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PRODUCTS OF RADIAL DERIVATIVE AND MULTIPLICATION
OPERATORS FROM F(p, q,s) TO WEIGHTED-TYPE
SPACES ON THE UNIT BALL

Jie Zhou and Yongmin Liu*

Abstract. In this paper, we obtain the complete characterizations of the bounded-
ness and compactness of the products of the radial derivative and the multiplication
operator RM,, from F(p, q, s) to weighted-type spaces on the unit ball.

1. INTRODUCTION

Let z = (21, -+, 2,) and w = (w1, - - - , wy,) be points in the complex vector space
C™ and 2w := (z,w) = z,W1 + 29W3 + - - - + 2, W,,. We also write

n
> Izl
j=1

Let B = {z € C" : |z| < 1} be the open unit ball in C", S = 0B its boundary, and
H (B) denote the class of all holomorphic functions on B. For f € H(B) with the Taylor

expansion f(z) = 3_ 59 ag?®, let Rf(2) = . |Blagz” be the radial derivative of
a |8|=0

f at z, where 8 = (01,02, -+, [3,) is a multi-index, || = (1 + B2 + -+ + By, and

2l = V(2 2) =

2P = z’fl 22’82 c 2 Ttis easy to see that (see, e.g., [20, 48])
n
of
Rf(z) = Z%‘g(@
=t 77

The iterated radial derivative operator R™ f is defined inductively by ([4, 5, 27]):
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R™f=R(R™'f),meN-{1}.

A positive continuous function 4 on [0, 1) is called normal, if there is a 6 € [0, 1) and
a and b, 0 < a < b such that (see, e.g., [13, 21])

fi(r)

a—ry is decreasing on [0, 1) and }1—% 0 =0,
) is increasing on [9,1) and lim wr) —
(1 - r>b ’ r—1 (1 — T’)b

If we say that a function p: B — [0, 00) is normal, we also assume that it is radial,
that is, u(2) = u(|2]), z € B. The weighted-type space H,;°(B) = H° consists of all
f € H(B) such that

[fllEge == sup p(2)| f(2)] < oo,
z€B

where 1 is a weight (see, e.g., [2] as well as [1] for a related class of spaces).
The little weighted-type space Hl‘fO(IB%) = H is a subspace of H° consisting of all
f € H(B) such that

lim pu(|2[)|f(2)] = 0.

|z[—1

The Bloch-type space B* (« > 0) consists of all f € H(B) such that
1fllge = [£(0)] + sup(1 — 2[R f(2)] < oe.
zE€

Let 0 < p,s < oo, —n—1 < g < oco. A function f € H(B) is said to belong to
F(p,q,s) = F(p,q, s)(B) (see, e.g., [6, 43, 46]) if

179 = OO+ sup / REG)IP(L— |29 (2, a)dV(2) < o0,
where g(z,a) = log |, (2)|'is the Green’s function for B with logarithmic singularity
at a, dV is the normalized Lebesgue measure on C". We call F'(p, ¢, s) general function
space because we can get many function spaces, such as BMOA space, ), space,
Bergman space, Hardy space, Bloch space, if we take special parameters of p, g, s. If
g+ s < —1, then F(p,q,s) is the space of constant functions.

The weighted iterated radial-derivative composition operator is defined by S. Stevi¢
in [27] and [30] as follows:

RY(2) = (MUCoR™) f(2) = u(z)R™ f((2)), = € B.

Some characterization for the boundedness and compactness of the operator Ry, be-
tween various spaces of holomorphic function on the unit ball can be found in [27, 30].
Some related operators between F'(p, ¢, s) spaces and various spaces on the unit ball, are
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treated, for example (see, e.g., [10, 13, 18, 24, 31, 33, 35, 38, 39, 40, 41, 45, 47, 50]),
whenm = 1 and ¢(z) = z, we can get the operator M, R. For related one-dimensional
operators, see, for example [7, 8, 9, 11, 12, 14, 15, 16, 25, 26, 28, 29, 32, 37, 42, 49],
as well as the related references therein. The boundedness and compactness of the
operator M, R from mixed norm spaces H(p, q, ¢) to Zygmund-type spaces on the
unit ball have been studied, for example, in [17]. The boundedness and compactness of
the operator M, R from mixed norm spaces H(p, ¢, ¢) to the nth weighted-type space
on the unit ball have been studied, for example, in [34]. Inspired by these results, we
can define the operator R M, as follows:

RM,.[f(z) = R(u(2)f(2))
—u(2) szg_jj<z> 0y zjg—jj<z>f<z>
=u(2)Rf(z) + Ru(z) f(2)

The purpose of this paper is to study the boundedness and compactness of the operator
RM,, from F(p,q,s) spaces to weighted-type spaces on the unit ball.

2. AUXILIARY RESULTS

Here we state several auxiliary results most of which will be used in the proofs of
the main results. The following lemma can be found in [43].

Lemma 1. Assume that 0 < p,s < 0o,—n—1<qg<oo,q+s>—1and f €
ntl4gqg

F(p,4,5), then € B*5 and ||| _ssrea < Clf g

The next folklore lemma can be found in [22].

Lemma 2. Assume that f € B, a > 0, then for any z € B

FO)+ 11 fllBe, 0 <a <1
FEI<C ] SO+ Il - log e, a = 1.
1£0)] + L=, a>1.

To investigate the compactness of the operator R M,,, we also need the next lemma.
For the case p(z) = 1 — |2|?, the lemma was proved in [19]. For the general case the
proof is similar, we omit the details.

Lemma 3. Let y be a normal function. A closed set K in HﬁfO(IBE) is compact if
and only if it is bounded and satisfies

lim sup pu(|2])|f(2)] = 0.
lz|=1 fek
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The next Schwartz-type lemma ([41]) is proved in a standard way (see, e.g. [23,
Lemma 3]).

Lemma 4. Assume that 0 < p,s < oco,—n — 1 < g < o0, i is a normal
function on [0,1), then RM,, : F(p,q,s) — H°(HZ%) is compact if and only if
RMy : F(p,q,s) — H(H:Y) is bounded, and for any bounded sequence { fi.}ken
in F(p, q, s) which converges to zero uniformly on the compact subsets of B as k — oo,

we have
lim HRMukaHﬁo =0.
k—oo

Lemma 5. (see [10, 18]). Let p =n+ 1+ q,Yw € B, |gu(2)]| < ﬁ, then

[P - sy v () < C.
B
3. THE BOUNDEDNESS AND COMPACTNESS OF RM,, : F(p,q, s) — H°(HS)

In this section we characterize the boundedness and compactness of RM,, : F'(p, q, s)
— H° (Hl‘fo).
Case 3.1. p<qg+n+1

Theorem 1. Assume that0 < p,s < 0o, —n—1< g < 00,q+s > —1, p < g+n+1
and 1 is a normal weight. Then RM, : F(p,q,s) — HZ° is bounded if and only if

() HENRUEL
B (1— [sf2)"
and
2) sup Mﬁjlq < 00.

€5 (1 [3f2)

Proof. First let us assume that conditions (1) and (2) hold. For any f € F(p,q, s),
by Lemma 1 and Lemma 2, we have

u(DIRMf(2)]
ul2)[Ru(=)£() + u(=)R(2)
) < U], g ( pllDRu()| <\z\>\u<+3\+ )

T e § R PE

pu(lz) | Ru(z w(]2))|u(z
e ++z‘ =]
— |Z P
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From this, conditions (1) and (2), we can get the operator RM,,: F(p, ¢, s) — Hpe is
bounded. Conversely, assume that the operator RM,, : F(p,q,s) — H . 1s bounded.
Then for any f € F(p,q,s), there is a positive constant C' independent of f such
that [[RMyf| mge < C|lf||F(p,q.s)- Taking the test function f(z) =1 € F(p, q,s), we
see that

“) sup u(|z])|Ru(z)| < oo.
zeB

For w € B, set

1+n+1+q
(5) fu(z) = e ‘WP) 2(n+i+q) - 1- ‘w‘iz-l-ﬁ-q , 2 € B,
(1= (zw) (1= (zw) »

then
B 9 1+M. _ _ N (o
©  Ris() =2l DT T @B (o)D)
. n q)+1 SN e o AT
(1= (zw) » (1= (zw) »

where A = "HH g easy to see that f, € F(p,q,s) for each w € B and

su% | foll P(pg,s) < C by using the same methods as in [43], and
we

wf?
(7) fw(w> =0, wa(w> = A—nM'
(1 wp) 5
Thus for any w € B, we get
A DI )R £ ()]
o (1 wp)5
< () R(w) fulw) + u(@)R fu(w)

< HRMu(fwwHﬁ" < CHRMuHF(p7q78)—>Hﬁ°'

Let r € (0,1), we have

w(|w])|u(w
DI
r<jw|<1 (1—‘&1‘2) P
1 w|?
©) Ly M) o

r? r<jw|<1 (1 — ‘w‘2> P

< CHRMuwaHﬁO < CHRMUHF(ZJ@S)—*Hf'
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Using the fact

p DI
10 jwl<r (11_ w[2)7

< ——g sup pllw))u(w)] < C.
(1—7r2)"7  |olzr

Combining (9) and (10), we get (2). To prove (1), let w € B and set

1— |wl?
(11) gw(z - ‘ ‘7L+1+g_'
(1 - <Zuw>> P
Then )
1 —|wl?)(zw
ng(z> =A ( ‘ ‘ >n(+1+3+1 .
(1 - <Zuw>> P
It is well known g, € F(p, q,s) and sup [|gul|ppqs) < C (see, e.g., [43]), and we
weB
have
1 wl?
(12) Ju(w) = i RIw(w) = A%~
(1—|wf?) 7 (1—wf?) 7

For any w € B, by using (2), (12) and the triangle inequality we get

o) Rufw)
A=)
I < ) Ru)gu(w) + u(w)Ra.)] + \A\’ﬁ“‘_"‘)“‘f‘;ﬁl‘f‘i

< RMugollrge + C < ClRMullp(p,q,5)—t1ge + C-
From this, we can get (1), finishing the proof of the theorem.

Theorem 2. Assume that0 < p,s < 0o, —n—1 < g < 00,q+s > —1, p < g+n+1
and p is a normal weight, then the following statements are equivalent:
(A) RM,, : F(p,q,s) — H° is compact;
(B) RM, : F(p,q,s) — HZ is compact;
(©)
p(lz) | Ru(z)|

(14) lim -
(1= )

=0
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and

(15) lim M = 0.
= 2?)

Proof. (B) = (A). This implication is obvious.

(A) = (C). Suppose that the operator RM,, : F'(p, q,s) — Hy° is compact, then
RM, : F(p,q,s) — H;° is bounded. Let {24} be a sequence in B such that |2 — 1
as k — oo. Set fi(z) = f.,(2), and we can have

ntltq g 2
(1—|z» 7 * (1 — |z]%)
(16) fk(z> = 2(ntl+q) ntltq ) keN.
(T—=(z,2) 7 (L—(z,21))" »

It is easy to see fr € F(p,q,s), sup || fillp(p,qs < C and f converges to zero
keN

uniformly on the compact subsets of B, using Lemma 4, we get klim | R M., fx|| Hye = 0.
— 00
By (7), we have

2
z
fil) = 0, Rfilen) = A2
(1 —Tfzkf?) "7
SO
4 pl|ze]) [u(zr) || 26
‘ ‘ n+1l+q
17) (L=lzl) -
= p(lzk)) IR fe(zr)u(zr) + fi(2p) Ru(2)|
< HRMukaHﬁo — 0, as k — oo.
Hence

) S TR () | EA A
k00 9 n+l4+qg ~ b0 9 n+l+qg
(1—lzl?) » (1—lzl?) »

which means that (15) holds. To prove (14), we set gi(z) = g, (2), that is

1— |z 2
(1) gulz) = 2l e,
(1= (2 2)

It is obvious g € F'(p, q, 5), sup ||gkl| p(p,q,s) < C and gi converges to zero uniformly
keN

on the compact subsets of B. By Lemma 4, we have klim IR Mgkl Hge = 0.
—00
By (12), we have
1 |2

gk‘(zk> = ntl4+qg 47 ng(Zk) = A n+1l4q ?
(L= |z (1 —lz[?) 7
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SO
p(|zk]) | Ru(zr)|
n+ +q _1
(19) (1= |2k]?) 2
< IRMu(gi) |l e + \A\%
2k

— 0, as k — oo,

hence (14) holds.
(C) = (B) Assume that (14) and (15) hold. Then by using (3), for every f €
F(p,q,s), we have
u(|2))|RMyf(2)] — 0, as [z] — 1.

Hence RM,f € H.5. By Theorem 1, the operator RM, : F(p,q,s) — H.° i
bounded, so that the operator RM,, : F(p,q,s) — H o0 1s bounded And for every
€ >0, there is a 0 € (0, 1), such that

0 pDRu)]
(1— |25

and

1) _#EDE)
(1—|2f2)

for § < |2| < 1. Let {ar} C F(p,q,$), sup |lax||F(p,q,s) < C and ay converge to zero
keN

uniformly on the compact subsets of B, by the Cauchy integral estimates, we have that
Ray, also converges to zero uniformly on the compact subsets of B. Hence, we have

(RMu)a| g = zggu(\Z\)\(RMuak)(Z)\
22%#(\2\)\7310(2)%(2) +u(z)Rax(2)]

< (sup + sup )u(|z])|Ru(2)ar(z) + u(z)Rag(z)|

(22) [2]<6 <2<
< sup wllz]) [Ru(z)an(z) + u(z)Rax(2)]
s < “”W2&”1+ <um%3L>H‘b@%
<lel<t \ (1= [2]?) (1-]2?)

By (20)-(22) and since the sequences ay(z) and Ray(z) converge to zero uniformly
on the compact set {z € B : |z| < ¢}, we have that for sufficiently large &k

H(RMu>akHHgo <e+Ce.
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Applying Lemma 4, we can get the operator RM,, : F'(p, g, s) — HS5 is compact.

Case32. p=qg+n—+1

Theorem 3. Assume that0 < p,s < 0o, —n—1< g < 00,q+s > —1, p = qg+n+1
and v is a normal weight, then, RM,, : F(p,q,s) — HZ° is bounded if and only if

o) up PO
zeB 1- ‘Z‘
and
2
4 sup (|2 [Ru(z)] - log ——— < oc.
z€B 1- ‘Z‘

Proof. First we assume that conditions (23) and (24) hold. For any f € F(p, g, s),
by Lemma 1 and Lemma 2, we have

|z [RMuf ()|

= k(DI RF() + Ru(2)f (2)
25) BDIE L o 2ot o — 2
< s (MR imuo) - tox =)

< Ol (AL D R hoe =7 )

so that the operator RM,, : F(p,q,s) — Hp° is bounded. Conversely, assume that the
operator RM,, : F(p, q,s) — H.° is bounded. Then for any f € F(p, g, s), there is a
positive constant C' independent of f such that [|[RM, f[| < C||f||rep,q,s)- Given any

w € B, set
2
2
2 <log ?)

(26) hy(z) = log — — ! <;w> , 2 €B,

1— (zw) log o
then ) B

T (2 log 1—zw> (zw)

Rhy(z) = [ .
TRw <log ﬁ) (1-—2w)
It is known that h,,(2) € F(p, ¢, s) and sup ||hu | p(p,q,) < C < 00 (see [31, 43]), and
weB

moreover we have that
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Hence
M(\w\)\u(wgl\lﬂ = 1(|w]) [Rho(w)u(w)|
(27) R

< p(|w)) Ry (w)u(w) + Ru(w)he(w)]

Similar to the proof of (2) in Theorem 1, (23) holds. To prove (24), we set

2
2 = log ——— B
then o
RIL, = .
(Z> 1—zw

It is known that [,,(z) € F(p,q,s), by Lemma 5, we can see sup [|lu p(p,q,s) < C,
w€eB

and we have

L) =108 1= L) = 112
(IR log =
29) < u(|w]) [Ru(@) () + Rl (w)u(w)]| + “(‘“‘;‘f(“‘:j“; Ll

S HRMuleH;f + C
< HRMuHF(pqus)—*Hﬁ" +0C,

which means that (24) holds.

Theorem 4. Assume that0 < p,s < 0o, —n—1< g < 00,q+s > —1, p = qg+n+1
and p is a normal weight, then the following statements are equivalent:

(A)RM, : F(p,q,s) — Hp° is compact;

(B)YRM, : F(p,q,s) — H is compact;

(©)
and
(1) lm <)) Ru(2)| 1ogﬁ ~0
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Proof. (B) = (A). This implication is obvious.
A) = (C) Suppose that the operator RM,, : F(p,q,s) — H:° is compact, then
( pp p iy p

RM, : F(p,q,s) — H;° is bounded. Let {2;} be a sequence in B such that |2 — 1
as k — oo. Set hy(z) = h;, (%), that is

(1 9 2 ) 9 3
0g _7> ( 0g _7>
log —2— 2 2
BT (et
Then, hy € F(p,q,s), 21111\)1 [kl F(p,q,s) < C and hy converges to zero uniformly on
€

the compact subsets of B as k& — oo. By Lemma 4, we have klim IRMyhk||ge = 0,
— 00

and we can get

_ =P
hk(zk) = 0, th(2k> = _1 — ‘Zk‘Z
So
TEDIIENIES
1-— ‘Zk‘Q
(33) < w2k [ RAk(zk)ulzk) + o (2) Ru(z) |

< HRMuhk‘HHﬁo - 07 as k — 00,

hence, (30) holds. To prove (31), we set

2
2
<10g 1_<szk> >

(34) I(2) = -
log 1o

ke,
Then, I, € F(p,q,s) , sup |||l p(p,q,s) < C and Iy converges to zero uniformly on the
keN

compact subsets of B as & — oo. By Lemma 4, we have klim H(RMu)lkHHgo =0,
— 00

and moreover we have that

|21 |2
Li(zk) Ogl—\Zk\Q’le(Zk> 1 —|z)?’
SO
(24 ]) [ Reu(zx) | - log — 2
T T (D) |42
w(|zi ) |w(zx)|| 2k
< 2
) < (|2 ) [ RU (2 )ulzi) + U (zi) Ru(2)| + 1 — |22

EIEE
1 — [2]?

< [RMu ()l +2

— 0, as k — oo,



172 Jie Zhou and Yongmin Liu

which means that (31) holds.

(C) = (B) Assume that (30) and (31) hold. Similar to Theorem 2, the operator
RM, : F(p,q,s) — Hp, is bounded. And for every ¢ > 0, thereis a d € (0,1), such
that

(36) () Ru(:)] o 1 <=
and
. peD ()] _

1—z? ’

whenever 0 < |z| < 1. Let bx C F(p, q,s), sup ||bk||p(p,q,s) < C and by converge to
keN

€
zero uniformly on the compact subsets of B, by the Cauchy integral estimates, we have
that Rbj, also converges to zero uniformly on the compact subsets of B. Hence,

[(RMu)bi|| e = iggu(\Z\)\(RMu)bk(Z)\
< sup p(|z])[Ru(2)br(2) + u(2)Rbi(2)|

< |ng (|2 Ru(2)br(2) + u(z)Rby(2)|
(38) +;<s|ulp< 1 (| 2) | Ru(2)br(2) + u(2)Rby(2)]
< |ng (|2 Ru(2)br(2) + u(z)Rby(2)|
~ og 2 p(lz)|u(2)]|
O .- L e R ) |

By (36)-(38), since the sequences b (z) and Rby(z) converge to zero uniformly on the
compact set {z € B : |z| < ¢}, we have

lim || (RM, )bl = 0.
k—oo

Applying Lemma 4, we get RM,, : F(p,q,s) — H 2, is compact.
Case33. p>qg+n—+1

Theorem 5. Assume that0 < p,s < 0o, —n—1< g < 00,q+s > —1, p > qg+n+1
and 1 is a normal weight, then RM,, : F(p,q,s) — H° is bounded if and only if
u € B, and

) sup D (=)
=B (1 22)"5"

< 00
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Proof. First let us assume that conditions v € B, and (39) hold. For any f &
F(p,q,s), by Lemma 1 and Lemma 2, we have

p(zDI(RM.f)(2)|
= p(lzD|Ru(2)f(2) + u(z)Rf(2)]

“0) < OIS 2t <u(\2\)\73u(z)\+%>
5 (1—]22)"%

< CWfllra <u<\z\>mu<z>\ " M) .
(12?7
It follows that the operator RM,,: F(p, q,s) — H . 18 bounded. Conversely, suppose
the operator RM,, : F(p, q,s) — H° is bounded. Then for any f € F(p, g, s), there
is a positive constant C' independent of f such that [|[(RMy) [z < C|lfllr(p.q.s)-
For f =1, we have that u € B,,. Similar to the proof of (2), (39) follows.

Theorem 6. Assume that 0 < p,s < co,—n—1 < q < c0,q+ s > —1,
p>q+n+1, uis a normal weight, then the following statements are equivalent:
(A) RM,, : F(p,q,s) — H° is compact;
(B)u € B, and
pEE|

(41) lim A
A= (1 — [p2) 5

Proof. (A) = (B). We assume that RM,, : F(p, q,s) — H.° is compact. Then
for f =1, we obtain that v € B,,. Exploiting the test function in (16), similarly to the
proof of Theorem 2, we obtain (41) holds.

(B) = (A). Assume that {cj }ren is a sequence in F'(p, g, s) such that 2ug ekl Fep,q,s)

€

C, and ¢, — 0 uniformly on the compact subsets of B as £k — oco. By (41), we have
for any € > 0, thereis a § € (0,1), when d < |z| < 1,

W) plDlu)
(1|

From (42) we have that for sufficiently large k
| (RMu)exlize = sup (|2]) [(RMasex) (<)
= sup (|2 [Ren(z)u(z) + Ru(z)en(2)|
43) < |§<%u<\z\>mck<z>u<z> + Ru(z)ex(2)]

+ sup p([2))[Rew(2)u(2)] + [lulls, sup |cx(2)]
0<|z|<1 zeB
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w(|z|)|u(z
<e+4+C sup % + [|ul| 5, sup |ck(2)]
§5<z|<1 (1 — ‘2‘2) P z€B

< e+ Ce + [Jullg, sup |ex(2)].
z€B

Since p > g +n + 1 then

J——
—" 0.
0 (1- t2)+—;+q
Applying the corresponding result for the p-Bloch space (see [36, Lemma 4.2]), we
also have

lim sup |cx(z)| = 0.

k—00 cB

From (43) it follows thatklim |RMuyck| e = 0, so that the operator RM,, : F(p, g, )
—00

— H° is compact, finishing the proof of the theorem.

Theorem 7. Assume that 0 < p,s < co,—n—1 < ¢ < o00,q+s > —1,
p>q+n-+1and p is a normal weight, then the following statements are equivalent:
(A) RMy : F(p,q,s) — H.5 is compact;
(B) u € By, and
) () 1

|z]—1 (1 . ‘Z‘2>n+;+q

Proof. (A) = (B). We assume that RM, : F(p,q,s) — HS% is compact. For
f =1, we obtain that u € B, o. In the same way as in Theorem 6, we obtain that (44)
holds.

(B) = (A). By Lemma 1 and Lemma 2, we have

p(lzDI(RMuf)(2)] = ul[2)IRf(2)u(z) + Ru(2) f(2)]

w(|z|)|u(z
(45) < Ol e ENEN oy oD Ru(2)]
P

This along with Theorem 5 implies that RM,{f : ||f|lF(pqs < 1} is bounded.
Taking the supremum over the unit ball in F(p, g, s). Letting |z| — 1 in (45), using
the condition (B), and by applying Lemma 3, we get the compactness of the operator
RM, : F(p,q,s) — Hp,. This completes the proof of the theorem.
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