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A NOTE ON THE APPROXIMATION BY THE ¢-HYBRID SUMMATION
INTEGRAL TYPE OPERATORS

Ulku Dinlemez, ismet Yuksel and Birol Altin

Abstract. In this study, it is introduced a ¢—Stancu type of hybrid summation
integral type operators. It is investigated their approximation properties. It is
given a weighted approximation theorem and obtained rates of convergence of
these operators for continuous functions.

1. INTRODUCTION

The well known hybrid summation integral type operators are defined as

o0

L) Mu(fix)= (-1 supla) / Pkt (1 (£) dt + e f (0)
k=1 0
where k
Snk<x>::€_nx(ﬁg>
and
k—1 k
Pnk() = ( Hk )(HxW

are respectively Szasz and Baskakov basis functions. This operators were studied in
[1, 2]. In [3], based on g—integer and g—binomial coefficients, firstly, Lupas introduced
a g—analogue of the Bernstein operators. After then several interesting generalization
about g—calculus were givenin [4, 5, 6, 7, 8, 9, 10]. Our aim is to obtain generalization
to g—calculus of hybrid summation integral type operators. We use without further
explanation the basic notations and formulas, from the theory of ¢g—calculus as set out
in [11, 12, 13, 14, 15].
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2. g-HyBRID OPERATORS

Let k € N, n € N\ {0}, A > 0and f be a real valued continuous function defined
on the interval [0, co). We introduce ¢g—hybrid summation integral Stancu type linear
positive operators for 0 < ¢ < 1 as

M) (f, )
oo/A

@y [n_l]q;%k@) 0/ b () f<%> dytte e f([n]; ﬂ> ,
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st = (1) S
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If we write ¢ = 1 in (2.1), then the operators MT(L?;’B) are reduced to hybrid summation
integral type operators given in (1.1).
Now we are ready to give the following lemma for the Korovkin test functions.

Lemma 1. Let e, (t) =™, m =0, 1, 2. we get

(i) M%7 (eo, ) = 1,
[n]s «

x + ,

a(fnl,+8) -2, [Mat0

[n]g 2

A (g + A2 —3l, -2,

(i) M%) (er,x) =

(iii) M%7 (e2,2) =

+{ 21l . ko }x
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Proof. Using g—Gamma and ¢—Beta functions in [14, 15], we obtain the estimate,



g-Hybrid Operators 783

oo/A
/ pgl,k—1(t)tmdqt
0
oo/4 k—14+m
= [n—i—k—?] /qk(k_l)‘ : o1t
(2.2) =10, (1+1t)g

_ [n+k—2]!By(k+m,n—m—1)g"*"D

- [k = 1]g![n = 1]g!K (A, k+m)

[m +k— 1]q'[n —m— 2]q!q{—(k—f—m)(k+m—1)+2k(k—1)}/2
[n — 1g![k — 1]! .

Then, using (2.2) for m = 0, we get
oo/A

My(L?:l’/@) (607 33) = [TL - 1](1 ZS?L7]€($> / pgz7k—1(t>dqt 4 e—[n]qa:
k=1 0

k
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= e_ [n]qIE([In]qm
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and the proof of (7) is finished. With a direct computation, we obtain (ii) as follows:
M7(L?:1”6) (617 [B)
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= [n— HqZSZ,k(x) / P i1 (t) <M> dqt+e—[n]qx[ a
k=1

J i, + 7 ,+ 5

_ [n], > ([n]qx>k e
- ([n]quB) [n_g]q; k-1, el
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ol + 6 2= T, ol + 5
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Using the equality
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(23) [n]q=[slg + ¢’[n—s]q, 0< s <m,
we get
Méi):iﬁ)(e% )
2o/ [n],t+« 2 ] « 2
= [n —1] ank 0/ nkl(t> <m> dqt +e M <[n]q+ﬁ>
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([n]quﬂ) - 0/ k
9 ! oo/A
+ qunk / P oy (t)tdgt
(mqw) d
[n — 1 e 2
—5 an n L(t)dgt +e ] < @ )
(mqw) - 0/ k g+
_ [n]if 2
(tny +8) I = 3], In -2,
3 2
N 2], [l N 2 [n]cé o .
(), +8) =3, ln—2, (I, +8) -2,
+—
(i), +5)
and so we have proof of (iii). [ ]

To obtain our main results we need computing second moment.
Lemma 2. Let ¢ € (0,1) and n > 3. Then we have the following inequality

a2

(i), +5)"

Proof.  From linearity of M}l?;”@) operators and Lemma 1, we write the second
moment as

2(1—¢%)  512(a+ B+ 1)%[n],
q* q*[n = 3]qln — 24

n7q

MO ((t—2)?, x) < < )x(a:—i—l)—i—
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MEPN((t —2)%, @)
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+
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From (2.3), we have
Mt~ 2)*, @)
<{ [n — 3] ’q12+q16 2q3’
- &Wﬂ+m[ 3, [n—2],

(1+ %) {4¢° [n — 3[3 [3], + 6¢° [n — 3[3 (312 + 4¢° [n — 3], 313 + 3]} }
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! 7 (Il + B [ — 3], [ — 2],
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Wl + 9P = 3 - 21}(x+”+ oy + 5
21— ) 512at 5+ 1) o?
= < q* " q*[n — 3]q[n — 2], ) s [n]q—i—B)T
And the proof of the Lemma 2 is now finished. |

Now we consider, B[0, co) denotes the set of all bounded functions from [0, o) to
R. BJ0,00) is a normed space with the norm ||f||z = sup{|f(z)| : * € [0,00)}.
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C3|0, 0o) denotes the subspace of all continuous functions in B[0, co). We denote first
modulus of continuity on finite interval [0,0], b > 0

(2.4) wop(f,0) = sup  [f(z+h)— f(z)].
0<h<6,€[0,b]

The Peetre’s K —functional is defined by
Ko(f,8) =inf {|[f —gllz +9 HQIIHB A Wgo} ; 0>0

where W2 = {g € C5[0,00) : ¢’, " € Cp[0,00)}. By, p. 177, Theorem 2.4 in [16],
there exists a positive constant C' such that

2.5) Ko(f,6) < Cun(f,V9)

where

wof.VB) = sup sup |fla+2h) = 2f(x+h) - f(x)].
0<h</§ 2€[0,00)
The weighted Korovkin- type theorems was proved by Gadzhiev [17]. We give the
Gadzhiev’s results in weighted spaces. Let p(z) = 1+ 2% B,[0, 00) denotes the set
of all functions f, from [0, co) to R, satisfying growth condition |f(x)| < N¢p(z),
where Ny is a constant depending only on f. B,[0,c0) is a normed space with the
norm || f||, = sup {% cxz € R} . C,[0,00) denotes the subspace of all continuous
P\

functions in B,[0, oo) and C;;[0, co) denotes the subspace of all functions f € C,[0, 00)
for which | llim % exists finitely.

r|—oo P\T

Thus we are ready to give direct results. The following lemma is routine and its

proof is omitted.

Lemma 3. Let

[n]2 €T «

(o), P +5) ().

Then the following assertions are hold for the operators (2.6):

2.6) M (f,2) =M (f, ) f (

n7q

(i) Mt z) = «,

n7q

(i) Mt —2,2) = 0.

@) M1, 2) =1
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Lemma 4. Let ¢ € (0,1) and n > 3 . Then for every x € [0, co0) and
f" € Cpl0, ), we have the inequality

775 (.0 - 1) < 857 17

o 1—¢* 5l4(a+ B+ 1)%[n] 2
here 6% (z) = < 4 +1)+ ——.
where Sud () =\ s -2, )T G

Proof.  Using Taylor’s expansion

ft)=flx)+(t—2a)f +/

and from Lemma 3, we obtain

t
Mgff)(f, z) — f(x (/ w)du; a:) .

Then, using the Lemmal and the inequality

t
_ 2
= wrwad <1155
we get
]M” (f.2) = f(a >]
t
/ " (u)du a:)
([ n—2], ]a+[3
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15 ) (2(—¢%)  512(a+ B+ 1)%[n], ol o’
= 2 < q* - q4[n_3]q[n_2]q ) =+ 1)+ [n] +ﬂ>2
L1l ], = I G
2@ (vl +8) -2 a (bl 6) -2,
a [l @ Iy o\
ATy (q([n]q—i-B) n—2], 1) " <[n]q+ﬂ> }
1-¢3 514(C¥+ﬂ+1)2[n]q oz o? 1
< q* q4[n—3]q[n—2]q) (z+1)+ ([n]q+ﬁ>2 11l B-
And the proof of the Lemma 4 is now completed. ]

Theorem 1. Let (¢,) C (0,1) a sequence such that ¢, — 1 as n — oo. Then for
every n > 3, z € [0,00) and f € Cp[0, c0), we have the inequality

M) = 1) < 20 (18500 ) + 0 (£i0)).

where 7% (z) = L —1l)z+
Insan q"([n]qn +’8> [n_2]£m [n]q" +E

Proof.  Using (2.6) for any g € W2, we obtain the equality

MED(f,2) = f@)] < M50 = 9,2) = (f = 9)(@) + Mgy (9,@) - g(a)|

[n]2 xz o
f an + - f(@)].
(q ([n]QR + /8> [TL B 2]11n [n]Qn +/8)

_l’_

From Lemma 4, we get

MGA(f,2) = f(@)] < 211f = gllp + 850 @) o]

i +— ) - f(=)].

[
Y (qn ([n]qn +ﬂ> n—2], [n],, + 8
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By using equality (2.4) we have
MED (f,0) = f(@)| < 211 = gll g + 3550 @) |lg" || +w (£.05D (@) -

Taking infimum over g € W2, on the right hand side of the above inequality and using
the inequality (2.5), we get the desired result. ]

Theorem 2. Let (¢,) C (0,1) a sequence such that ¢, — 1 as n — oo. Then
f€C;0,00), we have
lim (| M7 (F) = fll, =0

N—00 ,4n

Proof. From Lemma 1, it is obvious that HMT(LO;’;?)(eO) — eol|, = 0. Since

[n]QH &7
([l B2y~ ¥ T, 75
from above for each = > 0, we obtain

—z| < (z+1)o(1) and f’fg is positive and bounded

8 < T+l
M5 er) — enly < o)

And then hm HMn o (61) —ei1]l, =0.
Slmllarly for every n > 3, we write

M%) (e2) — eall,
[n]gn 22

_ su dn ([n]QR + /8>2 [n - 3]qn [n - Q]qn

IE[OEo) 1422

[2] g, [1]3 2[n)2 2
n n + an® T + N € x2
{ qn ([nlg,, —|—ﬁ)2 [n—3]qn [n — Q]qn (n—2],, (nlgn+6) (Inl,, +8)°
1+ 22
1+ 2+ 22

< sup o(1),

z€[0,00) 1+ 22
we get lim HMé?;’f)(eg) — e2||, = 0. Thus, from A.D. Gadzhiev’s Theorem in [17],
n—oo
we obtain desired result of Theorem 2. [ |

Lemma 5. Let f € C,[0,00),(gn) C (0,1) a sequence such that ¢, — 1 as
n — oo and wyg y41](f, 9) be its modulus of continuity on the finite interval [0, b + 1],
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b > 0. Then for every n > 3, there exists a constant C' > 0 such that the inequality
holds

1M (f, ) - f<x>ucm,b]sc{<b+1>2 ©O(b) + wope (f; é?‘g?(@)},

where
2(1—¢3) 512 1)2 2
’ qn qn [n - 3] dn [n - 2] dn ([n] + /8)
dn
Proof. Letxz € [0,b] and ¢ > b+ 1. Since t —x > 1, we have

[f(t) = f(@)] < Np@2+ (t =z +2)* +2?)
2.7) < 3N(140)2(t — x)2.

Let x € [0,b], ¢ <b+ 1 and § > 0. Then, we have

|t — x|
5

(2.8) () - f(o)] < (1 +

Due to(2.7) and (2.8), we can write

) W[O,b—i—l](fa 5).

4]

Then, using Cauchy- Schwarz’ s inequality and Lemma 2, we get
nCIn (f fE) f( )’

< BNH(1H)2MGD ((t—)%, 2) +wigpan (3 5>[ ;(Mé?‘q’f)(<t—w>2’x>>l/2]

() — F()] < BNp(1 4+ b2t —2)° + (1 T U ‘”‘) o, 6).

1 1/2
< BN+ OPE )+ wonn(F50) 1+ 3 (650) .

where
o (21— 512(a+ﬂ+1)2[n]qn) o
e (x) < g qiln — 3]g.[n — 2], x(zx+1)+ ([n]q +ﬂ>2.
Choosing,
2(1—¢3)  512(a+ B8+1)%n] o
2. c(aB)(p) — - (i a2
5 = §n7q" (b) = < q% + q%[n _ 3]qn[n _ 2](1n b(b+ 1) + [n]q N /8)2

and C' = min{3Ny, 2}. We reach the proof of Lemma 5. |
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Theorem 3. Let v > 0, (g,) C (0,1) a sequence such that ¢, — 1 as n — oo
and f € C;[0,00). Then, we have

N L R (G
e T

Proof. Forvy >0, f € C;[0,00) and b > 1 the following inequality is satisfied

M (f ) - f(@)

A
MED - 1@ M) - f@)
SR T e T e
< || pled ’Méixq’f)(f, ) — f<w>]
= H ,qn (fa IE) - f<x>HC[O,b] + IS)ISJE 1+ 72

< (Oé,ﬁ) — (Oé,ﬁ) — .
- HMW" (f,2) = f(@) HC[O,b] + HM""I" (£) pr
Using Lemma 5 and Theorem 2, we complete the proof of Theorem 3. ]

Remark 1. A g-analogue of the Sz&sz-Beta type operators, which was studied by
Gupta et al in [18] can be studied similarly.
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