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Existence of Solutions to Quasilinear Schrodinger Equations Involving

Critical Sobolev Exponent

Youjun Wang and Zhouxin Li*

Abstract. By using variational approaches, we study a class of quasilinear Schrédinger

equations involving critical Sobolev exponents

1 .
—Au+ V(z)u+ §K[A(u2)]u = |ulP"%u + |[u]* 2u, xRN,

where V(z) is the potential function, x > 0, max{(N + 3)/(N —2),2} < p < 2* :=
2N/(N —2), N > 4. If k € [0,R) for some § > 0, we prove the existence of a positive
solution u(x) satisfying max,cpn |u(z)| < 1/1/(2k).

1. Introduction

This paper is motivated by the recent interests on the following type of quasilinear

Schrédinger equations
. 1
(1.1) W + A — W (2)y + p(|9 ) + 5’<¢AW\2¢ =0, zeRY,

where ¢: RV xR — C, W: RY — R is a given potential, k is the nonlocality or diffusion
parameter, which can take any sign in plasma physics, p is a real function of essentially
pure power form. Equation has been discussed in the literature in the context of
plasma physics [7], the continuum limit of discrete molecular structures and has been
shown to posses bright and dark soliton solutions [18}24].

Here our special interest is the standing wave solutions, i.e., solutions of type ¥ (z,t) =
exp(—iEt)u(x), where £ € R and u > 0 is a real function. Note that i satisfies if
and only if the function u(x) solves the following equation of elliptic type with the formal

variational structure
1
(1.2) — Au+V(x)u — ik[A(uQ)]u =h(u), z<cRY,

where V() = W(x) — E is the new potential function, h is the new nonlinearity.
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The existence of positive or sign-changing solutions for with £ > 0 has been
studied extensively in recent years. In [5] Briill and Lange studied the existence of ground
states for with V(2) = e and h(u) = SuP in one dimensional space, where o and 3 are
positive constants. In [19] Poppenberg, Schmitt and Wang studied with subcritical
growth through a constrained minimization argument. A general existence result for
was derived in [15] by Liu, Wang and Wang. The idea in [15] is to make a change of
variables v = f~1(u), where f is defined by ODE:

, 1
(1.3) fi(t) = \/TW’ t € [0, +00),
and f(t) = —f(—t), t € (—o0,0]. By this way, they reduced to a semilinear one and
proved the existence of a positive solution in an Orlicz space via mountain pass theorem.
The method of changing of variable was also used by Colin and Jeanjean in [6], but the
difference lies in that they used the usual Sobolev space H'(RY) as the working space.
Recently, in [21], Shen and Wang introduced the change of known variables s = G~1(t)

for t € [0, +00) and G~1(t) = —G~1(—t) for t € (—00,0), where

(1.4) Gls) = /0 Tt ket

Then, using variational methods, they established the existence of nontrivial solutions for
with subcritical growth.

In [15], the authors pointed out that 2(2*) behaves like a critical exponent for and
proposed an open problem whether has nontrivial solutions for h(u) = |u|**") 2y
when k > 0.

For such kind of problems with “critical growth”, Silva and Vieira in [22] established the
existence of solutions for asymptotically periodic quasilinear Schrédinger equations
with the nonlinearity h(u) = |u[P~2u replaced by a general nonlinearity K (z)u??)-1 +
g(z,u). In |14], the authors proved the existence of one positive and one sign-changing
ground state solutions with h(u) = |u[P~2u + |u[*®)"2u, 4 < p < 2(2*) under some
assumptions on the potential V' (z). In [10], He and Li study the existence, concentration
and multiplicity of weak solutions to equation with h(u) = W (z)u? ! +u*?)-1 4 < ¢ <
2(2*) via minimax theorems and Ljusternik-Schnirelmann theory. For more results for
problems with critical growth termp, we refer to [8,12}|17}23,25-27].

Noting that most of the studies of recent papers on problem mainly deal with
k > 0, in this paper, we focus on the case £ < 0. The difficulty for £k < 0 is that
neither the change of variable nor is suitable because 1 + kf2(t) or 1 + kt?
may be negative. To overcome this difficulty, using variational methods combined with
perturbation arguments, Alves, Wang and Shen in [3] proved the existence of positive
solution of with h(u) = |u[P72u, 2 < p < 2*. Then, another question arises: does
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2* is a critical exponent for ([1.2)) when & < 07 It seems that under their arguments, 2*
indeed behaves like a critical exponent for (1.2]). Later, in [23], Wang considered the case
h(u) = Mul[P~2u + |u|97%u with ¢ > 2* and 2 < p < 2* and proved that there exist some
k1 > 0 and Ay > 0 such that for all k£ € (—k1,0) and XA € (0,\1), (1.2) has a positive
solution.

For simplicity, we denote kK = —k in the following and consider the problem

1 .

(1.5) — Au+ V(x)u+ iﬁ[A(lﬂ)]u = |uP2u + |u* u, xcRY,
where k > 0,2 <p <2*, N > 4.

We assume the following conditions on V(x):
(V1) V(z) € C(RN,R) and there exists some Vg > 0 such that 0 < Vp < V(x), z € RV,
(V2) There is a constant Vi, such that

lim V(z)=Va, V(2)<Va, V(2)# Ve, xRV,

|z|—o00
We have the following main result.

Theorem 1.1. Suppose that (V1)-(V2), N >4 and p € (max{(N + 3)/(N — 2),2},2%).
Then, there exists £ > 0 such that for k € (0,%], (L.5) has a positive solution u satisfying

max, e [u(e)] < \/1/(2r).

We point out that the conclusion of this paper is a supplement to the recent result
in [23], where, using variational methods combined with perturbation arguments, the
existence of nontrivial solutions of with critical or supercritical exponent were es-
tablished. For k = 0, in |16], Miyagaki proved the existence of nontrivial solutions of the

following equation:
—Au+V(z)u = NuP2u+ [u]* 2u, zeRY,

where V() satisfies (Vo) and V(z) — +o0 as || — oo, A > 0, either 4 < p < 2* and
N =3o0r2<p<2 and N > 4. For further related results we refer to the papers [1,[2].

2. Reformulation of the problem

Note that ([1.2)) is the Euler-Lagrange equation associated to the natural energy functional

- 1

1 1 1 *
(2.1) Ii(u) = / (1—/iu2)|Vu\2dﬂz+/ V(z)u? dx—/ |ulP do— — u? dx.
2 RN 2 RN D JrN 2% RN

From the variational point of view, the first difficulty that we have to deal with is to find
some proper Sobolev space since (2.1]) is not well defined in H'(R") for N > 3 and « # 0.
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Besides, another difficulty is how to guarantee the positiveness of the principal part, i.e.,
1 —ku? > 0.

In order to solve these difficulties, we first establish a nontrivial solution for a mod-
ified quasilinear Schrédinger equation. Precisely, we consider the existence of nontrivial

solutions for the following quasilinear Schrodinger equation
(22)  —div(¢g*(u)Vu) + g(u)g' (w)|Vul* + V(2)u = [ulPu+ [u* Pu, xeRY,
where g(t): [0,4+00) — R is given by

V1 — kt? if 0 <t <4/1/(2K),
A R i V1/2R) <t

Setting g(t) = g(—t) for all t < 0, it follows that g € C'(R,(v/2/4,1]), g is an even
function, increases in (—oo, 0) and decreases in [0, +0c). Clearly, if 0 < u(x) < \/1/(2k),
x € RN, then equation turns into . So, our goal is to prove the existence of a
nontrivial solution u of satisfying sup,cpn [u(z)| < /1/(2k).

Now, we note that is the Euler-Lagrange equation associated to the natural

energy functional

1 1 1 1 .
Ii(u) = 2/RN g*(u)|Vul* dz + B /RN V(z)|u?*dr — p/RN |ulP do — o /RN u? dax.

In what follows, we set

g(t) =

Glt) = /0 o(s) ds

and we observe that inverse function G~!(#) exists and it is an odd function. Moreover,
it is very important to observe that G,G~! € C%(R).
By simple calculations, we get the following important properties involving functions

g and G~! which will be used later on.
Lemma 2.1. (1) limy0G71(t)/t = 1;
(2) limy_y0o GTL(t)/t = 2V/2;
(3) 1 <G Ht)/t <2V2 for all t € R;
(4) —1< ﬁg’(t) <0 for allt € R;
(5) t/G7L(t) > g(G7L(t)) for all t € R.

Proof. Tt follows from the definition of g(t) that

G 1 1
M T g0
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and 11
IO NN IR
Jon = = Jim ey = 2V2

Thus (1) and (2) is proved. Since g(t) is decreasing in |t|, we have
G(t)>tg(t) >0, t>0 and G(t) <tg(t) <0, t<O0,

which implies (5). Moreover, we have

d [G—l(t)] =Gt )g(GTH1)) J =0 ift >0,
e |t ] g(GTH))e? <0 ift<0.

Combining (1) and (2), we get (3). Finally, we prove (4). We only consider ¢ > 0 since
the case t < 0 can be proved in a similar way. The second inequality in (4) is clear. For
0 <t < +/1/(2k), direct calculations show

t K
2.3 —g'(t) = — > -1
(2.9 0 =2 L
while for ¢t > /1/(2k), we have
t 2
2.4 — dt)=—-—— > _
(2:4) g(t)g() 1+ 2682 =
Item (4) is an immediate consequence of (2.3) and ([2.4]). O

Lemma 2.2. Fort > 0, we have

’ _<4G <t>>

(2.5) < (V)21 (24 m)2* <4+7r>2*_1+ . (\/§>2 1 iﬁ*_l

8 42 4 2 V&
— EtQ*—l
vE
where C' > 0 is independent of k.
Proof. For s = > /1/(2k), t > 0, we have
l/(?ﬁ 1 )
G(s) = \/l—nt2dt+/ —I—\[ dt
0 V1R | 4V2kt2
V2 1 2+

—S— + .
4 4\/51-@5 8\/E
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By mean value theorem, there exists 0 < 6§ < 1 such that

G(s)* — (\fs>2* _ o ‘fs+9 (28:% - 4\/15“)] [28% - 4\/15/13]

*

2*—1
<(2+7r)2* £8+2+7T_ 1
- 8k 4 8VKk  4V2ks
< (24 m)2* (4+7r>2*_1 ey
- 8k 44/2

Thus, from Lemma [2.1)(3), we have

(2.6) 2 (ﬁG—l(t)>2* < 2rm2r v (4+ ”)2*_1152*_1_

4 8k 44/2
On the other hand, for G=1(¢) < \/1/(2k), t > 0, from Lemma (3), we have

2 2
’fT(fG‘l(t)) < 1(?) =G0

V2K
(2.7) - s -
2 x 1 x
< |1- |2 2V/2)2 L — 2L
o (2) o
Combining (2.6) and (2.7)), we get ([2.5]). O

Now, we introduce the following change variable

v=Gu) = /Ou g(s) ds.

We observe that functional I; can be written in the following way

Tu(v) = ;/RN ]Vv]2dx+;/RN V()| G (v)2 da
—1 —1,pr_l L) [* dx
e erde =g [ 16 d.
From Lemma 2.1} J; is well defined in H'(RY), J, € C*(H'(RY),R) and
(2.8)
(S (v), )

 Tovves v G0 160601606, )
= [ [Fve v e e ey ¢

for all v, € HY(RYN).
Therefore, in order to find a nontrivial solution of (2.2)), it suffices to study the existence

of nontrivial solutions of the following equation

Gl G PPET ) G WP )
gGI@) o(GTW) 9(G(v)) |

(2.9) —Av+V(z)
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3. Existence result of modified problem

In this section, we consider the existence of positive solutions of (2.9). From variational

methods, we will study the positive critical points of the following functional

1
Ji(v) = /]RN \Vo|? dx + B /]RN V(2)|G  (w) > dz

o LN
RN

. 5 |67 W) e
In order to avoid cumbersome notation, in the rest of this paper, we still denote Ji(v),
|G~ (v)|P and |G~ (v)|*" by JF(v), |G~ (v)T|P and |G~ (v) |, respectively. Therefore,
if v is a nontrivial solution of , by Strong maximum principle [9], v is positive.

By (V1) and (V2), the norm
1/2

ol = | [ (70 + Via)e?)da

is equivalent to the usual norm in H*(RY).

Now, we establish the geometric hypotheses of the Mountain Pass Theorem for Jj.

Lemma 3.1. For 2 < p < 2*, there exist po,ap > 0, such that J.(v) > ag for ||v] = po.
Moreover, there exists e € H'(RN) such that J.(e) < 0.

Proof. By Lemma [2.13) and Sobolev embedding,

1 1 1
Jew) >} / Vo2 + V()G ()] do — - / G ()P d —
2 RN p RN 2* RN
> 1/ w2dm+1/ V(:c)]v\zdx—C/ \vpdx—C/ w2 da
2 ]RN 2 ]RN RN ]RN

1 .
= S lloll* = Cllol” = Clol*".

G7Hw)]* da

Thereby, by choosing pg small, we get
1 .
ap = 503 —Cpfy—Cp >0,
and so,
Je(v) > ag for ||v]| = po.
In order to prove the existence of e € H'(RY) such that J.(e) < 0, we fix ¢ €
C&° (RN [0, 1]) with supp ¢ C B1(0) and show that J,(tp) — —oc as t — oo, because the

result follows by taking e = ty with ¢ large enough. By Lemma (3),
Tu(tp) < CF / (Vo2 + V(2)p?) do — Ot | P da,
RN RN

Since p > 2, it follows that Ji(tp) — —oo as t — oc. O
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Now, in view of Lemma [3.I} applying a version of Mountain Pass Theorem without
(PS). condition due to Ambrosetti-Rabinowitz [20], it follows that there exists a (PS). se-
quence {v,} € HY(RY), i.e., a sequence such that J,(v,) — ¢, and J.(v,) — 0, where c,

is the Mountain Pass level of J characterized by

(3’1) ¢ = inf sup JH(V(t))a
el ¢ef0,1]

where T = {y € C([0, 1], HX(RY)) : 4(0) = 0, Ju(7(1)) < 0,7(1) # 0}.

Lemma 3.2. There exists k > 0 such that for k € (0,&], the minimaz level ¢, in (3.1))

N
Cr < i <\/§> SJV/Q7

satisfies

N\ 4

where S is the best constant for the embedding DV(RN) — L2 (RN).

Proof. Tt suffices to show that there exists vg € H'(RY) \ {0} such that

N
1 (V2 N/2
max Ji(tvg) < N <4> S

We follow the strategy used in [4]. First, we choose a cut-off function p € C§°(RY,[0,1])
such that ¢ = 1 on B1(0) and ¢ = 0 on RY \ By(0) and 0 < ¢(z) < 1 on By(0). Let
V() = o(x)wy(x), where

B [N(N—Q)Kz](N_z)/4
k= (,{2+ |x|2)(N72)/2

It is known that w, satisfies the equation —Awu = v ~1 in RV and

(3.2) / |Vw,|? da :/ w? = sN2, / |Vw,|? da S/ w?’,
RN RN B1(0) B1(0)

(3.3) / |Vw,|* = O(kV72) as k — 0.
RN\ B (0)

Thus, if we define the function vy (x) = ¥, /|Yk|2+, then, by (3.2) and (3.3), as k — 0, we
have

/ Voe2dz =S+ O0(kN72), |vu2zt =0V =2/2), ifN>3
RN

and
O(k) if N =3,
(3.4) lvel3 = { O(k?|logk|) if N = 4,
O(k?) if N >5.
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In view of Lemma we also have lim;_, 4 o Ji(tv,) = —oo and there exists t,, > 0 such
that Ji(txvs) = maxyso Je(tv,). We claim that there exist positive constants to,t1 > 0
such that tg < ¢, < t7 for some kg > 0 with 0 < Kk < kg. First, we prove that ¢, is bounded
from below by a positive constant. Otherwise, we could find a sequence k,, — 0 such that
ts, — 0. Up to a subsequence (still denote by k), we have ¢, v., — 0. Therefore,
0 < ¢ < supgsg Julte,Vs,) — 0, which is a contradiction. On the other hand, from
Lemma [2.1)(3), we have

Cr < Jﬂ(tﬁvﬂ)
1 1 1 .
< ti/ ]VU,JZ dx + / V($)|G71(t,{v,ﬁ)|2 dr — |G’71(t,.€v,$)|2 dz
27/ By(0) 2 JBs(0) 2% JBs(0)
1 1

< ti/ Vv, |? do + 4Vooti/ v |? da — —*ti* / lue|? dz
27 /By 0) B (0) 2 Ba(0)

1 5
< CE o — 12

R

< Ct [S* + O(r)] — %ti*

which implies the claim for 0 < k < Kyg.

Now, we have

1

Ji(trvg) < ti/ |V, |? da + 4thi/ v |? d
(3.5) 27 Jbs(0) B:(0)

’ ]. * * 1 1 * *
+C—t2 1/ v >t dx — tﬁ/ |vk|P do — —*(2\/5)2 2,

vk B3(0) P " JBy0) 2

Let A = [pn [Vug|?dz and B = (2v/2)?", considering the function &: [0, +00) — R given
by

t)=-t"A— —Bt

we have tg = (AB~1)1/(2"=2) is the maximum point of £ and

N
£(to) = % (f) AN,

Thus, from (3.5) and recalling ¢ty < ¢, < t1, we deduce that
N
1 2
Tultuvn) < &7 ([) S+ 0N 2] 4 Clog2 + ©

1

N

vk

S C/ |vk|?P dx.
By (0)

Therefore, by using the following inequality:

(a+b)" <a"+7r(a+b) "t foranya,b>0,r>1,
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we have

1 (V2 N 1
(3.6) Ju(tevs) < (4) SN2 4 Clug 3+ C—=|vs,

2*—1 N-2
< . —C/ v P de+O(k )
\/E 2% —1 BQ(O)‘ ‘ ( )

For |z| <k and 0 < k < Ky < 2, we have
/ |vg|P dx > / |vg|P dox > CrG-Np/24N
By (0) B (0)
Therefore, from (3.6, we get

3*:} — CG-NP/2AN | O(kN72).

< — | — N/2 2 L
Tnltnvn) € 7 ( 4 ) S +C\vn\2+0\/§|uﬁ
Let

B(k) = C\U,ﬂ’% + CrWN=3/2 _ 0x2-Np/2+N | O(RNfQ)'

We will prove our result if we show that B(k) < 0 for small k. In fact, by (3.4), if N >4
and p > max{(N + 3)/(N — 2),2}, the result follows. O

Lemma 3.3. The (PS)., sequence is bounded in E.

K

Proof. Let {v,} be a (PS),., sequence, that is,

K

I =5 [ 190+ V@IG @] da = [ 167 )P do
(3.7) _% . G (w2 dee
= ¢, +0(1)
and
! = v T 7G_1(Un) T
<Jn(v7’b)7w> /RN |:v nv"i/f‘i‘v( )g(G_l(vn))w d
(3.8) 16T )l ) G ) P26 )
L. 9(G (o) v
— o(1) ]
By Lemma [2.1(4), we have
L Sy G (0n)g (G ) [* 100 2 g
L IPE e = [ |+ e v 2
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Recalling |G~ (v,)g(G~ (vy))| < |vn|, it follows that G~ (v,)g(G 1 (v,)) € HY(RY). By
-1

choosing 1 = G~ (v,)g(G~!(v,)) as a test function in (3.8) and combining (3.7)), we get

pes +o(1) + o(1)|lvnll = pJu(vn) — (Ji(vn), G_l(vn)g(G_l(vn)»
P2 Gd (G w)] o
=[5 oGy |Vl
p—2

> 2 o2

The proof of the lemma is complete. O

Lemma 3.4. Let {v,} be a (PS).. sequence with ¢, < %(TQ)NSNM, then there is a
sequence {z,} C RN and R >0, 8> 0 such that

(3.9) / v2 dx > .
Br(zn)

Proof. Suppose by contradiction (3.9)) does not hold. Then by Lions compactness lemma
[13] it follows that

(3.10) /RN |op|Pdx = o(1), Vpe(2,27).

Thus, by Lemma [2.1|(3), we have

-1 o, p—2—1 U )Un
(3.11) /RN|G1(vn)pdw:o(1),/ G (W) P77G (vn) dx = o(1), Vp € (2,2%).

RN 9(G=1(vn))
Therefore, in view of Jy(vy,) = ¢, + o(1) and (3.11]), we have

1

G125 [ (Vul+V@IE @) dr = 5

|G~ (wp)|? da + cx + 0(1)
2 2 Jan

and from (J}(vn), vn) = o(1)|vn|, (3-II) and Lemma [2.1(3) and (5), it follows that

2 G_l(vn)”n = ‘G_l(vn)|2*_2G_l(vn)Un 4o
@y [ [+ v Zele s ae e [ S de o)

We claim that

G_l(vn)vn 1Yo 2| de = o
(314) L v [Sat — 16 | do o)

In fact, by Lemma [2.1(1), for any € > 0, there exists § > 0, such that for |v,(z)| < d, Vn,
there holds

2

(3.15) < evl.

-1 Un )Un, _
‘G ( ) . ’G 1(Un)|2

9(G~1(va))
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On the other hand, by Lemma [2.13), for |v,(z)| > 4, Vn, we have

(3.16) — G (vn)?

1
‘ G~ (vn)on < C|Un|2 leq052_p|vn|p'

9(G=1(vn))
Combining (3.10), (3.15) and (3.16)), recalling V' (z) is bounded, we get (3.14]).

Next, we prove

(3.17) /R i ) — VD ] dz = o(1),
|G_1(Un)|2*_2G_1(Un)Un - 210 12| de = o
(3.18) /RN[ ] (2v2)% [vn] }d — o(1).

This is a consequence of (3.10) and Lemma (2)
Let ¢ > 0 be such that

/RN [ywny? + V(x)M]

Then, from (3.13)), (3.17) and (3.18]), we have

[ P e,
= L ey o

_/ |G_1(vn)\2*d:n+o(1)_(2\@)2*/ lun|?” dx + o(1).
RN RN

(3.19)

Moreover, by (3.19)), we get £ > 0 otherwise we have v, T0 in H'(R") which contradicts
¢ > 0.

From Jy(v,) = ¢ + 0(1), (3.12)), (3.14) and (3.19), we have
1 1
3.20 w = =0 — —L.
(8.20) Tt Ty

By the definition of S, we have

G op)v x 2/
3.21 / [an2+Vxn n]dl‘ZS(/ 11721 dx) .
(321 e [V VO e ) "
Taking the limit in (3.21]), we get

(3.22) ‘> ésﬂ/?*.

Finally, combining (3.20) and (3.22)), it follows that

N
> — | — /2
c"—N(4> 5

which contradicts Lemma [3.2 O



Existence of Solutions to Quasilinear Schrodinger Equations Involving Critical Sobolev Exponent 413

By Lemma [3.3] up to subsequence, we may assume that there is v, € F such that
vp — v, in B, v, — v, in LIOC(RN) and v, — v, a.e. in RY. We now show that
(J.(vs),%) = 0 for any ¢ € C§°(RY), i.e., vy, is a critical point of J,. In fact, we have

<J//§(vn)7 ¢> - <JI‘/€(UF€)7 w>

_ v v - . G~ (vn) o G~ (vy) "
= o Vo)V UV ){gwlwn)) g(Gl(vﬁ»Md
[ PG ) O PO )]
/RN[ 9(G1(on) 4(GT(on) Wd
e 0 w16 ) PG )]
/R[ 9(GT(0,)) 9(G () Md‘

Since v, — v, in E, v, — v, in L:fOC(RN) and v, — v, a.e. in RV, it follows that v, — v,
a.e. on O := supp ¢ and there exists w, € LP(O) such that for any n, |v,(z)| < |wy(z)]

a.e. on 0. Consequently, as n — 0o, we get

G~ (vn) G~ (vr) a.e. on O;

(3:23) 0G0 | g(C )y MG
G P26 ) G P2 )
(3:24) PRI T () B
L i U B A O (S R
(3.25) oG o)) e@ w0 Mem@

Furthermore, by Lemma [2.1|(3)

(3.26) 'v<@M¢‘ < Vielonllt] < Vaclwall],  ae. on O;
2
(3.27) "G (;'i(vfj))< )w\ < Cloal "l < Clup 1 [P 1], ace. on O;
2% -2
(3.28) ]’G AT by < ClunP ol < Clug P el s on 0,

Now, combining (3.23)—(3.28]), the Lebesgue Dominated Convergence Theorem and the
— (JL(vg), %) as n — oo.
Since J/.(v,) — 0 as n — oo, we conclude that J.(v;) = 0. If v, # 0, then v, is a

weak convergence v, — v, in H'(RY), we have (J.(v,),v)

nontrivial critical point. Thus, we assume that v, = 0. First, we show that {v,} is also a

(PS) sequence for the functional Jy o : H'(RY) — R:

1
Jn,oo(vn) =

1

2* RN

1

/ (|an|2+VOO|G_1(vn)|2)dx—/ |G_1(vn)|pd:n
2 RN RN

p

G~ (v,)|* da.
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It suffices to show

(3.29) lim [V (x) = Voo |G () |2 dz = 0.

n—oo RN

In fact, from (V1), for any € > 0, there exists R > 0 such that for |z| > R, it follows that
|V (x) — Vao| < €. Thus,

(3.30) ‘ / V() = Val|G—(0n) 2 da| < & / G (o) 2 da < Ce.
|z|>R RN
On the other hand, since v, — 0 in L2 _(RY),
(3.31) ‘/ [V (z) — Vo] |G (wp)|? dz| < 20|Vy| lvp|2dz — 0, n— oco.
|z|<R lz|<R

Combining (3.30) and (3.31)), we get (3.29)).

By Lemma {v,} does not vanish and there exist 8, R > 0, and {z,} C RY such
that

(3.32) lim v2dx > B> 0.

n—oo BR(Zn)
Define vy, (z) = vp(x + 2y). Since {v,} is a (PS) sequence for Ji o, {Up} is a (PS) sequence
for Jy oo Arguing as in the case of {v,} we get that v, — v, in H'(RY) with J} (0x) = 0.
From (3.32), we have v, # 0. The last limits together with the lower semicontinuity of

convex functional and Fatou’s Lemma lead to

2ec = lim [2Jy 00(Tn) — <Jg,oo(’6n>, G (@a)g(G™H(Tn)))]

n—oo
15 N\ (=1 (7
n—oo Jgv  g(G- <vn>>
_27P gy e '@ )\de—2 *2 lim G (@,)* da
P n—oo n—oo RN
(3.33) / G—1<vn)g (GY @) o~ 2

> — — V. |° dx
27 o gleG)

e G | / G @) de
= 2J,00 (V) = (J1: 0 (Ux), G (00) g(G 1 (Tw)))
= 2Jy 00 (Vs),

that is, Ju 00(Vx) < ¢x. It follows the argument used in [11], we get a path ~(t): [0, L] —
H'(RY) such that

Jnoo t)) = Jnoo Nn .
o Jr, (7(t)) = Ji00(Vx)
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In fact, we define

~ Up(z/t) ift >0,
Upt(2) =
0 if t = 0.

Then,

/ yvm,t\2dx:tN—2/ V5|2 da, / yG—l(aﬁ,t)dem:tN/ G- (52 da,
RN RN RN RN

and

[LieGrar = [ 6 Gopdn, [ 167 P = [ 167 @0
RN RN RN RN

Since J}, o (0x) = 0, elliptic regularity implies that v, € C?(RY). Hence, by

d

] )

t=1

it follows that

2N / |VU,€|2d:E—/ “L@e)|? dz

1 .
+ / G (@) P dx + — |G*1(i7,.;)\2 dz.
D JRN 2%

Setting v(t)(z) = vk t(x), we see that

Jie00((t))
tN*Q
= / |V, |? dx
2 RN
N| Ve “1/~ |2 1 1 1~y (2
-t | —— |G~ (Vg)|* dx + — |G~ (UH)|pdx—|—— |G~ (vg)|” dx| .
2 RN D JrRN 2% RN

Thus v € C([0,00), HY(RY)) and

& eelr(0)

N -2 ~
= tN_3/ |V, |? doe
2 RN

[eS) —1/~ 1 (7 1 (v i
— NtV [—V/ |G I(Un)|2d$+/ G 1(Un)|pda:+/ G~ (@) [ da
2 RN P JrN RN

2*
N -2 ~
= V31— t2)/ |VT,|? d.
2 RN

So, & J so(7(t)) > 0 for t € (0,1) and 24.J, (y(t)) < 0 for ¢ > 1. Thus for sufficiently
large L > 1, we get the desired path. Define the set

T = {7y € C([0,1], H'(R")) : 7(0) = 0,7(1) # 0, Joo(3(1)) < O}.
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After a suitable scale change in ¢, we can assume 7(t) € I'w.

Thereby, since V' (z) is continuous, by (V2), and since v € I's, C T', we have

cx < max J(y(t)) == Ju(v(t)) < JH,OO('Y@)) < max JH,OO('Y(t)) = Jﬁ,%(5N) < Cks
te[0,1] t€[0,1]

which is a contradiction. This way, v, is a nontrivial critical point for J,. Moreover,
repeating the same type of arguments explored in (3.33)), we have that J,(v) < ¢.

4. L estimate of the solution

In the following, we will prove an L estimate dependent of x > 0. To this end, first we

need to give an uniform boundedness of the Sobolev norm independent on & > 0 for vy.

Lemma 4.1. The solution v, satisfies

N

2p V2

loal® < 55 | ] S
Np-2)\ 4

Proof. Using the hypothesis that v is a critical point of Jj,

pe = pJi(ve) — (JL(vs), G ) g (G (vi)))
> H/ Vorl2dz + P22 [ V)G )R de,
2 ]RN 2 ]RN

from which it follows that,
2pcy

Jowl® < 25

By Lemma [3.2] we get

N
2p V2
2 N/2
< ——|—] SV- O
JvelI” < N(p—2) ( 4 )

Proposition 4.2. There exists a constant Cy > 0 independent of k, such that ||vg|leo < Co.

Proof. In what follows, we denote v,; by v. For each m € N and 8 > 1, let A,, = {z €
RV : [v]f~! <m} and B,, = RV \ A4,,. Define

vo]2B=D in A,

m?v in B,,.

Note that v, € H'(RN), v,, < |[v]*2~1 and

(26 — D)|PB-DVy in A,

VU, =
m2Vu in B,,.
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Using vy, as a test function in ([2.8)), we deduce that
G (v) ]
VoVu, + V() ————<vm | dx
L. { @) ey
_/ G W)P?G (v) + G ()7 26 (v)
RN 9(G=1(v))

(4.1)

Uy, AT

By (4.1)),

(4.2) VoV, de = (28 — 1)/ []2B=1 V0% dz + m2/ |Vo|? da.
RN m Bm
Let
v~ in Ay,
Wy, =
mu in B,,.
Then w2, = vv, < |[v|?# and
F=IVv  in Ay,
Vo, — Blv| v in
mVuv in B,,.
Hence,
(4.3) / V|2 d = 52/ 2BV o|? da + mQ/ Vol da.
RN Am Bm
Then, from (4.2)) and ( .,
(4.4) / (V]2 — VoVop) dz = (8 — 1)2/ w26V o 2 da
RN

m

Combining (1), (&2) and (@4), since 8 > 1, we have
/RN |Vw,|? dz < [(gﬂ__lf + 1] . VoV, dr
< p? /R N [wwm + V(x)mvm} da
_ g /RN IGl(v)!”Gl;() + !(G))l(v) G (v)

<CB [ (o~ + o Dol da.

U, dT

Now, by Morse iteration and by arguments similar to [3], the result follows.

417

O

Proof of Theorem 1.1} Combining the arguments in Section [3] and Proposition the
solution v, obtained in Section |3[satisfies ||v.||c < Co. Choosing & = min {1/(16C3),%},

it follows that

1G (W) oo < 2V2||vnlloe < /1/(26), V& € (0,

From this, u = G~!(v,) is a classical solution of (I.1)).
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