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ENDOMORPHISMS
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Abstract. In this paper, we investigate the Insertion-of-Factors-Property (sim-
ply IFP), (quasi-)Baer property, and Armendariz property on skew power series
(polynomial) rings and introduce the concept of (strongly) o-skew IFP and extend
many of related basic results to the wider classes. When a ring R has o-skew
IFP and o is a monomorphism of R we prove that R is Baer if and only if R
is quasi-Baer if and only if R[[x;o]] (R[z;0]) is Baer if and only if R[[x;o]]
(R[z; o)) is quasi-Baer. We also prove that if R is a skew power-serieswise o-
Armendariz ring then R has strongly o-skew IFP and R[[z;c]] has IFP. Several
known results follow as consequences of our results. In particular, we provide a
o-skew power-serieswise Armendariz ring but does not have IFP.

1. INTRODUCTION

Throughout this paper, all rings are associative with identity. We use R[z] (R][[z]])
to denote the polynomial ring (the power series ring) with an indeterminate = over R.
For any polynomial f(z) in R[x] (R[[x]]), let C(,) denote the set of all coefficients
of f(z). Let Z and Z,, denote the ring of integers and the ring of integers modulo n,
respectively.

Due to Bell [3], a ring R is called to satisfy the Insertion-of-Factors-Property
(simply, IFP) if ab = 0 implies aRb = 0 for a,b € R. Narbonne [20] and Shin [24]
used the terms semicommutative and Sl for the IFP, respectively. Commutative rings
clearly have IFP, and any reduced ring (i.e., a ring without nonzero nilpotent elements)
has IFP by a simple computation. There exist many non-reduced commutative rings
(e.9., Z,, for n,l > 2), and many noncommutative reduced rings (e.g., direct products
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of noncommutative domains). A ring is called Abelian if every idempotent is central.
Rings that have IFP are Abelian by a simple computation.

Following Baser et al. [2, Definition 2.1], an endomorphism ¢ of a ring R is called
to have skew IFP if whenever ab = 0 for a,b € R, aRo(b) = 0, and a ring R is called
to have o-skew IFP if there exists an endomorphism o having skew IFP of R. A ring
R has o-skew IFP if and only if for a,b € R, ab = 0 implies aRo™(b) = 0 for all
n > 1 by [2, Remark 2.2]. According to Krempa [18], an endomorphism ¢ of a ring
R is called rigid if ao(a) = 0 implies a = 0 for a € R, and a ring R is called o-rigid
if there exists a rigid endomorphism o of R. Note that any rigid endomorphism of a
ring is a monomorphism and o-rigid rings are reduced by [8, Proposition 5]. Notice
that a ring R is o-rigid if and only if R is reduced and has o-skew IFP and o is a
monomorphism by [2, Theorem 2.4].

Rege and Chhawchharia [23] called a ring R Armendariz if whenever any polyno-
mials f(x), g(x) € R[z] satisfy f(x)g(x) =0, ab=0forall a € Cy,y and b € Cy(,).
This nomenclature was used by them since it was Armendariz [1, Lemma 1] who ini-
tially showed that a reduced ring always satisfies this condition. For a semiprime right
Goldie ring R, R is Armendariz if and only if R has IFP. However, the IFP ring prop-
erty and the Armendariz ring property don’t imply each other by [23, Example 3.2] and
[13, Example 14]. On the other hand, a ring R is called power-serieswise Armendariz
[15] if ab = O for all @ € Cy(,) and b € Cy(,) whenever f(x), g(z) € R[[z]] satisfy
f(z)g(z) = 0. Every power-serieswise Armendariz ring is obviously Armendariz by
definition, but the converse does not hold by [15, Example 2.1]. Reduced rings are
power-serieswise Armendariz by [15, Lemma 2.3(1)].

For a ring R with an endomorphism o, a skew polynomial ring (also called an
Ore extension of endomorphism type) R[x; o] of R is the ring obtained by giving the
polynomial ring over R with the new multiplication xr = o(r)x for all » € R, while
R][[z; o]] is called a skew power series ring. Note that o(1) = 1 for any skew power
series (skew polynomial) ring R|[[z; o]](R[x; o]), since 12" = 2" = 212"~ ! = o(1)2"
for any n > 1 where 1 is the identity of R.

Following [2], a ring R is called skew power-serieswise o-Armendariz if a;b; = 0
for all 4 and j whenever p(z)q(x) = 0 for p(z) = > 2%, air’, q(x) = 3272, bja’ €
R][[z; o]]. Skew power-serieswise o-Armendariz rings are skew Armendariz in the sense
of [21], and o-rigid rings are skew power-serieswise o-Armendariz by [8, Proposition
17], but there exist many examples of non-reduced (and hence non-o-rigid) skew power-
serieswise o-Armendariz rings as we can see in [22, Section 4]. It is obvious that
skew power-serieswise o-Armendariz property of a ring is inherited to its subrings,
and that every skew power-serieswise o-Armendariz ring has IFP. If R is a skew
power-serieswise o-Armendariz ring, then o is clearly a monomorphism by help of
[12, Proposition 1.3]. Hong et al. [11] called a ring R o-skew power-serieswise
Armendariz if whenever p(x) = >3 aia’, q(z) = Y272 bja? in R[[z;0]] satisfy
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p(z)g(xz) = 0, then a;a?(b;) = 0 for all i, j. It is shown that every o-skew power-
serieswise Armendariz ring has o-skew IFP by [11, Lemma 3.1(2)].

Based on the above, in this paper, we investigate the Insertion-of-Factors-Property
skewed by ring endomorphisms, (quasi-)Baer property, and Armendariz property on
skew power series (polynomial) rings and so several known results follow as conse-
guences of our results. We change over from “a o-semicommutative ring” and “a skew
power series Armendariz ring with the endomorphism ¢” (in [2]) to “a ring has o-skew
IFP” and “a skew power-serieswise o-Armendariz ring” respectively, so as to cohere
with other related definitions.

From now on, o and idr denote a nonzero endomorphism and the identity endo-
morphism of the ring R respectively, unless specified otherwise.

2. SKEw Power SeriEs RINGS OVER BAER AND P.P.-RINGS

In this section, we first show that (quasi-)Baer property can be extended from R
to R[[z; o]] (R[x; o]), and then define the concept of strongly o-skew IFP and extend
many of related basic results to the wider classes.

Aring R is called Baer by Kaplansky [14] if the right annihilator of every nonempty
subset of R is generated by an idempotent. An example of Cohn shows that the n by
n full matrix ring Mat, (Z) is Baer but Mat,(Z)[x] and Mat,(Z)[[z]] are not (see
[1]). For an Armendariz ring R, R is Baer if and only if R[z] is Baer ([1] and [16]).

According to Clark [4], aring R is called quasi-Baer if the right annihilator of each
right ideal of R is generated (as a right ideal) by an idempotent. It is well-known that
these two concepts are left-right symmetric. A ring R is called a right (left) p.p.-ring
if the right (left) annihilator of an element of R is generated by an idempotent. R is
called a p.p.-ring if it is both a left and right p.p.-ring.

Lemma 2.1. Let a ring R have o-skew IFP. Then we have the following results.
(1) o(1) = o™(1) for all n > 2.

(2) Let €2 = e € R. Then o(e) = ea(e) = ea(1) = ea™(e) for all n > 2.

(3) If & is @ monomorphism, then o(1) = 1, and hence o(e) = e for any e? = ¢ €

(4) If o is an epimorphism, then o (e) = e for every e? = e € R.

Proof. (1) From o(1)(1—0(1))=0,weget0 =o(1)o(1—0o(1))=0o(1)(c(1) —
02(1)) = (1) — o3(1) since R has o-skew IFP. This yields (1) = ¢%(1), s0 o(1) =
02(1) = o(o(1)) = a(c?(1)) = 03(1) = --- = o™(1) for all n. > 2.

(2 Lete? =e € Randn > 2. From e(1 —e) = 0 and (1 — e)e = 0, we get
0=eo(l—e)=-¢c(o(l)—o(e)) =eo(l)—eo(e)and 0 = (1 —e)o(e) = o(e) —eo(e)
since R is o-skew IFP. So o(e) = eo(e) = eo(1l). Moreover 0 = ec™(1 —e) =
e(c™(1) —o™(e)) = ea(1) —ea™(e) (hence o(e) = ea(1) = ea™(e)) by (1).
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(3) From (1), we get o(1 — o (1)) = 0 and so o(1) = 1 since o is a monomorphism.
The fact that o(e) = e comes from (2).
(4) This follows from (2), since any epimorphism o always satisfies 0(1) = 1. =

Observe that if a ring R has o-skew IFP and o is a monomorphism of R, then
o(e) = e for €2 = e € R and the set of all idempotents in R[[x; o]] coincides with
the set of all idempotents of R and R][[z;o]] is Abelian by Lemma 2.1(3) and [2,
Proposition 2.6 and Proposition 3.9], and hence ae = 0 for a,e? = e € R implies that
a(z®*Rxt)e = 0 for any s,t > 0. We will use these freely in the proofs of the next
three results.

For a nonempty subset A of a ring R, we write rr(A) = {s € R | as = 0 for any
a € A} which is called the right annihilator of A in R. Left annihilators are denoted
similarly, written by ¢z (A).

Theorem 2.2. Let a ring R have o-skew IFP and o a monomorphism of R. Then
the following conditions are equivalent:

(1) R is Baer.

(2) R is quasi-Baer.

(3) R][z; 0]] (R]z; o)) is quasi-Baer.

(4) R][z; 0]] (R]z; o)) is Baer.

Proof. We only show that (2)=-(1), (1)=(4), and (3)=-(2).

(2)=(1): Let A be a nonempty subset of R. If R is quasi-Baer, then rp(AR) = eR
and so eR C rr(A). Now, let ¢ € rr(A). Then Ac = 0. Since R is o-skew IFP,
ARo(c) = 0 and hence o(c) € rr(AR) = eR. But o(c) = eo(c) = o(ec), and so
¢ = ec € eR since ¢ is a monomorphism. This yields rz(A) = eR and therefore R is
Baer.

(1)=-(4): Suppose that e and f are idempotents in R such that /r(A) = Re and
¢r(Ay) = Rf for some subset A of R, where A; = {o(a) | a € A}, ie., Ay =c(A).
By hypothesis, eA = 0 implies eA; = 0, s0 e € Rf and e = e¢f = fe. Also,
0= fA; =0(f)o(A) =o(fA), and so fA = 0 since o is a monomorphism. This
yields f € {r(A) and f = fe =ef. Thus e = f and so

lr(A) = Re = Rf = (r(A1) = lr(c(A)),

entailing that /r(A) = Re = (r(c™(A)) for all n > 1.
Let R be a Baer ring. Let T' = R[[z;0]], S be a subset of T', and I = ST. Note
0p(S) = 4p(I). If I =0 then we are done. So assume I # 0 and

Ip = {a € R | a is the nonzero coefficient of the term of lowest degree of p(z)
when 0 # p(x) € I}.
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Since R is Baer, £g(Iy) = Re for some ¢? = ¢ € R. Then (g(Iy) = ¢r(I,) for all
n > 1 by the resultabove, where I, = 0™(Ip). Letq(z) = > 52, a;z’ € I. Then eag =
ape = 0 whether ap = 0 or not. Note eq(z) = > o0, ea;x’ = earx + eaza® + -+ =
q(z)e € I. If ea; = aje # 0thenea; € Iy and thisyields ea; = e(ea;) = e(aje) =0,
a contradiction. So ea; = 0, and we obtain inductively that eas = eag = --- = 0,
entailing eq(xz) = 0. This yields e € ¢7(I) and Te C ¢1(I) = £7(S).

Conversely let r(z) = 2%, b;z* € £7(I) and we shall show r(z) = r(z)e. Let
0 # p(x) = cor? + c1a?™ + cox™2 4+ ... be any in I with ¢y # 0. Note that
0 # o™(cp) is any in I,, = 0™ (ly). Then r(z)p(z) = 0 and so bycy = 0, entailing
bo € Lr(ly) = Re C 4p(I). Thus by = boe and bop(z) = boep(xz) = 0, and so
bocy = 0 for all k = 1,2,.... Then we have (byx + boz? +---+---)p(z) = 0 and
SO b10<00> = 0. This ylelds b € €R<Il> = €R<I()> = Re C €T<I>, S0 by = bie. Then
(biz)p(z) = (brex)p(z) = (bix)ep(xz) = 0, and so byo(cy) =0 forall k = 1,2, ...
Consequently we have (box? + bsx® + -+ )p(x) = 0, entailing bao?(co) = 0. This
also yields by € ¢r(Is) = ¢r(ly) = Re C Lr(I), SO by = bae. From (boz?)p(z) =
(boex®)p(x) = (box?)ep(x) = 0, we also get bao?(c) = 0 for all k = 1,2,. ...
Proceeding in this manner, we inductively obtain b; = bse for all ¢ > 0, and so
r(z) =r(z)e € Te. Hence ¢7(I) C Te and thus {7 (I) = Te.

(3)=(2): Suppose that R[[x;o]] is quasi-Baer. Let I be a right ideal of R. Then
by hypothesis, 7 (.07 (I[[2; 0]]) = eR[[x; o]] for some e* = e € R. Thus Ie = 0 and
s0 eR C rg(I). To prove the reverse inclusion, let @ € rg(I). Then IRa = 0 and
IRx'a = 0 for any integer ¢ > 1 because R has o-skew IFP. So I R[[z; o]]a = 0, and
hence a € 7 g1z (1[[z; 0]]) = eR[[z; o]]. Therefore a € eR, proving that 7 (1) C eR.

The preceding proof is also available to the skew polynomial ring case. |

Proposition 2.3. Let a ring R have o-skew IFP and o a monomorphism of R. If
R][[z; o]] (R]x; o]) is a right p.p.-ring then R is a right p.p.-ring.

Proof. ~ Suppose that R[[z;o]] is right p.p.. Let a € R. Then rg..(a) =
eR|[z; o]] for some e = e € R by hypothesis. Thus eR C rg(a). By the almost
same argument as in the proof (2)=-(1) of Theorem 2.2, we obtain rr(a) C eR, and
consequently rg(a) = eR.

The preceding proof is also available to the skew polynomial ring case. |

Notice that the converse of Proposition 2.3 does not hold by help of [8, p.225].
However, we have the following result.

Proposition 2.4. Let a ring R have o-skew IFP and o a monomorphism of R.
Then the following conditions are equivalent:

(1) R is a right p.p.-ring.

(2) For any f(z) = Sy aiw; € Rl[2: 0]l P (f(2)) = eR[[a; o]] for some
e? = e € R[[z; o).
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(3) For any f(x) = Y1y’ € R[w; 0], rpiaso) (f (2) Rl[ws o]]) = eR[[z; ]
for some €? = e € R[[x;0]].

Proof.  (1)=-(2): Assume that R is right p.p.. We first note that R is o-rigid.
For, if ac(a) = 0 for a € R then o(a)o(a) = 0 and so a = 0 since R is reduced.
Let f(z) = > jaix® € R[[z;0]]. By hypothesis, rg(a;) = e;R for each i and
some e? = ¢; € R. Putting e = ejea---¢, then ¢ = e € R. Thus a;e = 0
for any 0 < i < n. Then a;(z%)e = 0 for any s > 0 and ¢, and so f(x)e = 0.
Thus eR[[z; 0]] € 7Ria0) (f (). For the reverse inclusion, let g(x) = Y52 bja’ €
T Rlj;0]) (f (). Then f(x)q(z) =0 and so a;b; = 0 for all i and j by [8, Proposition
17], since R is o-rigid. This implies b; € rr(a;R) = e; R, and thus b; = e;b; for
all j and i = 0,1,...,n. Consequently, we get b; = eb; for all j, proving that
a(2) = eq(x) € eR[[a: 0] |

(2)=(3): Assume (2). Let f(z) = > i gaix’ € R[[z;0]]. Then rgg.q(f ()
R[[z;0]]) C rruo(f(z)) = eR[[z;0]] for some e¢* = ¢ € R. Moreover, we
get f(z)e = 0 and so a;(z°Rz')e = 0 for any s,¢ > 0 and all 4. This yields
f(z)R[[z; o]le = 0 and therefore eR[[z; o]] C 7 pijg;07 (aR[[z; o]]).

(3)=(1): Assume (3). Let a € R. We first show that rg(aR) = eR for some
e? = e € R. By assumption, we have rp..j(aR|[z;0]]) = eR[[x;0]] for some
e? = e € R. Then we get aRe = 0, and s0 eR C rgr(aR). If b € rr(aR), then
aRb = 0 and so aR[[z;c]]b = 0 since R has o-skew IFP. Thus b € eR|[[z;c]] and
s0 b € eR, showing that rr(aR) = eR for any a € R. From this result, we have
eR C rr(a). We now let b € rr(a). Since R is o-skew IFP, aRo(b) = 0 and hence
o(b) € rr(aR) = eR. By the same argument as in the proof (2)=-(1) of Theorem 2.2,
we have b € eR and thus R is right p.p.. [ |

An endomorphism o of aring R is called to have strongly skew IFP if aRo"™(b) = 0
for all n > 0 whenever ab = 0 for a,b € R, and a ring R is called to have strongly
o-skew IFP if there exists an endomorphism ¢ having strongly skew IFP of R. Every
domain with any endomorphism o clearly has strongly o-skew IFP, and every ring
having strongly o-skew IFP has o-skew IFP but not conversely by [2, Example 2.7].
It can be easily checked that a ring R has strongly o-skew IFP when R][x; o]] has IFP.
However, there exists a ring R having IFP with an endomorphism o which does not
have strongly o-skew IFP. For example, the ring R = D & D with o((a,b)) = (b, a),
where D is any reduced ring.

Lemma 2.5. Let R be a ring with an endomorphism o. Then the following con-
ditions are equivalent:

(1) R has strongly o-skew IFP.

(2) aR|[[z; c]]b = 0 whenever ab = 0 for a,b € R.
(3) aR[z; o]b = 0 whenever ab =0 for a,b € R.
(4) R has IFP and o-skew IFP.
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Proof. It suffices to show (1)=-(2). Assume (1). Let ab = 0 for a,b € R. Then
aRo™(b) = 0 and so a(Rz"™)b = 0 for all n > 0. This yields aR[[z; c]]b= 0. n

For an algebra R (with or without identity) over a nonzero commutative ring S, the
Dorroh extension of R by S is the ring D = R x S with operations (71, s1) + (r2, s2) =
(T’l + 719,81 + $2> and (T’l, 81><7’2, SQ) = (T’17’2 + 8179 + Sor71, 81$2>, where r; € R and
s; € S. We only consider the case of with identity in this note. For an S-endomorphism
o of R and the Dorroh extension D of R by S, the nonzero map ¢ : D — D defined
by a(r,s) = (o(r), s) is an S-algebra homomorphism.

Proposition 2.6. Let S be a domain and o an S-endomorphism of a ring R with
o(1) = 1. Then R has (strongly) o-skew IFP if and only if the Dorroh extension D of
R by S has (strongly) o-skew IFP.

Proof. It is enough to show the necessity. Note that s € S is identified with
sle Randso R = {r+ s | (r,s) € D}. Suppose that R has strongly o-skew IFP.
Let (7’1,81>, (T’Q,SQ) € D with (T’l,Sl)(T’Q,SQ) = 0. Then riry + s1r9 + s9r1 = 0
and s;s9 = 0. Since S is a domain, s; = 0 or s5 = 0. If sy = 0, then 0 =
r1ry 4 ser1 = r1(r2 + s2). Since R has strongly o-skew IFP, 0 = riao™(rg + s21) =
riac™(ry) + riasy for any a € R and every n > 0. For any (r,s) € D and every
n >0, (r1,0)(r,s)a™((re, s2)) = (riro™(r2) + ri(r 4+ s)s2,0) = 0. If s = 0, then
we similarly get r1ao™(r2) + s1ac™(re) = 0 for any @ € R and every n > 0. For
any (r,s) € D and every n > 0, (11, s1)(r, $)a"((r2,0)) = (r1(r+8)o™(r2) + s1(r +
s)a™(re),0) = 0. Consequently, D has strongly 5-skew IFP. ]

Proposition 2.7. Let R be an Armendariz ring with an endomorphism o. Then
R has (strongly) o-skew IFP if and only if R[z] has (strongly) o-skew IFP, where

ey airt) =Y o(a;)z.

Proof. It suffices to show the necessity. Assume that R has strongly o-skew IFP.
Let f(z),g(x) € R[x] with f(z)g(z) = 0. Since R is Armendariz and has strongly
o-skew IFP, we get aRo"(b) = 0 for all a € Cy(,),b € Cy(,) and every n > 0, and
so f(x)R[z]c™(g(x)) = 0. Therefore R[x] has strongly o-skew IFP. |

The following asserts that the condition “R is an Armendariz ring” in Proposition
2.7 is not superfluous.

Example 2.8. We apply the ring construction and argument in [17, Example 2.1].

Consider the free algebra A = Zy(ag, a1, ag, by, b1, ba, ¢) with noncommuting indeter-
minates ag, a1, as, by, b1, ba, ¢ Over Zs. Define an automorphism § of A by

aop, ai, az, by, by, be, ¢ — bo, b1, ba, ag, a1, az, c,
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respectively. Let B be the set of all polynomials with zero constant terms in A and
consider the ideal I of A generated by

aobo, agb1 + a1bo, apby + a1b1 + agbg, a1bs + asbi, asba, agrbo, asrbs,
boag, bpa1 + biag, bpas + brai + baag, bras + baaq, baas, borag, baras,
(ap + a1 + a2)r(bg + b1 + b2), (bo + b1 + ba)r(ap + a1 + ag),

apag, Aoz, agrag, asras, bobg, baba, borby, barbs, r1rorsry,

apal + aijag, agaz + aijay + asap, a1az + azaq,

bob1 + b1bg, boba + b1b1 + babg, b1bs + baby,

(ap + a1 + a2)r(ag + a1 + az), (bo + b1 + ba)r(bg + by + ba),

where 7,11, 79,73,74 € B. Then clearly B* C I. Set R = A/I. Since §(I) C I,
we can obtain an automorphism o of R by defining o(s + I) = d(s) + I for s € A.
We identify every element of A with its image in R for simplicity. Observe that
(ag+arw?+asx®) (bg+b1a? +boxt) = 0 for ag+a12? +asz?, bo+b1a? +bex? € R[],
but (ag+a122+asx*)ca(bo+biz?+box?) = (ap+arr®+asx?)c(ag+arr®+azx?) # 0
since agca; + ajcag # 0. Thus R[z] does not have a-skew IFP. Moreover, R is not
Armendariz. In fact, agb; # 0 with (ag + a12? + asa*)(bg + biz? + bea?) = 0.

Next we show that R has strongly o-skew IFP. A monomial usually means a
product of the indeterminates ag, a1, as, by, b1, b2, ¢, and a monomial of degree n means
a product of exactly n number of indeterminates. Let H, be the set of all linear
combinations of monomials of degree n over Z,. Notice that H,, is finite for any n
and that the ideal 7 of R is homogeneous (i.e., if >°7 | r; € I with ; € H; then every
r; isin I).

Claim 1. If fig; € I for f1,91 € H; then f1Bo"(g1) C I for all n > 0.

Proof. Suppose that fig; € I for fi,91 € Hi. Then, by the definition of I, we
have only the fO“OWing cases: (f1 = ap, g1 = bo), (fl = a2,91 = bg), (fl = ap, g1 =
ao), (fi = a2, 91 = a2),(fi = bo, 1 = ao), (f1 = b2, 1 = a2),(fi = bo, 1 =
bo), (f1 = b2, g1 = b2), (f1 = ap+ a1 +az, g1 = bo+b1+b2), (f1 = bo+b1+b2,91 =
ag+aq +a2>, (fl =ap+tai+as, g1 = a0+a1+a2>, (fl =bo+b1+bs, g1 = b0+b1+b2>.
So we obtain Claim 1, using the definition of I again.

Claim 2. If fg € I for f,g € B then fro™(g) € I forall r € B and n > 0.

Proof. Let f = fi+ fo+ fs+ fi,9=g1+92+g3+gaand r = ri+ro+r3+7y4,
where fl,gl,rl € Hq, fg,gg,?’g € Hs, fg,gg,rg € Hs, and f4,g4, rq € I. Note that
H; CIfori>4.So fro™(g) = firic™(g1)+ h for some h € I. But fg € I implies
fig1 € I since I is homogeneous; hence fir10™(g1) € I by Claim 1. Consequently
fro"(g) € 1.

Now let yz € I for y,z € A. Write y = a+ 3/, 2z = 3+ 2’ for some o, 3 € Zs
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and some ¢/, 2’ € B. So af + ' +y' B+ 4’2 = yz € I; hence a =0 or 5 = 0.
Assume o = 0. Then ¢/ 3+’ € I. If 3 =1 theny' € I because I is homogeneous;
hence yro™(z) = y'ro™(z) € I for all r € A. If 3 = 0 then ¢/2/ € I and so
yro"(z) = y'ra™(Z') € I for all r € A by Claim 2. The proof of the case of 5 =0 is
similar. Therefore R has strongly o-skew IFP.

3. THE ARMENDARIZ PROPERTY ON SKEw PoweR SeRIES RINGS

In this section, we study the Armendariz property on skew power series rings
relating the skew IFP property, and investigate their properties.

Note that every o-skew power-serieswise Armendariz ring has o-skew IFP by [11,
Lemma 3.1(2)], but the converse is not true in general by [11, Example 3.3].

We first provide an example of a ring that has strongly o-skew IFP and it is not
o-skew power-serieswise Armendariz as follows.

Given a ring R and an (R, R)-bimodule M, the trivial extension of R by M is
the ring T(R, M) = R @ M with the usual addition and the following multiplication:
(r1,my)(ra, ma) = (r1r2, r1ma+mara). This is isomorphic to the ring of all matrices

r

0 T ) where » € R and m € M and the usual matrix operations are used.

Example 3.1. Consider the trivial extension R = T(Zy,Z4) of Z4. Leto: R — R
be an endomorphism defined by o((a, b)) = (a, —b). Note that o is an automorphism.
Clearly, R is not reduced and hence R is not o-rigid. Moreover, R is not o-skew power-
serieswise Armendariz: For, ((2,0) + (2,1)2)? = 0 € R[[z; o]], but (2,0)(2, 1) # 0.

Now, we show that R has strongly o-skew IFP. Let AB =0 for A = (a,b),B =
(¢,d) € R. Then ac = 0 and ad + bc = 0. From ac = 0, we have three cases of (i)
a=0,(ii)c=0,or (iii)a=2and c = 2. Forany (h,k) € R, (a,b)(h,k)o((c,d)) =
(ahe, ah(—d) + akc + bhe). If a = 0 then be = 0 and so bhe = 0, entailing that
ARo(B) = 0. If ¢ =0 then ad = 0 and so ah(—d) = 0, proving that ARc(B) = 0.
Finally, assume that a = 2 and ¢ = 2. Then we also have ARo(B) = 0 from 2b = 2d.

Consequently, R has o-skew IFP. By the similar computation to the above, we can
easily show that R has IFP. Therefore R has strongly o-skew IFP.

The following example shows that there exists a o-skew power-serieswise Armen-
dariz ring that does not have IFP (hence does not have strongly o-skew IFP).

Example 3.2. Let S be a reduced ring and consider the subring

\a,b,c,d,e,f,gGS

o O O <
S o o
S o O
QL -
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of the 4 by 4 full matrix ring over S. Define an endomorphism ¢ of R by

o O O
oo e o
o8 o o
Q@ - Q.
o O O
oo o
o o 0
QO OO

Then o(A) = o%(A) for all A € R and i > 2. Suppose that p(z)g(z) = 0 for
p(x) = Y020 Air', q(x) = Y32 Bja? € Rl[z; 0]], where

a; bi C; di kj ry Sy t]

o 0 a; €; fl 0 kj Uj Uy
Al o 0 0 a; @gq and BJ o 0 0 kj wy
0 0 0 a 0 0 0 K

for each i and j. Set p/(z) = Y27°, Aja’,¢'(x) = Y232 Bja? € R|[z;0]] where
Aj = 0(4;) and B} = o(B;) for each i and j. Note that for

€ R,

o O O
o O o
o 0
Q@ -

S
9}

A A a d
letting A = ( “ ' 12 with 411 = [0 a e, A= [ f ], and A = (a), we
0 A22

00

b

a

0

=0s

a g
have

a c
o(R) = 0 d ||ab,c,deS
0 a

since we get

(1) 0= U(A())U(Bn> + U(A1>U(Bn_1> + U(AQ)U(Bn_2>
+ -+ U(An_2>U(BQ> + U(An_1>U(Bl> + U(An>U(B()>

from the equalities

0 = AgB, + A10(Bp_1) + Ay0?(B,_2)
44 Ay 20" %(By) + Ap_10"(By) + Ano™(By)
= AoBn + A10(Bp-1) + As0(Bp—2)
+---+ Ay 90(B)+ Ap_10(By) + Ano(Bo)

()
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where n > 0. Here we also have p’(x)q¢’(x) = 0 as a product of p'(x) and ¢'(x) in
o(R)[[z]]. But since o(R) is power-serieswise Armendariz by applying [15, Corollary
3.6(2)], we get

€)) A;B}; =0 for all 4, j.
Further, by the proof of [17, Proposition 1.2], we have that
aikj = bikj = Cikj = €ikj =0

for all 4, j from the equality (3). We will use this freely.
From the equality (2), we also have

(4) apty + bOvn + cownp, + dOkn + dlkn—l +---+ dnkO =0

in the (1, 4)-entry of the coefficient of degree n of p(z)q(x) = 0, where n > 0.
Multiplying the equality (4) by k; on the right side, we obtain

) doknki + dikp—1k; + - - -+ dpkok; =0

where [ is any nonnegative integer. Let
a(zr) = Zdixi, B(x) = Z kejkya?
i=0 j=0

in S{[z]]. Then a(z)B(x) = 0, so we have d;k;k; = 0 for all ¢, j from the equality (5)
since S is reduced (hence power-serieswise Armendariz). Especially we get d;k;k; = 0
if weletl =7, so

(6) dikj =0 for all Z,]
Through similar computations, we also obtain
(") fik; =0 and g;k; = 0 for all i, j

in the (2, 4), (3, 4)-entries of the coefficients of p(z)q(z) = 0.
Now from the results (3), (6), and (7), we can have

A;o'(Bj) =0 forall i > 1and j > 0.

This yields that AqB; = 0 for all j > 0. Consequently 4;0%(B;) = 0 for all 4, j, and
thus R is o-skew power-serieswise Armendariz. However R does not have IFP by [17,
Example 1.3].

Based on the preceding example, we have the following.
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Proposition 3.3. Let R be a semiprime ring and ¢ a monomorphism of R. If R
has o-skew IFP, then R has IFP (hence strongly o-skew IFP).

Proof. Let R have o-skew IFP. Suppose ab = 0 for a,b € R. Then aRo(b) =
0. But since R is semiprime, we get o(b)Ra = 0. Thus o(b)Ro(a) = 0, so the
semiprimeness of R implies o(a)Ro(b) = 0. Since o is a monomorphism, we get
aRb =0 from o(aRb) C o(a)Ro(b). |

As a corollary, we generalize the result of [2, Theorem 2.4].

Corollary 3.4. (1) Let a ring R have o-skew IFP for a monomorphism o of R.
Then R is semiprime if and only if R is reduced.

(2) R is a o-rigid ring if and only if R is a semiprime ring that has o-skew IFP
and o is a monomorphism.

Proof. Note that a semiprime ring has IFP if and only if reduced. ]

Proposition 3.5. Let R be a ring with an endomorphism o. Then R is a o-skew
power-serieswise Armendariz ring if and only if for every p(z) = 32 a;2" and
q(x) =327, bjx? € R[[z; 0], p(z)g(x) = 0 implies agb; = 0 for all j.

Proof. We here adapt the proof of [21, Theorem 2.2], extending skew polynomials
to skew power series. [ |

Corollary 3.6. (1) Every skew power-serieswise o-Armendariz ring is o-skew
power-serieswise Armendariz.

(2) A ring R is power-serieswise Armendariz if and only if for every f(z) =
2ot and g(z) =32, bja’ € R[[z]], f(z)g(z)=0 implies apb; =0 for any ;.

Every domain with a monomorphism o is o-rigid by a simple computation, and
moreover the condition “o is a monomorphism” is not superfluous by [2, Example
2.5(2)].

Proposition 3.7. Let R be a domain with an endomorphism o. Then R is o-skew
power-serieswise Armendariz.

Proof. Letp(z)q(z) =0 where p(z) = > 7%, a;z’, q(z) = > o0, bjz? € R[[z;0]].
From agby = 0, we have ag = 0 or by = 0. If ap = 0, then apb; = 0 for all j.
Hence R is o-skew power-serieswise Armendariz by Proposition 3.5. Next suppose
ap # 0. Then by = 0. Since 0 = agby + a10(by) = apby, we have by = 0. From
0 = agbs + a1o(by) + aso?(bg) = agbs, We obtain by = 0. Inductively assume
bp = by = --- = by = 0. Then from 0 = apbs+1 + a10(bs) + -+ + as0°(b1) +
as110°T1(bg) = agbsi1, We get bsrq = 0. This yields ¢(z) = 0. Consequently we
get that apb; = 0 for all j in any case. Therefore R is o-skew power-serieswise
Armendariz by Proposition 3.5. ]
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The following example shows that the converse of Corollary 3.6(1) does not hold
and the conclusion of Proposition 3.7 cannot be replaced by “R is skew power-
serieswise o-Armendariz”.

Example 3.8. Let R = Zy[x] with an endomorphism o : R — R defined by
o(f(z)) = f(0). Then R is not o-Armendariz by [12, Example 1.9] and so not skew
power-serieswise o-Armendariz. Note that R is o-skew power-serieswise Armendariz
by Proposition 3.7.

A ring R is called reversible [5] if ab = 0 implies ba = 0 for a,b € R. It is
obvious that commutative rings and reduced rings are reversible and reversible rings
have IFP, but not conversely in general. From an endomorphism o of a ring R, we can
induce an endomorphism & of R[[x; o] by defining &(>_50, a;z?) = .50, o (a;) 2.

Theorem 3.9. Suppose that R is a o-skew power-serieswise Armendariz ring.
Then we have the following results.

(1) R has IFP if and only if R[[z;o]] has IFP if and only if R[[z; o]] has strongly
a-skew IFP.

(2) Let o be a monomorphism. (i) If R is reversible, then R is skew power-
serieswise o-Armendariz; and (ii) R is reversible if and only if R[[z; o]] is reversible.

Proof. Let R be o-skew power-serieswise Armendariz. Then R has o-skew IFP
by [11, Lemma 3.1(2)] and o (1) = 1.

(1) It is enough to show that R[[x;o]] has strongly &-skew IFP when R has
IFP, since the class of rings that have strongly o-skew IFP is closed under sub-
rings. Suppose that R has IFP. Then R has strongly o-skew IFP by Lemma 2.5.
Let p(z)q(z) = 0 for p(z) = Y%, a:ix’, q(z) = >0 bjzl € R[z;o]]. Then
aio'(bj) = 0 for all i, j, since R is o-skew power-serieswise Armendariz. Hence
a;Ro*ti(b;) = 0 and so a;(Rzt)o’(b;) = 0 for all 4,5 and ¢t > 0 because R has
strongly o-skew IFP. This implies p(z)(cizt)q(z) = 0 for any ¢zt € R[[x;0]] and
all t > 0. Therefore p(z)R[[x; o]lg(x) = 0, proving that R[[x;o]] has IFP. Since
R|[[z;0]] has IFP, a;0%(c(b;)) = 0 and so a;Ro"™(a(b;)) = 0 and equivalently,
ai(Rzt)o'(a(b;)) = 0 for all 4,5 and ¢ > 0, and hence p(z)R[[z; c]]5(gq(z)) = 0.
Consequently, p(x)R[[z;o]]a%(q(x)) = 0 for any s > 0 and therefore R[[z;c]] has
strongly &-skew IFP.

(2)-(i) Let R be reversible and p(z)g(z) = 0 for p(z) = Y32, a;z?, q(x) =
> 520 bjz! € Rl[z;0]]. Then aio’(b;) = 0 and o’ (b;)a; = 0. Since R has o-skew
IFP, o?(bj)o®(a;) = 0 for all 7, j by hypothesis. Thus o%(b;a;) = 0 and so bja; = 0
for all 4, 7, since o is a monomorphism. Hence a;b; = 0 for all 4, j and therefore R is
skew power-serieswise o-Armendariz.

(i) It suffices to show the necessity. Suppose that R is reversible. Let p(z)q(x) =0
for p(z) = "0, aixt, q(x) = > 720 bjxd € R[[z;0]]. Then a;b; = 0 for all 4, j by (i)
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and so bja; = 0, yielding that b; Ro7(a;) = 0 since R has strongly o-skew IFP. Then
bjo’(a;) = 0 for all ¢, j and so ¢(x)p(x) = 0, proving that R[[x; o]] is reversible. m

The hypothesis “R is a o-skew power-serieswise Armendariz ring” in Theorem
3.9(1) cannot be dropped: Indeed, the ring R which has strongly o-skew IFP of Example
2.8 is not o-skew power-serieswise Armendariz and R[[x; o]] does not have &-skew
IFP by the same argument as in Example 2.8.

Proposition 3.10. If R is a skew power-serieswise o-Armendariz ring, then R has
strongly o-skew IFP and R[[z; o]] has strongly o-skew IFP.

Proof. We first show that R has strongly o-skew IFP, applying the proof of [11,
Lemma 3.1(2)]. Let R be a skew power-serieswise o-Armendariz ring. Let ab = 0 for
a,b€ R. Then forany [ > 1 and r € R, we have
0=ab=a(l—rz")(1+rz! +rol(r)z® + rol(r)o?(r)az® +-- )b

=(a— arwl)(b + T’Ul(b)acl + ral(r)am(b)x% + ral(r)JQZ(r)agl(b)xgl + ),
so we get arb = 0 and arc'(b) = 0. Thus aRo"(b) = 0 for all n > 0, and so

R has strongly o-skew IFP. Therefore R[[x; o]] has strongly a-skew IFP by Theorem
3.9(1). m

Note that if o is an endomorphism of a ring R, then o can be extended to the
endomorphism & of n x n full matrix ring Mat, (R) over R defined by &((a;;)) =
(0(asj)). It is well-known that for n > 2, Mat, (R) and the upper triangular matrix
ring U,,(R) over any ring R are not Abelian and so do not have IFP, and hence they
do not have strongly a-skew IFP.

Let R be a reduced ring with an endomorphism ¢ and

a b c
D(R) = 0 a d ||ab,c,deR

0 0 a

Then the ring R has (strongly) o-skew IFP if and only if D(R) has (strongly) -skew
IFP if and only if T'(R, R) has (strongly) o-skew IFP by combining [17, Proposition
1.2 and Proposition 1.6] and [2, Proposition 2.10 and Proposition 2.13].

Proposition 3.11. Let R be a ring with a monomorphism ¢. The following condi-
tions are equivalent:
(1) R is a o-rigid ring.
(2) D(R) is a skew power-serieswise g-Armendariz ring.
R) is a o-skew power-serieswise Armendariz ring.
) is a skew power-serieswise g-Armendariz ring.
) is a a-skew power-serieswise Armendariz ring.
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Proof. (1)=-(2): Suppose that R is a o-rigid ring. Then R[[x;o]] is reduced by
[8, Corollary 18]. For

ai b1 a2 by ¢
0 a1 d1 s 0 as d2 S D(R),
0 0 a1 0 0 a2

we denote their addition and multiplication by
(a1,b1,c1,d1) + (ag, be, ca,ds) = (a1 + ag, by + ba, 1 + c2,d1 + do) and
(a1,b1,c1,d1)(ag, be, c2,d2) = (araz, a1be + braz, aica + bids + craz, a1da + diasg),

respectively. So every p(xz) € D(R)[[z; 7] can be expressed by the form of (po, p1, pe,
ps) for some p;’s in R[[x; o]]. Let p(x) = (po, p1, P2, P3) and q(z) = (q0, q1, a2, q3) €
D(R)[[;5]] with p(z)g(x) = 0, where py = %) aia’,py = Y% bia', py =
Yoo citt, ps = doicodirt, qo =D g airl qr =D 2 Viwd, g = 3770 chal and
g3 = > i2o djx’. By the same argument as in the proof of [9, Proposition 17], we can
show that D(R) is skew power-serieswise o-Armendariz.

(2)=(3) and (4)=-(5) follow from Corollary 3.6(1).

(2)=-(4) and (3)=-(5) are obvious, since the class of skew power-serieswise o-
Armendariz (resp., o-skew power-serieswise Armendariz) rings is clearly closed under
subrings.

(5)=-(1): Suppose that T'(R, R) is a 5-skew power-serieswise Armendariz ring and
g is a monomorphism. Let ac(a) = 0 for a € R. We denote elements of T'(R, R) by
(a,b). Note that (1) = 1. Consider the polynomials p(z) = (0,1) + (—a,0)z and
q(z) = (0,1)+ (a,0)x € T(R, R)|[x; 5]]. Then p(x)g(x) = 0, and so (0, 1)(a,0) = 0.
Thus a = 0, entailing that R is o-rigid. ]

Recall that there are many examples of non-reduced (and hence non-o-rigid) skew
power-serieswise o-Armendariz rings as in [22, Section 4]. These examples and D(R)
in Proposition 3.11, which are skew power-serieswise a-(or o-)Armendariz, are neither
quasi-Baer nor p.p.-rings. But there also exist skew power-serieswise o-Armendariz
rings which are Baer or quasi-Baer. For example, letting K be a finite direct product of
fields and o be a monomorphism of K such that K has o-skew IFP, R[[z; o]] (R[x; o])
is Baer by Theorem 2.2 and the fact that left (or right) self-injective von Neumann
regular rings are Baer [19, Proposition 4.1].

Recall that for an ideal I of R, if o(I) C I then g : R/I — R/I defined by
d(a+1) = o(a)+1 is an endomorphism of a factor ring R/I. The homomorphic image
of a skew power-serieswise o-Armendariz ring need not be o-skew power-serieswise
Armendariz by the following example.
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Example 3.12. We adapt the construction of [9, Example 7] to our argument. Let
R be the trivial extension of Z by Z,, i.e., R = T(Z,Z4), and o an endomorphism
defined by o((a,s)) = (a,—s). Note that ¢; is odd if and only if (—1)“¢ is odd
for all t; € Zy, and w > 1. Let h(z) € Z[[z]] and k(x) € Z4[[z]]. In the product
h(z)k(z) = k(z)h(x), note that every coefficient of h(x) can be identified by the
remainder divided by 4. We will use these facts without mention. Note that every
fx) = 32720 (ui, vi)a* € R[[a;o]] can be expressed by f(z) = (fo, f1) with fo =
Yicouin® € Z[[z]] and fi = 3777 viz' € Zy[[z]]. A

Let p(z) = 37720 (ai, s:)z" = (po,p1) and q(z) = > 22 (bj,tj)2? = (q0,q1) €
R[[z;0]]. Then py = Y Coair’, p1 = Y 2gsix’, q = Z]oio bjz?, and ¢1 =
>0 t;zd. Suppose p(z)g(x) = 0. Then pogo = 0 in Z[[z]], and so py = 0 or
go = 0 since Z[[x]] is a domain.

If po = 0, then pigop = 0 from p(z)q(x) = 0. Then s;b; = 0 for all ¢, j by [15,
Proposition 3.2].

If go = 0, then pog1 = 0 from p(z)q(x) = 0. We here can let ag # 0 and ¢y # 0
without loss of generality. We claim that both a; and ¢; are even for all 7 and j.
Assume that iy and jo are minimal indices such that a;, and ¢;, are odd, respectively.
Then we obtain

0 = 2[agtm + ar((=1)tm-1) + -+ aio-1((=1)""tjp11)
+ai, ((=1)"t;5,)
a1 (1) 1) + - am ((=1)t0)] = 203, ((—1)"t;).
where m = iy + jo. This entails that a;,t;, is even, a contradiction.

Next assume that i is the minimal index such that a;, is odd. Then every ¢; must
be even by the preceding computation; especially ¢, = 2. So we get
0 = aotiy +ar((=1)ti—1) +- - +ai-1((=1)° " 1) +aiy ((—1)to) = sy ((—1)"t0),
a contradiction since a;, ((—1)%to) = 2.

A contradiction also occurs similarly for the case that every a; is even and some
t; is odd. Thus we must have that a; and ¢; are even for all 7 and j.

Therefore (a;, s;)(b;,t;) = 0 for all 4, in any case, and this implies that R is
skew power-serieswise o-Armendariz.

However, the factor ring R/I = {(a,b) | a,b € Z4}, where I = {(a,0) | a € 47}
is an ideal of R such that o(I) C I, is not 5-skew power-serieswise Armendariz as
can be seen by the computation in [9, Example 7] that ((2,0) + (2,1)z)? = 0 but
(2,0)(2,1) # 0 in (R/I)[[z; 7]].

The next example illuminates that there exists a ring R with an endomorphism
o such that for any ideal I of R with o(I) C I, R/I is skew power-serieswise o-
Armendariz and I is skew power-serieswise o-Armendariz but R does not have o-skew
IFP.
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Example 3.13. Consider the 2 x 2 upper triangular matrix ring R = U, (D) over
a division ring D with an endomorphism ¢ defined by

()0 7)

Then R does not have o-skew IFP. For,

(oo ) (o) =ome (o) (o) (a2 )) o

Hence, R is not o-skew power-serieswise Armendariz.
Next, note that the only nonzero proper ideals of R are

D D 0 D 0 D
11:<0 0),12:<0D)and13_<00)

and o(1;) C I; for i =1,2,3. Then R/I, and R/ are isomorphic to D and so they
are skew power-serieswise g-Armendariz by Theorem 3.9(2)-(i). The ring

a 0
R/Ig—{(o c)—i-[g‘a,CGD}

is a reduced ring (i.e., idp,,-rigid), and hence each R/I; (for i = 1,2,3) is skew
power-serieswise a-Armendariz.

Notice that all 7; are not reduced as rings without identity. We show that each I;
(for: =1, 2, 3) is skew power-serieswise o-Armendariz. Clearly I3 is power-serieswise
o-Armendariz.

Let p(x)q(z) = 0 for p(z) = Y22, Az’ and ¢(z) = > 720 Bjxd € Ii[[z; 0],
a; bi Cj dj
0 0 0
without loss of generality. From AyBy = 0, we obtain agcy = 0 and agdy = 0.
Since By # 0, ap = 0 and so ApB; = 0 for all j. From AyB; + Ai0(By) = 0, we
have A;0(By) = 0 and so a; = 0. Hence, Ayo(B;) = 0 and A;B; = 0 for all j.
Inductively assume that ag = a1 = ... = a5 = 0. Then A, B; = 0 = Ago™(B;) for all
0<k<sand J. Since 0 = AOB8+1 —|—A10<B5>—|—~ . ~+A508<B1>+A8+108+1<B0> =
As10°TH(By), we get asy1 = 0. Consequently, we get that A;B; = 0 for all 4, j.
Therefore 7 is skew power-serieswise o-Armendariz.

where A; = and B; = for all 7,j. Let Ag A0 and By # 0

By the similar method to the above, we can show that I, is skew power-serieswise
o-Armendariz.

Foraring R, let rAnng(2%) = {rr(U) | U C R} and recall the set of coefficients
Cp(x) Of p(z), for p(x) € R[[z;0]].
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Proposition 3.14. Let o be an endomorphism of a ring R. Then the following
conditions are equivalent:

(1) R is skew power-serieswise o-Armendariz.
(2 @ : rAnng(2%) — rAnnR[[m;U]](QR[[m;UH) is bijective with ®(rr(U)) =
rr(U)R][z; o]] for some U C R, and ac(b) = 0 implies ab = 0 for a,b € R.

Proof. (1)=(2): We first claim that ® is well-defined. Letting U C R then
" Rllz:0))(U) = 7r(U)R|[[z; 0]}, determining the map @ : r Anng(2%) — rAnng,q|
(2Fll=elly with ®(rp(U)) = rr(U)R|[z;o]] for every rr(U) € rAnng(2%). We
next show that @ is injective. Put ®(rg(A)) = ®(rr(B)) for A,B C R. Then
rﬁ(A)R[[a:;a]] = rr(B)R|[[z; 0]] and SO 7g((s;0])(A) = TR[w:0))(B) by the above.
Thus
rR<A> = rR[[a:;o]]<A> NR= rR[[a:;o]]<B> NR= rR<B>7

entailing that @ is injective.

Let V' be a subset of R[[z; o]] and Cy denote the set |J,,,)c1 Cp(x)- BY the similar
computation to the proof of [7, Proposition 3.1], we can show that & is surjective.

Now, |e'[p(a:> € V. Then we have TR[[m;U]](p(aJ» = TR[[I;U]](CP(Iﬂ = TR(CP(I)>R[[$; UH,
since R is skew power-serieswise o-Armendariz. Hence, we get rr(p(z)) = rr(Cpy))

and so az®b = 0 implies ab = 0 for a,b € R and k > 1.

(2)=(1): Let p(z)g(xz) = 0 for p(x) = > ;2 a;z’ and q(z) = Z]‘?io bja:j c
R[[x; o]]. Then ¢(z) € g0y (p(2)) = rr(U)R[[z; o]] for some U C R by hypoth-
esis. For any ¢ € rg(U), p(x)c = 0 and so a;0*(c) = 0 for all . By the condition,
a;c = 0 and this yields a;q(z) = 0 since b; € rg(U) for all i and j. |

Note. In Proposition 3.14, assume that @ : rAnng(2%) — rAnng,. (28
is bijective with ®(rg(U)) = rr(U)R|[x; o]] for some U C R. Then R has o-skew
IFP. To see this, let ab = 0 for a,b € R. Then a(1—rx)(1+rz+ro(r)z?+---)b=0
for every r € R. Let p(z) = a(l —rz) and g(x) = (1 +rz + ro(r)z® + ---)b.
By assumption, there exists U C R such that rp(j,.0)(p(2)) = rr(U)][[z;0]]. This
yields ¢(z) € rr(U)[z;0]], s0 b € rg(U) and aro(b) = 0. Thus ab = 0 implies
aRo(b) = 0.

Recall that a ring R is called o-compatible [6] if ab = 0 < ao(b) = 0 for
a,b € R. It can be easily checked that the endomorphism o of a o-compatible ring
is clearly a monomorphism. Every skew power-serieswise o-Armendariz ring is o-
compatible by Proposition 3.14. There exists a reduced ring but not o-compatible
as we see in R = Zy @ Zs with o((a,b)) = (b,a). In fact (1,0)(0,1) = 0 but
(17 0>U(<07 1)) = (17 0) # 0.

In [10, Theorem 1], Hong et al. showed that for a ring R with an automorphism
a, if rp.01(A) # 0 where A is a right ideal of R[z; o], then rr(A) # 0. We have the
following, replacing “o is an automorphism” to “R is a o-compatible ring”.
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Note. Let S = R]x; o] and suppose that R is a o-compatible ring. If rs(f(z)S) #
0 for f(x) € S then rg(f(x)S) # 0.

Proof. We apply the method of Hirano in the proof of [7, Theorem 2.2]. Let
f(z) = 3" a;z" and 0 # g(z) = > i=0 bjxl € re(f(x)S). If f(x) = 0 then
we are done. Let f(x) be a nonzero constant, a say. Then aRg(xz) C aSg(xz) = 0,
entailing aRb; = 0 for all j. Since R is o-compatible, we get aRo*(b;) = 0 and
aRz¥b; = aRo*(b;)x* = 0 for all k > 1. This yields f(x)Sb; = aSb; = 0 for all j.

Next let deg(f(z)) > 1, where deg(f(x)) is the degree of a polynomial f(x) €
R[z; o). Assume on the contrary that rz(f(x)S) = 0, and let g(z) be a polynomial of
minimal degree in rg(f(x)S). From f(z)Sg(z) = 0, we get f(z)Rg(z) = 0 and so
amRo™(b,) = 0, equivalently a,, Ro*(b,) = 0 for all & > 1 by the o-compatibility of
R. This implies

amSg(x) = amS(bp_12"1 + -+ bp)

and
0= f(z)Sg(x) D f(2)S(amSg(x)) = f(2)S(amS (bp-12""" + -+ bo)).

S0 amR(by_ 12"t 4+ -+ bg) C rs(f(x)S), and this forces a,, R(b, 12" 1 + -+
bp) = 0 since g(x) is of minimal degree in rg(f(x)S). We moreover obtain

amx™Sg(2) C amSg(x) = amS(by_12" 1 + -+ by) =0

by the o-compatibility of R, entailing (a,, 1™ + -+ -+ ag)Sg(z) = 0. Now we
repeat the same computation on (a,, ;2™ ! +---+ap) and g(z). Then we obtain

am_12" 1S g(x)

1

= am_lxm_lS(bn_lxn_l + -+ bo) - am_15<bn_1$n_ + -+ bo) = 0.

Inductively we finally obtain that a;2'Sg(z) = 0 (hence a;z*Rg(x) = 0) for all 1.
This also yields that a;Ro’(b;) = 0 (equivalently, a;Ro*(b;) = 0 for all &k > 0 by
the o-compatibility of R) for all 4, j. This implies f(z)Sb; = 0 for all j, proving our
claim. .
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