is left is to bound the covering number. Observe that for any f1, fo € Br and
(z,y) € Z,

[V (ym(f1)(2) = V(yfy ()] = [V (yn(£2)(2) = V(yf, (2))]
= [V{ym(f)(x)) = V(yr(f2)(2))]
< VLD () () = w(f2) (@)
< Mollf1 = folloo-
This in connection with (3.5) means that

4-2¢MyR
log N (i, 1) < og A/ (Br, 3-) < (d -+ 1) og(—— =),

So the proposition is proved. [ |

We now need to find a ball B containing f; ».
Lemma 3.2. For all A > 0 and z € Z™, one has

35) Iarll < L2

Proof. By taking f = 0 in (1.2), one can see that

AHfz,kH < AQz(fz,k) < 8z<fz,>\>+AQz<fz,>\> < gz<0> = V<0> u

Proposition 3.5. Let 0 < § < 1/2,A = e~%¢ d = (Cm)? with some constant
C > 0 independent of m. If (3.3) holds, then for all + > 1 and m > {1/6% +
log(4MyV (0))}1/%, with confidence 1 — e, there holds

[E(m(far)) = E)] = [Ealm(fa0)) = Ea(f,)]
< SIEG(fan) — EGY] + Catm™ 5
where Cy is a constant independent of m or t.

Proof. Taking R = \%. By (3.6), f,.\ € B for all z € Z™. Choose n* to be the
positive solution to the following equation

mn2—o¢

2(ca + 3V (1))

d
@7 haln) = M) _ .

—(d—l—l)log( v

Then Proposition 3.4 implies that with confidence 1 — e,
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[E((fan)) = EUY] = [Ealm(fun) = EFY)]
< 102 JIE(n(fa0)) — E(FY )]+

< A"+ A" PE (n (fap)) — E(SI

< 4+ SIE(T(fan) — EGY )] + (1 = )42/ oy

< 20m* + %[E(W(fzJ\)) —E(f)).

Here in the third inequality we have used the elementary inequality (3.4) again.
It remains to estimate n*. Let 8 := £=20_ If n* > m~F, putting A = e, d =
(Cm)? into (3.7), we can see that

mn*2—o¢
2(ca + 3V (=1)p1=)

+(Cm)?1og 2 + 4(Cm)? + Blogm| .

ha(n*) = — ((Cm)? +1) [log (4M,V'(0))

Since m > {1/6% + log(4M,V(0))}/¢, we have log(4MyV (0)) < m? and
(3.8) Blogm < logm < mf.
In fact, let F(z) = 2 —log z, then F'(x) = 1(02 —1). It means F(z) is an increasing
function when 2/ > 2 and F ((1/6%)'/%) = £ (§ + 2log#) > 0. So (3.8) holds.

Therefore,

mn*Q—a

" 2(ca + 3V(=1proe)
Denote C := (1 + C?)(2 + (4 4 log 2)C?), then (3.9) can be rewritten as
4
3

(39) t=hao(n*) > — 1+ 0" (2 + (4 +1log2)C?"ym?.

*2—a

~ t -
n - =V(-1) [i + Cm%_l] T — 2¢, [— + Cm%_l] <0.
m m

It implies that

n* < max §V(—1) i—l—é’m%_l | e, i—l—é’m%_l 2-a
(3.10) 3 m m

1-20

< Cytm™ 7o,

where Gy := 1+ 8V (=1)(1+C) + (4%(1 + é))m .
If " < m~3, (3.10) still holds. So the proposition follows by taking C; =
2004 |
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4, LEARNING RATE

Combining the estimations in the last section, we can derive some explicit learning
rates for scheme (1.2) by choosing suitable values of A and d.

Theorem 4.1. Suppose D,, < oo, wz(f),r) = O(r*) for some 0 < s <
1, px satisfies condition L, with 7 > 1 and (3.3) holds. Let 6 = &=, d =

m 0 —ad 2 1/6
with confidence 1 — 3e~t, we have

- min{ 2l ;}
5<7T<fz7>\>> _ g(fX) < Cstm =a)(427) 1427 f |

0s

where C5 = 2(Cy + % + (2¢0) Y)Y + 4(C3D, + 1)(207)7-0.

Proof. Since m > {t +1/6% +log(MyV(0))}'/?, we know from (3.8)

m? >t, m?>logm.

Hence

g.1=0
27 0 m o _
Ci(logm +t)d”™ < 2Cim <7<201>1/(1_9)) =m.

Now by Theorem 2.2, with confidence 1 — e~%, (2.9) holds. Putting Theorem 2.1,
Proposition 3.2, 3.3 and Proposition 3.5 with C' = (2C1)/(~1) into the right side of
(2.9), we find that with confidence 1 — 3¢,

[E(fan)) = E(FY)] + Catm™ 5w

|~

E(m(fan) = E(f)) <

4V (-1 2eat)\ /) 18\ ¢
LAVEDE, ( ‘ t>) + 205D, d~* +2 <—4) .
m €

3m

Note that (i—f)d < (%)d <ds = (2(3’1)19—59 m~%, we have with same confidence

1-260

Em(far)) — EFY) < 2(Cs + 1 1 (200) /= )tm ™ 70

0s

+4(C3D,,, + 1)(2Cy)T-0m %

< C’5tm_ min{ %,98}

. 27—1 s
— C5tm_ mm{ =) (1+27) 1+27 } ) m

Theorem 4.1 in connection with the relation (2.2) yields the learning rates with
respect to misclassification error.
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Corollary 4.1. For all 0 < § < 1, if the conditions in Theorem 4.1 are satisfied
with ¢t = log(3/0), then with confidence 1 — ¢, there holds

C5log(3/0)m™ if V(t)=@1-1)4,

R(sgn(fza)) — R(fe) < { Cyv/To\/10g(3/8) m™/2  if V"(0) > 0.

S

1
(1427) 1427 } )

where v = min { (2_35
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