TAIWANESE JOURNAL OF MATHEMATICS
Vol. xx, No. x, pp. [[H2T} xx 20xx
DOI: 10.11650/tjm/231203

Blow-up and Decay for a Pseudo-parabolic Equation with Nonstandard
Growth Conditions

Quach Van Chuong, Le Cong Nhan* and Le Xuan Truong

Abstract. This paper deals with a pseudo-parabolic equation involving variable ex-
ponents under homogeneous Dirichlet boundary value condition. The authors first
develop the potential well method to prove a threshold result on the existence or
nonexistence of global solutions to the equation when the initial energy is less than
the mountain pass level d. In the case of high energy initial data, a new characteri-
zation for the nonexistence of global solution is also given. These results extend and

improve some recent results obtained by Di et al. [9].

1. Introduction
In this paper, we consider the following initial-boundary value problem:

uy — Ay — div(|Vau|™ @) =2V0) = |[ulP®—2u, (2,t) € Qr,
(1.1) u(z,t) =0, (z,t) € I'p,

u(z,0) = up(x), x €,

where Q@ C R¥ is a bounded domain with smooth boundary 9 and Qr := Q x [0, 7],
Iy :=0Q x[0,T]. It will also be assumed throughout this paper that the exponents m(x)

and p(r) are two continuous functions on €2 such that

(1.2) 2<m” <m(z) <mT <p <px) <pt < oo,
(1.3) essinf(m*(z) — p(z)) > 0,
€
where m™ = essinf,cqom(z), m™ = esssup,cqm(z), p~,p" are similarly defined, and

% if m(z) < N,

00 if m(z) > N.

m*(z) :=

Received August 27, 2022; Accepted December 7, 2023.

Communicated by Frangois Hamel.

2020 Mathematics Subject Classification. 35A01, 35B44, 35K70.

Key words and phrases. pseudo-parabolic equation, global existence, blow-up, decay, variable exponent.
*Corresponding author.



2 Quach Van Chuong, Le Cong Nhan and Le Xuan Truong

In addition m(z) satisfies the logarithmic module of continuity:

C

(1.4) Im(x) —m(y)| < —m

forall z,y € Q, |x —y| <6,
where C > 0,0 <6 < 1.

Equations of type with one time derivative appearing in the highest order term are
called pseudo-parabolic or Sobolev equations, and can be used to describe many important
physical phenomena such as flows of fluids through fissured rock [5], thermodynamics [36],
the unidirectional propagation of nonlinear, dispersive, long waves [6], the aggregation of
populations [25], semiconductors in physics [3,16,[17]. In mathematics, the study of this
type of equations originated from the work of Ting and Showalter |34,35]. Subsequently,
nonlinear pseudo-parabolic equations have been investigated by many authors, see [2}/7,
12}15-19,22,[27,33},39] and references therein.

Recently the equations with nonlinearities of variable exponent type, also referred as
equations with nonstandard growth conditions, have been studied extensively because
of its applications in various physical phenomena such as the flows of electrorheological
fluids, processes of filtration through a porous media and image processing and so on,
see [1,4810,/13,28.[30,31] and the further references therein.

Regarding the global existence and nonexistence results of , in [37] Xu and Su
studied a special case of (when m(z) = 2 and p(z) = p). The authors proved
global existence, non-existence, and asymptotic behavior of solutions with initial energy
J(up) < d by using potential well method and obtained finite-time blow-up with high
initial energy by the comparison principle. Then Luo |24] obtained an upper bound and a
lower bound of the blow-up time and exponential decay under some appropriate conditions.
This problem was studied by Qu et al. [29] for the more general case (when m(z) = 2
and p(z) instead of p), in which the authors established a sharp threshold result on global
existence or blow-up of solution by using the modified potential well method with initial
energy J(up) < d. The case of high initial energy was concerned.

When both m(z) and p(z) are functions, Di et al. [9] showed that the solutions to
fail to exist globally when the initial energy is non-positive and gave an upper bound
for the maximal existence time. Later, Liao [20] obtained the non-global existence of
solutions when the initial energy J(ug) is positive. And then Liao et al. |21] proved the
decay estimates due to a key integral inequality. In a recent result, Zhu et al. [38] obtained
the global existence and blow-up results of solutions in case J(ug) > d.

Inspired by these papers, we develop the potential well method due to Payne and
Sattinger [26,32] to treat the problem . Note that our method is technically different
from in [9,20,21], in which the authors obtained the results on existence and non-existence

of solution under initial energy is non-positive or positive with assuming its smallness. The
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main advantage of our method is to obtain a sharp result on the existence or nonexistence
of global solutions in case J(ug) < d. The main difficulty here is the presence of variable
exponents that causes the lack of homogeneous properties, the gap between the norm and
the integral in variable exponent spaces, and hence it requires more delicate technique
to overcome these difficulties, for example see Lemmas [2.3] and [2.4] for constructing the
potential well, the proofs of Theorems and In case J(up) > d, we give a new
characterization for the nonexistence of global solutions, see Theorem It is also
noticed that the authors [38] only stated a such result for the special case m(z) = m,
see Proposition 2.2 in [38]. We also show the asymptotic behavior of global solution, see
Theorem [3.70

The rest of this paper is organized as follows: In Section [2] we recall some facts about
the function spaces of Orlicz—Sobolev type and construct the stable and unstable sets;
Section [3] states our main results and the rest of the paper is devoted to the proofs of main
results.

Notations. Let ||- ||, denote the usual norm of the space L4(2) for 1 < ¢ < co. More-
over, {-,-) denote the usual inner product of the Lebesgue space L?(2) and <U’U>H(} =
(u,v) + (Vu, Vo) for u,v € H}(Q). We also denote the norm of HJ () by | - ||H3, that is,
Jull gy = V[ul3 + [[Vul3. Finally, constants are denoted generically by C' although they

can change in line or line by line.

2. Preliminaries

2.1. Functional spaces

In this section, we introduce some definitions and basic results on Lebesgue and Sobolev
spaces with variable exponents (see [11},/14] and references therein), which will be used in
the next sections.

Let m: Q — [1,00) be a measurable function, where Q is a domain of RY. The

Lebesgue space with a variable exponent m(-) is defined by
L"0(Q) = {u: Q0 — R is measurable, p,,.y(u) := / lu(z)|™®) dz < oo} ,
Q
which is equipped with the Luxemburg-type norm

[E——; {)\ >0 o, (;) < 1}

is a Banach space. We call it a generalized Lebesgue space.

We next define variable exponent Sobolev spaces W™()(Q) as follows:

whmO(Q) = {u e L™(Q) : |[Vu| € L™ (Q)},
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endowed with the norm
ullyrmer @) = Ntllmey + [ Vullme)-

The space Wol’m(')(Q) is defined as the closure of C§°(Q) in W1™)(Q).
Proposition 2.1. |[11] For any u € Lm(')(Q). Then the following inequality holds

: m” mt m~ mt

min { a7l § < o) < ma {Jlullic. ullzng, } -

Proposition 2.2. |[11},/14] Let p,m: Q — [1,00) be measurable functions. Then we have

(i) If Q is bounded and m(z) < p(x) for a.e. x € Q, then LPO)(Q) — L™)(Q) and the
embedding is continuous.

(ii) If m € C(Q) satisfies (L.3) then the Sobolev imbedding I/VO1 m()(Q) — LPO(Q) is
continuous and compact.

(i) If Q is bounded and m satisfies (L.4)), then the m(-)-Poincaré inequality
[ellmey < ClIVUllm

holds for all u € VV1 m( )(Q) Here C' is a positive constant depending only on m and
Q.

By Proposition (iii), the space Wol’m(')(ﬂ) also has a norm || Vu|,,(.), which is equiv-

alent to [[ullyy1,me) (). So we can use this norm to replace [[u|yy1,m()(q) in the next sections.

2.2. Stationary state and potential well

Consider the stationary solutions of (|1.1) which solve the problem

— div(|Vu|™®)=2Vy) = [u[P®~2y  in Q,
u(z) =0 on 012,

(2.1)

where m and p satisfy (1.2)—(1.4). Define the energy functional J and the Nehari functional
I by

J(u)—/ Tyvu|m ﬂf)dx—/ (1)| W@ da,

/\Vu|mm daz—/ lulP®) da.
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Then J and I are of class C! over I/VO1 ’m(')(Q) and critical points of J are weak solutions
of (2.1). Moreover, it is easily seen that

(2.2) J(u) > <n;+ - pl_> /Q |Vu|™®) dg: 4 pl_I(u),
(2.3) T(u) < <W} - pﬂ) /Q V™ dz + pil(u).

Let u € Wol’m(')(ﬂ) \ {0} and consider the fibering map s +— j(s) := J(su) for s > 0,

e e
j(s :/ Vum(x)dx—/up(‘r)d:c.
O o m@ o o "

We then have the following lemma.

Lemma 2.3. Let m, p satisfy (1.2)—(L.4]), and u € Wol’m(')(ﬂ) \ {0}. Then

(i) limg o+ j(s) = 0 and lim_qg j(s) = —00.

(ii) There ezists a unique s* = s*(u) > 0 such that I(su) > 0 for s € (0,s*), I(s*u) =0
and I(su) < 0 for s € (s*,00). In addition, we have that j(s) is strictly increasing

on (0,s%), strictly decreasing on (s*,00), and attains the maximum at s = s*.

Proof. (i) Elementary calculations imply that
+ - 1 . + 1
i(s) < max {s™", 5™ / @) dg — min {5 / WP d
{ } o m(z) { ) o p()
and
j(s) > min {sm+,sm}/
Q

Since m™ < p~ and u # 0, we obtain (i).

1
m(z)

- 1
Vu|™%) dz — max sp+,sp /up(@ dx.
vl R A e

(ii) It is also noticed that j(s) > 0 for small s > 0 and j is continuous on [0, 00) and
differentiable on (0, co). Combining this facts and (i), we imply that j attains its maximum
value at some number s* := s*(u) > 0. By Fermat’s theorem, one has j'(s*) = 0. On the

other hand, since I(su) = sj'(s), we obtain I(s*u) = 0. Then for any s > 0, we have

S

I(su) = I(su) — (s)"ﬁ I(s*u)
=[G =G e
()7 =) e

Since m(z) < m* < p(z) for a.e. z € Q, we derive that I(su) > 0 for s € (0,s%),
I(s*u) = 0 and I(su) < 0 for s € (s*,00). Hence j(s) is strictly increasing on (0, s*),
strictly decreasing on (s*,00), and attains the maximum at s = s* due to the relation

4'(s) = 1I(su). The proof is complete. O

s
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Let us define the so-called mountain pass level

d= inf sup J(su).
ueW, ™ (@)\{0} 5>0

We also define the Nehari manifold defined by
N = {uewy™ @)\ {0} : I(u) = 0}.
The next lemma gives the variational characterization of d.

Lemma 2.4. Let m, p satisfy (1.2)—(1.4). Then there exists non-negative function us € N
such that
d =min J(u) = J(us) > 0.

ueN

Proof. We first prove that d = inf,cpr J(u). By Lemma we can rewrite the mountain
pass level d as follows
d= inf J(s*u),
ueWy ™ ()\{0}
which implies that d > inf,cp J(u) since s*u € N. For any u € N/, by using Lemma
again, we have s* = 1 and so d = inf < infyen J(u). Hence d =
infuen J(u).
We next show that d > 0. Indeed, let u € N. If [ Vu|/;y < 1, then

wewmO @ o 7 (W)

mt m(x x - +
IVallzy < [ 190 o= [l do < ma {ull Jul

- - + + - ot -
< max {Sg(.) ”qupm(.)a Sg(.) HVUHPm(.)} < max {Sg(.)v Sg(.)}HVUan(.),

which implies that [[Vul],,.) > (1/6)/®"=m") where § := max {Sg(_.), S’;’Z)} and Sp) >0

is the optimal constant in the embedding Wol’m(')(Q) — LP0)(Q). Hence, for any u € N,

one has

1\ /7 =m*)
(2.4) [Vl () = min (5) ;15 >0.

On the other hand, we also deduce from v € N and (2.2)) that

1 1 . m m-
(2.5) J(u) > < - p‘> min {||VuHm(+), ||Vu|]m(.)}.

m

Combining (2.4)) and ([2.5) we obtain d > 0.

We finally prove that d is actually attained by some non-negative function u € N.

Indeed, let {u;} C A be a minimizing sequence for .J such that

(2.6) J(ug) = d as k — oc.
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Note that |uy| € Wo™(Q) thanks to u, € W™ (), I(jug|) = I(ux) and J(|ug|) =
J(ug), so we may assume that u; > 0 a.e. in  for all £ € N. From , and the
compactness of the embedding I/V1 m( )(Q) — LP0)(Q) due to (1.3), we can find a function
uy and a sub-sequence of {uy}, still denote by {uy}, so that

(2.7) up — uy  weakly in Wol’m(')(Q),
(2.8) uy — u,  strongly in LP()(Q) and a.e. in €.

Then u, > 0 a.e. in Q. We next show that u, € N. Since u; € N, then

/\Vuk\m(x)dx:/\uk\p(x)dx
Q Q

which, together with (2.4) and (2.8]), implies that u, # 0. From (2.7, (2.8) and notice
that up, € N, we have I(u,) < liminfy_,o I(ug) = 0. Suppose that I(u.) < 0, then by
Lemma [2.3| there exists s* € (0,1) such that I(s*u,) = 0 which implies

1
d < J(s*uy) = J(sus) — — (s uy)
p

</< L |vu*|m(w)d$+/ (1_1) |uy |P®) da
o \m(z) p~ a\p~  p)

— J(u) — plI(u*).

—~

z)

(2.9)

On the other hand, since u; € N, it follows from and . that

1
= lim inf - —1
d imin [J(uk) pe (uk)]

1 1 1
= lim inf [/ ( _) V™) da _|_/ < - ) | [P dx]
k=00 (x) p a\p~  p)
2/ ( )|vu*‘m(w dx+/ <1 _1> |u*‘p(x) dz
P a\p~  p)

= J(uy) — p—_[(u*),

[~

which contradicts (2.9)). Hence we get u, # 0 and I(u) = 0, and therefore u, € N'. From
this and the above estimate, we obtain d > J(u,). On the other hand, d < J(u,) since
ux € N. So d = J(us). The proof is complete. ]

We now define the so-called stable set VW (also known as potential well) and unstable

set U as follows:
W = {ueWy™(Q): I(u) >0, (u) < d} U{0},
— {uewy™(Q): I(u) < 0,J(u) < d}.
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We also define
Ny ={ue Wol’m(')(Q) :I(u) >0} and N_={uc Wol’m(')(Q) : I(u) < 0},
and the closed sub levels of J
TE={ueWy™Q): J(w) <k} and Ni:i=NNJ*£0 for k> d.
For k > d, we define

)\k:inf{HuHHé tu€Ng} and Ak:sup{HuHHé tu € Ny}

3. Main results

Before stating our main result, we recall here some known results and definitions.

Theorem 3.1. (see [9, Theorem 3.1]) Assume that (1.2)—(1.4) hold, then for any ug €
Wol’m(')(ﬂ), there exists a Ty € (0,T] such that the problem (L.1)) has a unique local solution

we L0, Ty Wo™(Q)),  we € L2(0, To; HA(Q))
satisfying
(3.1) (ug, v) + (Vug, Vo) 4+ (| Vu" @2V, Vo) = (julP® 2, v)

for allv € Wol’m(')(Q). In addition, u(t) := u(z,t) satisfies the following energy identity

d

(32) Sl = —21((®)
and

d 12
(3.3) 37 (u®) = =llw ()l

Remark 3.2. The existence of such solution was stated in [9] while the identity (3.2) is
obtained by replacing v in (3.1)) by w. In addition, by integrating the identity (3.3) with

respect to time variable from 0 to ¢t we obtain
¢
(3.4) /0 (7)1 dr + J(u(t) = J(uo), 0 <t <Th,

Definition 3.3 (Maximal existence time). Let u(t) be a weak solution to the prob-
lem (1.1)). We define the maximal existence time Tpax of u(t) as follows:

(i) If u(t) exists for 0 <t < oo, then Tipax = 0.
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(ii) If there exists o > 0 such that wu(t) exists for 0 < t < g, but does not exist at to,
then Thax = to.

We then introduce the sets

G={u€e Wol’m(')(Q) : u(t) exists globally, i.e., Trax = 00},
Go={uo € G :u(t) = 0in Wol’m(')(ﬂ) ast — 0o},
B={uge Wol’m(')(Q) : u(t) blows up in finite time, i.e., Tiax < 00}.
We are now in a position to state our main results. Our first theorem shows that the

solution u(t) to (|1.1)) exists globally and its potential energy J(u(t)) decays when it begins
in the stable set W.

Theorem 3.4. Let (1.2)—(1.4) hold. If ug € W, then uy € Gy. Moreover, the energy

functional J(u(t)) satisfies the following decay estimates

—mt 2
(Ct+ (J(uo) + lluoll3) )5 if m* > 2,

J(u(t)) <
(7 (o) + [funl 3y )= if mt =2

for some positive constant C := C(m,p, up,d).
We next prove the instability of u(¢) that starts from the unstable sets U.

Theorem 3.5. Let (1.2)—(1.4) hold. If ug € U, then uy € B. Moreover, we can estimate

the upper bound for Tmax as follows
4™ — Dol
p(p~ = 2)%(d— J(u))

Remark 3.6. Theorems|[3.4)and 3.5 give us a sharp result on the existence and nonexistence
of global solution to (1.1)) when J(up) < d.

Tmax g

Let us introduce the set
S={¢e Wg’m(')(Q) : ¢ is a stationary solution of (L.I))}.
The next theorem shows the asymptotic behavior of the global solution of ([1.1)).

Theorem 3.7. Let (1.2))—(1.4) hold and u(t) be a global weak solution of the problem (1.1).
Then there exists a sequence {ty} with t,, — oo and a function ¢ € S such that u(t,) — ¢
strongly in Wol’m(')(Q) as n — oo.

Finally, we give a characterization on the data wy with arbitrary high energy J(ug)

that leads to blow-up in finite time phenomena.
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Theorem 3.8. Let (1.2)(1.4) hold. Then if J(up) > d and

200+ 1) [ mTp~ mt —2
J Q
e e )}

(3.5) o2y >
then ug € N_ N B. Here )\ is the first eigenvalue of the problem
Au+du=0 inQ,
u=20 on 0N.
4. Proof of Theorem

We begin this section by the boundedness of the stable set W.

Lemma 4.1. W is a bounded subset of Wol’m(')(Q). More precisely, one has

[Vl () < max {M#,Mm%}, VueWw,

ot
where M = 2274
p~—m*

Proof. Let u € W then by definition of W we have J(u) < d and I(u) > 0. Taking this
into account and notice that (2.2)), we have the following estimate

which implies

(@) (Ve = [ [V de <
Q
Hence, we obtain
1 L [ U
IVtlln(y < max {pr ) (Vu), oy (V) } < max {Mm=, M T }.
The proof is complete. O

The next lemma plays a crucial role in the proof of decay properties of the energy

functional.

Lemma 4.2. Let u(t) be a weak solution to (1.1)) on [0, Tmax) associated with the initial
data ug € W. Then u(t) € W for all t € [0, Tynax) and

p —

I(u(t) > |1— (J(§O)> a /Q\Vu(t)]m(x) dz, 0<t< Tax.




A Pseudo-parabolic Equation with the Nonstandard Growth 11

Proof. We first prove that u(t) € W on [0, Timax). Indeed, assume that u(t) exists in W at
the time t = tg € (0, Tinax) then we have

u(t) eW, 0<t<ty and u(ty) € IW.

This implies that J(u(tg)) = d or I(u(tp)) = 0 and u(ty) # 0. By we have J(u(tp)) <
J(up) < d, so it must be I(u(tp)) = 0 and u(tg) # 0. However this again leads to the
following contradiction

d= inf J(u) < J(u(ty)) < d.

ueN
Hence we get u(t) € W on [0, Tipax)-
By Lemma [2.3| there exists a constant s* = s*(u(t)) > 1 such that I(s*u(t)) = 0. Then

= I(s*u s ym* w(®)|™®) dg — (s*)P~ U (@) 4
0= Iu) < ()" [ IVuO @ do = 7 [ Jupd
= ((s")™" = () / V()™ da + (s*)P I(u(t)),
Q
which implies
(4.2) I(u(t)) > [1 = (s5)™ 7] / [Vu ()™ dz.
Q

We next find a precisely lower bound for s*. By variational characterization of d and the

definition of J, we have

d < J(s*u()) = J(s"u(t) — ——I(s*u(t)

Combining this fact, energy identity (3.4) and u(t) € W we obtain

o) = J(ult) 2 J(u(t) ~ I 2

which implies

(4.3) 5" > (J(i0)>pl+ > 1.

The proof follows from (4.2)) and (4.3)). O
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With the aid of Lemmas [£.T] and [£.2] we are now ready to prove the Theorem [3.4]

Proof of Theorem [3.4] Let u(t) be a weak solution of starting from ug € W. As in
the proof of Lemma[4.2| we have u(t) € W for all t € [0, Tnax). It follows from Lemma [4.1]
that u(t) is uniformly bounded in time in Wol’m(')(Q). Thus the weak solution u(t) to
exists globally, i.e., Thax = 00. So it remains to prove the decay property of energy

functional J(u(t)), we define the Lyapunov functional
L(t) = J(u(t)) + u®)l 7 -
Then by using the embedding Wol’m(')(Q) < H}(€2) for m™ > 2 and ([4.1)), one has
L(t) < J(u(t)) + C|[Vult) |5

< () + Cmax {7 (Vult). iy (Vo)

= J(u(t)) + C max {pﬁl(f)_”i’(Vu(t)), 1} pﬁ)(Vu(t))

(u(t)) + Cmax { M=, 1}p§;)(vu(t))
(u(t)) + CTn (u(t))

= (J175F (u(t) + C) T (u(t))

< CTw (u(t)).

|
—~

Here C := C(m,p,up) is a constant and J(u(t)) < J(up) is used for the last estimate. By

Lemma and , we obtain
(4.5) J(u(t)) < CI(u(t)),

where C' := C(d, m, p,ug) is a positive constant given by

)\

11 J(uo)\ 1
=(—-=)|1- —.
Gm) -CF) 7|

Combining (4.4) and (4.5)), we find that

+

L'(t) = —llue()l|Fy — 21 (u(t)) < =207 J(u(t)) < —CL™5 (1),

where C := C(d, m,p,ug). If m™ > 2, then

2-m™T 2

Hu(v) < £0) < (Ce+ L 07 = (€ (Tun) + uolfy) E )
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If m* =2, then
J(u(t)) < L(t) < L(0)e " = (J (uo) + |luo||Fy ) e ™"

Thus J(u(t)) — 0 as t — oo in both cases. It is from this and (4.1)) that up € Go. The

proof is complete. O

5. Proof of Theorem

We begin this section by the invariance property of U which can be proved similarly as in
the proof of Lemma .2l So we omit it here.

Lemma 5.1. If ug € U and u(t) is a weak solution to (L.1) on [0, Tmax), then u(t) € U
for 0 <t < Tiax-

With the aid of Lemmal.1] we are now ready to prove Theorem Fix T' € (0, Tinax)
and consider the function F'(t) defined by

t
= /O lu(r) |3 d7 + (T = )lluo| 7y + pu(t) for t € [0, 7).
Here p(t) € C?[0,T) is a positive function given later. We then have

F/(t) = Ju®) 3y — luol%y +4/(1). and  F"(t) = ~2I(u(t)) + (1)

By using Cauchy—Schwarz inequality, we have, for any & > 0,

([ 1 ar+u0) ([ Wiy ar+a)

2
\/ 1l as [ g ds + Ve

Y

Vv

(/()( "(7),u(7)) gy A7 + V/Erplt )
=2 (||u<t>uzé ~ fluollZ + 2\/@@)) -

We choose pu(t) such that p/(t) = 2/& pu(t), that is, u(t) = & (t + &)? with & > 0. Then
(F'(1))? = (Hu(tW s — lluolly + 2V )2
5.1 <1 ([ Ity ar o) ([ 1ol o +e)
<4v) ([ W ar+e).
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On the other hand, since ug € U it follows from Lemma that u(t) € U, that is,
I(u(t)) < 0. Then by analogous arguments in the proof of Lemma we deduce that

d < J(u(t) — pl_l (u(?)),

which implies that

() > p(d— Ju(t)) = p(d — J(up)) + p~ /0 o ()2 .

From the above inequality and ([5.1)), we get

P00 2 70 [P0 -2 ([ el ¢ )

= Flo) |-21(u) 2 [ 1)l o — 26007 - 1)
> P2 (d— (o)) - 2™ — 1)].

p~(d=J(uo))

) > 0, we have

Choosing & =
FY()F(t) = T (F'(1)* > 0.

Putting G(t) = Flf%(t), we get

"B

(F'(1)*
t

Then we have G”(t) < 0 for all ¢ € [0, T, that is, G(¢) is concave downward on [0,7]. By

definition of concavity, we get

—~~ N

G(T) < G(0) + TG'(0).
From this and notice that G(T) > 0 and G’(0) < 0, one has

GO) F(0) B Tfuol| s + &:€3
TG0 (m—1)F0) (07 -2)aé

luoll2,,

By choosing & > ﬁ, we have

&163
T< =
T (pm —2)6aé - HUOH?{(%

7(€2).
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Hence,
T< inf (e 2lJuoll; 4(p~ = Dluoll7n
m = = .
T i, PTG —2a ) T p (- — 2)2(d— J(wo))
©> G

Letting T' — Tax, We obtain

Ap™ = 1)luolly

Thax < p—(p— —2)2(d — J(ug))

The proof is complete.

6. Proof of Theorem

Let u = u(t) be a global solution to (1.1)). By Theorems and without loss of
generality, we may assume that J(u(t)) > d for all ¢ > 0. It follows from this and ([3.4))
that

t
/0 I (7) 12, dr < J(uo) — .

Letting ¢t — oo, we get [;° ||u’(7')||§{é dr < oo. And hence there exists a sequence {t,}
with ¢, — oo as n — oo such that

. / o
(6.1) Jim ()] g = 0.

Then we have

[T (u(tn))] = (0 (tn), ultn)) g | < Ml ()l g (o) |y < ClIV(ER) ),

which, together with (2.2)), implies

1 1 1
J(ug) > J(u(ty)) > | — — — / Vu(t,) ™) dz + — I(u(t,
() 2 Tut) = (0 = =) [ 1Vaten) L 1(u(tn)
IS - . C
> (o = o ) min IVt I3 IV ) ) = 9t
This and m™ > 1 imply
(6.2) IVu(tn)llmey <C, VneN

for some constant C' > 0. Then since ([1.3)), there exists a subsequence of {¢,}, still denoted
by {t,} such that

(6.3) Un = u(t,) = ¢ weakly in W, (Q),
(6.4) up — ¢ strongly in Lp(')(Q).
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It follows from (/6.3]) that
m(-)
(6.5) Vi)V, — x  weakly in L™0—1(€).
We next show that x = |V¢|™#)V¢. Testing the equation (.1 by v € Wol’m(’)(Q) yields

(6.6) = [{un, v) | < 1l g 1ol g -

/ IVt ") =2V 0, - Vo da —/ |t [P 2000 A

Q Q

Letting n — oo and using , (6.4) and ([6.5) we have

(6.7) / x-Vudz = / |p[P@) 20 duz.
Q Q

By taking v = u,, in and notice that (6.2)), one has

(6.8) /|vun|m<r> dx/ |un [P@) dz| < Ol || 172

Q Q 0
We deduce from (6.1]), (6.4)), (6.7) and that
(6.9) lim / |V, ™) dx:/ |p[P(®) da::/x-ngbda:.

Since u — K(u) := [q ﬁwuw(@ dz is a convex functional, we imply (see [23, Proposi-

tion 1.1, p. 158]) the mapping K’ is monotonic and hemicontinuous, where

(K'(u),v) = /Q Vu[" @2V - Vode, Yu,ve Wol’m(')(Q).
By the monotonicity of K’, we have, for any v € Wol’m(')(Q),

/Q (|Vun|m(’”)_2Vun - \Vv]m(x)_QVv) - (Vuy, — Vo)dz >0,
which yields that

/Q |V | ) daz — /Q |V |2V, - Vo de — /Q |Vo|™@) =27y . (Vu,, — Vo) dz > 0.
By , and , letting n — oo in the above inequality yields
/ X - Vodx — / x - Vude — / |Vo|™@) =27y . (V¢ — Vo) dz > 0,
Q Q Q

which is equivalent to

/ (x — |Vo|™®)2T0) - (V¢ — Vo) dz > 0.
Q

For any w € VVO1 ’m(')(Q). Note that the hemicontinuous property of K’. Choosing v =
¢ &+ Aw and letting A — 0T in the above inequality, one has y = |v¢|m(x>v¢. This and

(6.7) imply that ¢ € S. It follows from this and that

(6.10) lim / Ty 7@ dr = / 6P dr / Vo e
Q Q Q

n—o0

Combining (6.3)) and (6.10|), we get u,, — ¢ strongly in VVO1 ’m(')(Q). The proof is complete.
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7. Proof of Theorem

In order to prove this theorem, we need to use the following lemma which gives sufficient
conditions for the existence and nonexistence of global solution to (.1 in terms of the

variational values A\, and Ay.

Lemma 7.1. (see [38, Theorem 2.1]) Let (1.2)—(1.4)) hold and J(up) > d. If ug € Ny and
||U0||Hé < )‘J(uo)7 then ug € Go. If ug € N_ and HUUHHé > AJ(uo): then ug € B.

Let any u € Wol’m(')(Q) \ {0}, we have

/|Vu\m(x)dx—/ ]Vu\m(x)dx—i—/ V™) da
Q Q1 Qo

2/ ]Vu\m+dx+/ |Vu|™ du,
Ql Q2

where Q1 = {z € Q : |Vu| < 1} and Qy = {z € Q : |Vu| > 1}. By virtue of Holder

inequality and Young inequality, one has

(7.1)

+ mt — —92
72) [ Vet de s T [ v de—""" 210, > |Vu]2dac— 1),
2
Ql Q1
and
_ - - -2
73) [ Ve de > T [ v de—"" 0, > T \vu|2dx— Q).
2
QQ Q2

Combining ([7.1)—(7.3|) we get

(7.4) / V™) de > TVl -
Q

2
2.

On the other hand, it follows from Poincaré inequality that ||[Vu||3 > Aq|jul|3. Thus, one

has

A
HVMb_1+AGWM+HVW)

This, together with ( and (| -, implies that

w5 Jw)> <1 =) (Gl - ™52l ) + 1)

mt p

o ull.

Replacing u by ug in ([7.5)) and using (3.5]), we obtain

J (o) > (ﬂ; - p{) <m|y oy — T 29|> + I

> J(ug) + pl_I(uo),
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which gives I(up) <0, i.e.,
(7.6) up € N_.

For any u € Nj(,,), we have I(u) = 0 and J(u) < J(ug). Then by using (7.5]), we obtain

2(14+ )\ mtp mt —2
Jully < 2020 () + ™),

which, together with (3.5)), implies ||uHHé < Hu0||Hé. Taking supremum over u € Nj(),
we obtain Ay < |luol| mi- Then by Lemma , it follows from this and ((7.6) that
ug € N_ N B. The proof is complete.
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