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On Binomial and Poisson Sums Arising from the Displacement of Randomly

Placed Sensors

Michael Fuchs*, Louis Kao and Wan-Zhen Wu

Abstract. We re-visit the asymptotics of a binomial and a Poisson sum which arose
as (average) displacement costs when moving randomly placed sensors to anchor po-
sitions. The first-order asymptotics of these sums were derived in several stages in a
series of recent papers. In this paper, we give a unified approach based on the classical
Laplace method with which one can also derive more terms in the asymptotic expan-
sions. Moreover, in a special case, full asymptotic expansions can be given which even
hold as identities. This will be proved by a combinatorial approach and systematic

ways of computing all coefficients of these identities will be discussed as well.

1. Introduction

This paper is concerned with the asymptotics of the binomial sum

(1.1) Spin(n) = zn;/ol P <’;> F1( )i da,

where t; :=i/n — 1/(2n) and the Poisson sum

i

n—2 00
(1.2) Spoi(n) ;:; /0 z— s, +1,anem(r;:!v) 0.

where s; := i/n. In both sums, a > 0 is an (arbitrary) real number.

The binomial sum was analyzed in a paper of Kapelko and Kranakis [6] and then
studied in follow-up works of Kapelko [4,/5]. The Poisson sum was investigated in a paper
of Kapelko [3]. See also Kranakis [8], Kranakis et al. |[9] and Kranakis and Shaikhet [10,11]
for background and related studies.

We will state the (final) results on the asymptotics of and from the papers
of Kapelko below. However, before doing so, we will provide some background on why

these sums have been considered.
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Assume that n sensors are randomly placed on the line at positions Xi,...,X,. In
the binomial case, the X; are independent random variables with a uniform distribution
on [0, 1]. Moreover, it is assumed that each sensor can cover a range of length 1/n to the
left and to the right. In order to achieve full coverage, one has to move the sensors to the

anchor positions ¢;. This displacement incurs a cost which can be measured as

n

(1.3) > X -l
i=1
where X(;) denotes the i-th order statistics of Xi,..., X, and a > 0 measures the effect

of overcoming obstacles when moving sensors. Since the density of X(;) is given by

i@ =)t -,

the expected value of is the above binomial sum.

Next, in the Poisson case, the X; are assumed to be the arrival times of a Poisson
process on [0, 00) with rate n. The goal now is to place the n sensors such that they are
separated exactly by a distance of 1/n, i.e., X; should be placed at position X;+ (i—1)/n.

The resulting displacement cost is given by

n n—2
DX = Xi—sial" =Y | Xivz — Xi — 5[
i=2 i=0

whose expected value is the above Poisson sum since the density of X;10 — X7 is given by

fX¢+2*X1 (x) = ne il

The binomial sum (1.1)) was analyzed in [6] where the authors derived the first-order
asymptotics for a > 0 being an even integer. For this, they used a combinatorial approach
and this approach was extended in [5] to include also odd integers. Then, in [4], a prob-
abilistic approach was given which allowed the author to find the first-order asymptotics

for all @ > 0 by using the result from [6]. The final result given in [4] reads as follows.

Theorem 1.1. [4] Asn — oo,

I'(a/2 + 1)

() = e )

p1=a/2 1 O(na/2).
As for the Poisson sum (|1.2)), a similar approach as in [4] was used in [3] (however,
only the case of a > 0 being an even integer was thoroughly treated in this paper). The

final result in [3] reads as follows.
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Theorem 1.2. [3] Asn — oo,

I'(a+1)

ralt) = a2 +2)

nl—a/2 + O(n—a/Q).

The purpose of this paper is two-fold. First, we show that both of the results above
can be derived by a unified approach based on the Laplace method (for an introduction
into this method see, e.g., Appendix B in [2]). Thus, the two-stage approach from [3,|4]
based on a combination of combinatorial and probabilistic tools to derive the above two
results is not really necessary. Moreover, using our approach, more terms in the asymptotic
expansions could be derived as well. However, we will not pursue this further and instead
show that full asymptotic expansions can be given when a > 0 is an even integer. These
full expansions even hold as identities. The proofs of this part will based on combinatorial
tools such as generating functions. Finally, we will also discuss how one can obtain all the
coefficients in these identities in a systematic way.

The paper is organized as follows. In the next section, we will explain that by using
hand-waving, the above results quickly follow from the Laplace method. Then, in Sec-
tion [3] we will present all the technical details for the heuristic arguments from Section [2]
In Section [4 we will consider the case where a > 0 is an even integer. Finally, Section

will contain some concluding remarks.

2. Asymptotics of ((1.1)) and ([1.2)) via the Laplace method: heuristics

We start with the binomial sum. The Laplace method will be applied to the sum of the

integrand in (1.1)), i.e.,
n
3z —t|% <”> 211 — )
7
i=1

The application consists of several steps. First, the sum is broken into a major and
minor range. Here, the major range comes from the range of validity of the local limit
theorem of the binomial distribution which reads

<n> :L,Z(l _ :L,)n—i ~ ;6—9/2’
[ 2mnx(l — x)
where i = nz+ty/nz(l — x) with |t| <t (the cut-off point ¢} will be given below). Then,
owning to the exponential small tails of the binomial distribution, we have

n

St Jo o

i=1
z(l—=x ¢
-y (1—a)

1 n 2
— ¢ —t%/2
2n n €

2nmz(l — x)
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a
(]l — M2tz — | B2
(el =) \/727mx1—x 2= m
Next, we replace the sum by an integral which gives
n n . .
e m%( ,>x%—1(1 — )"
i=1 !
a
(= @) ier S
V2 —o0 2y/nz(l —x)

_ (z(1 —ai)/);i/in_a/Q /OO |u]“e_(u+1/(2 nx(l—x)))2/2 du
™ —0o0

_ a/2,1—a/2 roo
(x(l l’))2 n / |u’a67u2/2 du,
V 4T —00

where the second step follows by the change of variable u = t — 1/(2/nz(1 —z)) and

the last step follows from the Maclaurin series of the exponential function and dropping

remainder terms. Recall that

27r/ ’u‘a u/2du_\/>/ ule U /2

a/2 a/2
:2/ U(a_l)/26_”dv:2/F e+1 .
VT Jo NG 2

(2.1)

Thus, we obtain that

- qag (MY i1 oan—i (z(1—=2)*/?2°%  (a+1 1—a/2
Z|:z: tl|z<i>az (1—x) NG r 5 |n .

=1

Finally, in order to obtain (1.1]), we have to integrate over x. For this, we will need
that the above asymptotic expansion holds uniformly in a range of  (which will turn out

to be the case; see the next section). Then,

a/2 a 1
Sgin(n) ~ 2 F((\/; D/2) (/O (z(1 — z))*/? dx) ni—a/?

2927 ((a+1)/2)
Nz

~27T((a+1)/2) T%(a/241) | 4

- NG "Tat2

where ((s,t) denotes the beta function. From this the claimed shape of the first-order

B(a/2+1,a/2 4+ 1)n'~/2

term in Theorem follows by using the duplication formula of the gamma function and

straightforward computation.
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The proof of the expansion in Theorem [I.2] runs along similar lines. More precisely,

we again apply the Laplace method to the sum of the integrand:
n i
nx
E |z — si+1\“ne_"x¥.
7!
i=1

As for the binomial sum, we break this sum into a major and minor range where the
major range comes now from the range of validity of the local limit theorem for the Poisson

distribution:

~

i! V2 ’

where ¢ = nx + ty/nz and [¢t| < t}. Then, again by exponential small tails, we have

e~ e (nx)l 1 e—t2/2

n

o (nx) x 1
) a nT ~ - -
Z|x—sl+1lne f Zt:t n+n

i=1

“ n
42
et

V2mnx

@ 2
e V2,

1
t -
+ van

From this, by using the same arguments as above, we obtain that

1
_ xa/in—a/2
V2mnx ;

1@/290/2

n %
1
§ : ’33 o Si+1|anefn:p (nl’) ~ T a+ nlfa/2
i—1 Z! ﬁ 2

which again holds uniformly for some range in x; for details see the next section.
Finally, we have to integrate again over x where it is sufficient to integrate from 0 to

1 since the tail will turn out to be negligible. This yields

PRt /) (e e 2Tt 1)/2) 1
Spoiln) ~ —— </ox 2‘“)"1 S apenyE

from which the claimed shape of the first-order term in Theorem follows by another

application of the duplication formula and straightforward computation.

3. Asymptotics of ((1.1)) and (1.2)) via the Laplace method: details

In this section, we are going to fill in all details in the heuristic arguments from the
previous section. We will break the section into two subsections. In the first, we will treat

the binomial sum and in the second the Poisson sum.

3.1. Asymptotics of the binomial sum

We first recall the local limit theorem of the binomial distribution which follows straight-

forwardly from Stirling’s approximation for n!.
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Proposition 3.1 (Local limit theorem for the binomial distribution). Let 0 < p < 1.

Then, for i =np+ty/np(1 —p) and t = o((np(1 — p))*/%),

W\ i i e (L ptp) 041
() -» ‘m(” np<1_p)+o<np<1p>>>’
where s

p(t,p) = (1 — 2p) (6 _ 2)

and the implied constant in the O-term is absolute.

Sketch of proof. Consider

(n)pz(l _ p)n—i _ elog(n!)—log(i!)—log((n—i)!)—l-i log p+(n—1) log(l—p).

From this the claim follows by using ¢ = np + t1/np(1 — p), Stirling’s formula in the form
n
nl = <E> V2mn (1 + O(n_l)) ,
e
and Taylor series expansion. O

Also, we recall a version of the Chernoff bound for the tail of the binomial distribution.

Proposition 3.2 (Chernoff bound). Let X be binomial distributed random variable with

parameters (n,p). Then, for all § > 1,
P(X > (14 0)np) < e /3,
Proof. This follows, e.g., from Theorem 4.4 in [12] by using the inequality

44
>
log(1+6) > 30190)

for 6 > 1. O

Now, we can start with the proof. We first break the integral in (|L.1]) into three parts
so that the local limit theorem can be applied to the middle part:

1 n
Sgin(n) = / Z@<?> |z — t;]% (1 — z)" ' da
0 =1
Pn n 3 .
= / Z i <n> |z —t;[% (1 — )" i da
0 43 \*!

n

1=pn n i1 d
. _tia i=11 _ )t
+/pn E z<l>\a: |27 (1 — x) x

=1

1 n
+/ Zi<?>|x—ti|amz_1(1—$)"_de =1+ 1+ I3,
1=pn =1
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where p, :=n~!17¢ and € > 0 will be chosen during the proof.
The Laplace method will be used to treat the integrand of I». Thus, according to the
heuristic from the previous section, we have to break the sum into a major and minor

range:

1=pn n . .
Iy :/ Zz’(i)]w—ti\“:ﬁl(l—m)"ldx
n 1=1
1=pn n . .
= / Z i(,)\x—til‘lx’_l(l —z)" ' dx
)
" [i—nx| <t} \/nx(l—x)
o (1 a,i-1 n—i
+ Z i\ |z —t;|%" (1 —2)" 'de = Ir1 + I,
" |i—nz|>t} \/nx(1—z)
where t* = n/7.

The main contribution comes from Is ;.

Lemma 3.3. We have

I'(a/2+1)

—_ 1—a/2 10) —a/2 )
2,1 2a/2(a+1>n +0(n™""%)

Proof. By Proposition we have

1—pn 1— a/2,,1—a/2
e [ U 5
p

" 2mnz(l — x)

a

1
e—t2 /2

2y/nz(l —x)

t—

i—nx|<tf/nx(l—z
n

(3.1) . <1+ mé_@ <t3(1621‘) +;> +@<ni+_1x)>> dz

=:Io11+ 1212+ 1213,

where i = na + ty/nz(l —x) and the last three terms correspond to the three terms
obtained by multiplying the integral with the terms in the bracket.
For I 11, we approximate the sum by an integral which yields an exponential small

error term (however, we will use (’)(n_“/ 2) since this will turn out to be the second order

term):
(3.2)
1—pn 1 — 2))/2p1—a/2 th 1 @
Ip11 = / (z(1 = z)*"n / tm = | 2 dtda:—i-(’)(n*aﬂ).
o on V2m —tx 2y/nx(l —x)

For the inner integral, as explained in the previous section, we use the change of

variable
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and then the Maclaurin series expansion of the exponential function. This gives

NS

/ (z na(i-a)) ufoe= (w1 (2v/m=0)) /2 g
/(2 nz(l— 5'3)

i1/ (o) . 241
wlte /2 (1o % _— u
\/ﬂ/t*_l/ 2\/7)‘ | <1 2 nx(lx)+0( )))d

(3.3) _\ﬁ/ Ju|%e™ "’ (1 MJF(’)(%)) du+O(n),

where in the last step we attached the tails which contribute the error bound:

a

e*t2/2 de

anl—:n)

=~

2
ue u?/2

\/ﬂ/t;_l/(%/m) (1 2\/m <n;:1+—1x)>> a

=0 (™) = o),

where ¢ > 0 is a suitable constant. A similar bound also holds for the other tail.

Next, recall from ([2.1)),

1 [® 2 20/2 (g 41
- a,—u?/2 _s a-r1i

e 2
/ ulul®e* /2 du = 0.

—00

and trivially

Plugging this into (3.3 gives

E e S 0 R A R

Now, we plug this in turn into (3.2)) and obtain that

Ipiy = 2+ 1)/2) (/1—% (z(1 — )3/ dx) n1=/2 L O (n=/?)

a

nx 1—37)

VT o
_ 2a/2r((a+ 1)/2) ! 2(1 -z a/2 T nlfa/Q nfa(1*6/2)+6 nfa/2
- ZHOEDB ([ - e a) e+ of )+ O(n=?),

where the first error term is smaller than the second by choosing € > 0 small enough.

Finally, by the same computation as in the last section, we obtain that

D(a/2+41) 1 4/ n O(n—a/2)_

Ipi1= 22T
2= el 1)



Binomial and Poisson Sums for Randomly Placed Sensors 1361

Next, we consider I 12 for which the same line of reasoning as above yields
Lo =0(n?).

Note that an important point here is that the function in ¢ of the second term inside the
bracket in is odd and thus a similar cancellation as for the second term inside the
bracket of takes place which causes the error to be of the claimed size (and not of
the size O (n(1=9)/2)).

Finally, for I51 3, we have the simple bound

1
I13=0 (n—a/Z/ (@(1 — )™/ dx) =0(n"?).
0

Collecting all three bounds gives the final result for I5 ;. O

Next, we show that 9 is negligible. (This was also one of the claims of the last

section.)

Lemma 3.4. We have
1272 = (’)(n_a/Q).

Proof. The crucial observation is that

(3.4) <n> P(1 — )i = O (o)

1

uniformly for all ¢ with |i — nz| > ¢} /nz(1 — x) and = with p, <z <1— p,, where ¢ >0
is a suitable constant. This follows from the fact that the binomial coefficients for this

range of ¢ are bounded by the ones with either

i=nx+t/nx(l—z)+0O(1) or i=nzx—t,\/nx(l—2x)+O(1)

which are of the above claimed order.

Using the above estimate, we now obtain that

Iy — t=pn Z (™1 — 11921 (] — 2 d
22 = i\ |z —t;]%2" (1 — x) x

[i—nxz|>t}\/nx(l—z)
= O(n2e~™"") = O(n~/?).
This shows the claimed bound. O

Putting the estimate in the last two lemmas together, we obtain the following corollary.

Corollary 3.5. We have

T(a/2+1)

_ 1—a/2 O —a/2 ]
2 2“/2(a—|—1)n + O(n=%7)
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What is left is to show that I1 and I3 are negligible. We will give the details only for
I since I3 can be treated similarly due to symmetry.
We will break I; again into two parts according to the major and minor range of the

binomial distribution:
pn n . .
I :/ Zi<,>|xti\axz_1(1x)"_’dx
0 =1 \!
Pn n A .
—/ Z i(,)]w—ti\“xll(l—m)”ldw
0 1

i<2ne

Pn . .
+/ Z i<ﬁ>|x—ti|axz_1(1 —x)" ' dr
0 . 2
i>2n¢
=: 1171 + 1172.
We start with bounding Iy 1.

Lemma 3.6. We have
Il,l = (’)(n_a/Q).

Proof. First, note that for 1 <¢ < 2nf and 0 < z < py,

Also, recall that

=0
Thus,
Pn [ n i1 .
11,12/ Z Z(.)\x—tﬂaxl (1—2)" "dx
0 ;<ome \!
Pn . .
=0 n“”““/ = Z Z(n) (1 —x)""dx
0 T Tone \*
_ O(n—a+ae+e) _ (/)(n—a/2)7
where the last step holds if € is chosen sufficiently small. O

Next, we have to bound I 5.

Lemma 3.7. We have
Il 2 = O(n_a/2).

)
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Proof. We again break the integral into two parts:

Pn A .
Iy = / > z(”) j — t|*a" (1 —2)" da
0 ;Some \!
n—a/2-1

:/0 3 z<’;> & — ;)% (1 — )" da

1>2n¢

Pn . n . s
+/n > Z(z’)\w —ti|*2 (1 —2)" Az = Lign + 122

—a/2—1
o2 o

For I1 21, we use |z —t;| = O(1) and thus

n—a/2-1
11’2,1 = / Z Z<n> ’.%‘ - ti‘axi_l(l _ x)n—i dx
0 iSne N
n—a/2-1 1 n n
2(9(/ — Z()ml(l—x)"z(h) :O(nfaﬂ).
0 T i—1 1

For I} 22, we use Proposition which implies

> (1)t ar=t = o),

1>2n¢

Thus,

Pn n . ;
T — . — t.]@ i—1 1—2)"d
1,2,2 /na/zl | E Z<Z>|x %2 (1 — ) x

pn
=0 (ne‘”e/?’/ 1 dx> = O(log(n)ne_”e/?’) = O(n—a/2).

—a/2-1 T

Combining the above two bounds gives the claimed result.
As a corollary from the last two lemmas, we obtain the following.

Corollary 3.8. We have
I = (’)(n_a/2) and I3 = O(n_a/Q).
This corollary and the one above now immediately imply Theorem 1.1

3.2. Asymptotics of the Poisson sum

In this section, we treat the Poisson sum (|1.2)).

1363

As for the binomial sum, an important tool will be the local limit theorem (which

follows with the same method of proof as Proposition .
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Proposition 3.9 (Local limit theorem for the Poisson distribution). Let A > 0. Then,
fori =X+t and t = o(\'/9),

A e t2 1 /8 ¢ 041
= (1 —=(=-2]+0 ,
7! vV 2T\ \/X 6 2 A

where the implied constant in the O-term is absolute.

Also, we need the following tail bounds for the Poisson distribution; see [1].

Proposition 3.10. Let X be a Poisson distributed random variable with parameter ).
Then, for allt > 0,

and for all 0 <t < A,
IP)(X < )\—t) < €_t2/(2>\+2t).

Now, we can start with the proof of Theorem We first break the integral in ([1.2)

into three parts:

con—2 %
SPOi(n) e / Z ’fL’ _ Si—&-l‘aneinx (naf) df]f
0 =0 v

on n—2 i
= E |z — $i41]%ne™ "™ (nzL‘) dx
0 =0 i

0o N—2 (nx)z
+/ Z\x—siﬂlane_m,i de = I + I, + Is,
2 =0 '

+
~—
[\]
M
(Y]
&
|
o
+
—
G
S
)
3
g
=&
o
8

1.

1+€ and € > 0 will be chosen below.

where p, :=n"
As for the binomial sum, we will apply the Laplace method to the integrand of I,

which we break into two parts:

2 n—2

i
I = / Z |lx — si+1|“ne_”x@ dz
o il

n =0

2 %
_ nx
= g | — si+1]%ne na ( ,') dz
1
Pr\i—na|<tf /nz
i<n—2
2 ( i
g (RT)
+ E ’.TU — Si+1 “ne nzT dz =: 1271 + 12,2,
Prli—ng|>t5 /nx ’
i<n—2
where t* = n/7.

Theorem will now follow from the following series of results.
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Lemma 3.11. We have

I'a+1
ot ( )

_ -\ 1-a/2 O —a/2 .
ST ey A

Proof. We first plug into the expression for Iz ; the local limit theorem from Proposi-
tion
I /2 xa/in—a/Q Z
2,1 = —
’ . \V2mnx

li—nx| <t} /nx

i<n—2

1 t(3—1?) t5+1
(14 B o (1))

This expression will be broken into three parts according to the three terms in the bracket

1

N

@ 2
o122

t+

inside the integrand.
We will only treat in details the first part; the other two can be handled by similar
tools; see also the proof of Lemma [3.3]

First, by replacing the sum by an integral, we have

/ 2%/2p, 1—a/2 Z /2 1 @ 22
Nt + —| e " /%d
. V2Tnx li—na|<it /AT nT
i<n—2

L e~ /2 dtdx + O(n*am),
nx

2a/2p1=a/2  ra(nz)
/ L+
n —tx

where the error term in fact is exponentially small and

a(n;x) = 7\/5(1 — )
’ e

if, for p, < x < 2, this value is between —t; and t; or one of the boundary points

otherwise.
Now, we make the substitution v = ¢ + 1/\/nz which gives

/ a/2 1-a/2 pa(nz)
n —t3

/ a/2 1- a/2 a(n;z)+1//ne
n Ver —tx+1//nz
a/2 1-a/2 poa(nz)+1l//nc ) u Wl +1
lu|%e™v" /2 <1 +—==+0 dudz + (’)(n*a/Q).
n

7T 7t;+1/\/ﬁ nx nx
Next, we switch the order of integration which yields

1 a/2 (n;x)+1//nx 2
/ / / / a/2’u’ae—u2/2 <1+u+(’) (u +1>> dudx+(’)(n_a/2)
o St 11 Ve nr

t+ L e /2 didx + O(n_a/Q)
nx

2
lul®e™ ("71/‘/m) 2 Qudz + O(nfa/Q)
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1—a/2 pti+n=</2  B(nu) 241
_n 5 f/ ;1:“/2|u|ae_“2/2 <1 + v + 0O (u + )) dzdu
V2T J i 41020 v

on nx nx
+ O(nfa/Q),
where ) )
uvin +u? +4  ur+2 U u? 4+ 1
B(n;u) + o™ +—, + Tn + ( - )

Carrying out the integration with expect to x gives:

1—a/2 pti4n—</? B(n;u) 2
n\/T / W/ x“/Qlu\“e*“Qﬂ <1+\/%+O<un—;l>> dmdu—i—(’)(n*“ﬂ)
T J—tr4+12n Jpy

1-a/2 th4n=c/? 2
S L — |u\a67“2/2 <l—|—cu+0<u +1>) du—ﬁ—O(n*a/Q),
(a/2+ 1)V2r )tz 41020 vn n
where c=24a/2+1/(a+1).

Now, for the rest of the proof, we can proceed as in Lemma [3.3] First, we attach the

tails of the integral (which gives an exponentially small error) and then we evaluate the
integral (which causes the second term in the bracket to disappear because the coefficient

is an odd function in u). This yields

2
|u]ae’“2/2 (1 + c% +0 <u i 1>> du + O(n*“/Q)

n n

nl—a/2 ti4n—c/?

(a/24 1)V2r J ez v1p/m
_292T((a +1)/2)
@2+ D)yr

From this the claim follows as explained in the heuristic from the previous section. O

nl—a/Q + O(n—a/2) )

Lemma 3.12. We have
1272 = O(niam).

Proof. The proof is similar to the proof of Lemma More precisely, one only has to

replace (3.4) by
() en2e/7
e T f — 0(6 cn )
which again holds uniformly for |i — nz| > t}\/nz and all x > p,, since all the terms are

again bounded by the two boundary cases:

i=nx+tv/nr+O(1) or i=nx—tvnx+O().

Thus,
2 i
Iy o = Z |z — Si41]%ne” ™" (nﬂ'v) dz = (D(n26_‘m26/7) = O(n_a/2)
Pr|i—na|>t} vz v
i<n—2

as claimed. H
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From the last two lemmas, we have the following corollary.

Corollary 3.13. We have

I'(a+1)
T 20/2T(q/2 + 2)
Now, what is left is to prove that I; and I3 are negligible.

I nl=/2 4 (’)(n_“/2).

Lemma 3.14. We have
Il == O(’I’L_a’/Q).

Proof. As for the binomial sum above, we break I into two parts:

on n—2 i
I = / Z |z — sHl\ane_m@ dx
0 =0 b

Pn 1 Pn 7
= / E | — Sit1]%ne” ™" (n:'n) dz + / E |z — $i41]%ne”™ ™" (n:'n) dx
0 1. 0 1.

i<2n¢ 2ne<i<n—2

=: 1171 + 1172.
For I1 1, as in Lemma we obtain that

Pn i
I = / Z |z — $i+1|ane_m(nz? dz = O(n=atet) = O(n=9/?)
0 !

i<2ne
by choosing € > 0 small enough.
For I 2, by Proposition

%
Z e—nx(nzf) < Z e—nm(n;!") Se—n€/4’

1>2n¢ i>nr+ne

where 0 < z < p,. Consequently, since |z — s;41| = O(1),

Pn %
Lo = / Z |z — $i41]%ne™ "™ (mc) dx = (’)(nefnﬁ/‘l) = (’)(n*a/Q)
0

7!
2ne<i<n—2

which gives the claimed bound also for the second part. O

Lemma 3.15. We have
I3 = O(n_a/2).
Proof. From Proposition [3.10, we obtain that

n—2 i (nx)/2

§ :e—nx (nw) < e~ e (’I’LZL‘) < 6—(nr)/12’
1! 7!

=0 =0

where x > 2. Consequently, since |x — s;41| = O(z) for z > 2, we have

oo N—2 i 00
I3 = / Z |z — siy1]"ne” "™ (nj) dz =0 <n/ 2t~ (n2)/12 d:r) = 0(n"?)
2 =0 ' 2

which is the claimed result. O
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4. The case of a an even integer

In this section, we will consider (1.1)) and (1.2) when a > 0 is an even integer. This case
was also considered separately in [3}/6] where it was used in order to prove Theorems

and [[.2

The method used in [3}/6] was combinatorial. We will use in this section also a combi-
natorial approach which is (i) structurally simpler than the one in [3}6] and (ii) reveals full
asymptotic expansions which hold as identities and whose coefficients can be computed in
a systematic way. (In fact, these identities are already implicitly contained in [3./6], where
however the results were only stated as first-order asymptotic results.)

We will again break the section into two subsections according to whether the binomial

sum or the Poisson sum is considered.

4.1. Binomial sum for a an even integer

We first consider the right-hand side of ([1.1)) with the absolute value dropped:
n 1 n . .
My(n) = Z/ (x — ti)“i( ,)x’l(l —z)" ' de
i=0 V0 !
= Zz(n) / <£L’ 2y > 271 — z)" da,
— \t/ Jo n  2n

where a is an integer which from now on is assumed to be a > 0.
Note that this sum corresponds to (|1.1) when a is an even integer and vanishes when

a is an odd integer.
Lemma 4.1. For odd a, we have My(n) = 0.
Proof. Replacing x by 1 — 2 and ¢ by n — i + 1 in the definition of M,(n) gives

Ma(n) = an(n —i+ 1)<n —Z+ 1)

=0

! n—i+1 1\ . .
1— _ 1— (n—i+1)—1,.n—(n—i+1) d
X /0 <( x) - + 2n) (1—2) x x

= zn:ZC;) /01 <—x+ % — 2171)a (1—2)" ‘z" tda

From this the claim follows. OJ
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For general a, we consider the exponential-generating function:
1 z¢
fal2) =~ > Ma(n) .,
a>0

where the pre-factor 1/n is used to simplify resulting expressions.

For this function, we have the following lemma.

Lemma 4.2. We have

fn(nz) = SlIﬂZl(/j/Q) /01 ((1 —x)e” + xe_(l_x)z>n dz.

Proof. Consider

ful2) = ZZNZ/; e 21"”2(?)9:“(1 o

a>0 i=0

1 n ) . ) )
_ / Z e(xf%+%)z <7ZL 11> xlfl(l B x)nfz dz
0 =1 B
1 n _ . .
N
0 i=1 N

= /Ole(z;n)z (1 —gg—f—xe_z/n)nil dz.

By integration by parts, we get

fn(nz) = /01 e(xiﬁ)nz(l —z+ze?)" Hdr

(1 - T+ xe—z)n (:L‘—i)nz

= 2n

1 1
—/ _ e(x_ﬁ)”z(l—xﬁ-me’z)"dx
o n(

n(—1+4e=7?) 0 —1+4+e7?)
22 1 n
o Ze/ ((1 — $)€zz + llei(lix)z) de‘
,1 +€ z 0
2/2 1 1 n
N 1— Tz (1 :E)z) d
sinh(z/2) /0 (1= w)e e .
which is the claimed result. O

We next have to expand the function
g(z,2) = (1 — 2)e® + ge~(177)2
in the integrand in powers of z.

Lemma 4.3. We have
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Proof. This follows straightforwardly from the Maclaurin series of the exponential func-
tion. O

Now, set

(4.1) (9(z,2)" =) Gj(m;z)2.

Jj=0
We gather some properties of G;(n; ).

Lemma 4.4. (i) For odd j > 0, we have
1
/ Gj(n;x)dz = 0.
0

(ii) For even j > 0, we have
1
/ Gj(n,z)dz = p;(n),
0
where p;j(n) is a polynomial in n of degree j/2 and (¢ + 1)-st highest coefficient
G/2)!
(+1)124/
(4]

1 and more generally qgj

(7)

with q([)j] = () is a polynomial of degree at most 3¢.

Proof. Let
ar(x) =2 (1 —2) + (=1)Fz(1 — o)k

and observe that qi(z) = qx(1 — x) if k is even and qx(x) = —qr(1 — ) if k is odd.

Now, if j is odd, use the representation
T g ()
TUCTD |
j=irttin =1 IE

where j, means that we have picked the coefficient of [27¢] of g(x, ) in the /-th factor of
the product (g(x,z))™ when we expand it. Note that since j is odd, there is always an
odd number of j,’s which are odd. Thus, Gj(n;z) = —G;(n;1 — ) from which the first
claim follows.

If j is even, replace the above representation by

n! s x
(4.2) Gj(n;z) = Z WZI_IO <QZE! )
S |

Je
)

where j is now the number of times the coefficient [2¢] of g(z, z) was picked when expand-
ing (g(x, z))"™. Thus, the sum is over all (jo, jo,...) with > ¢j, = j and >_ j, = n. Note

that j; is missing since ¢;(z) = 0.
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Now, observe that
20n—jo) =2 je< > lje=j
>2
and consequently jo > n — j/2. Thus, the integral over G;(n;x) is a polynomial in n of
degree at most j/2. To obtain the leading coefficient, one has to take jo = n — j/2 and
Jj2 = j/2 which yields

n! 1 t - ‘ , .
= 7/21G/2) oY ~/0 21 —2)Y?de = B(j/2+1,7/2+1)n?/? +lower order terms,

where [(a, 3) denotes the beta function. Thus
B/2+1,5/2+1) (J/2)!

(7/2)129/2 (j+1)129/2
as claimed.

More generally, for the (¢ + 1)-st highest coefficient, we have to consider all the terms
in which contain n//2~¢. Such terms are, e.g., obtained by choosing jo = n — Jj/2+¢.
We will consider this case first. Also, assume that jo = j/2 — ¢ — ¢ and thus at most £ of
the remaining j;’s are positive. Now, observe that

2(j/2—L—0)+30<> kjx = J.
E>2

From this, we see that ¢ < 2¢ which in turn implies that the number of choices of (js,...)
is bounded in ¢. Also, for each such a choice, observe that the product in (4.2]) contains

wj/?—é—?(l _ x)j/2—£—27
2j/2—£—2

since jo = j/2 —{ — ¢ and the remaining terms are of the form

[T ()" = oyt

=3

where ¢g(z) is a polynomial of degree at most 2¢. (This follows since gx(x) divided by
x(1—x) is a polynomial of degree k—2 for k > 3.) Overall, we obtain that for jo = n—j/24¢
and jo =j/2— 0 — Z, the sum of all the terms in (4.2)) has the form

212741 — )2 q(x) n!

(j/2—0—0)12i2 (n—3/2+0)V

where ¢(x) is a polynomial of degree at most 2¢ (which is different from the ¢(x) above).

The contribution to p;(n) of this is

1 156-/2,@ i de )
4 T (/0 321 — )i q()d) ot
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Now, the latter integral is a linear combination of beta functions, where the beta functions

are of the form

BG/2— b+ k+1,5/2— 1+1) = IL2ZLERNG/2=0)

(G—20+k+1)! 7
where 0 < k < 2¢. Together with the factorial in (4.3]), we get
(J/2—=L+k)(5/2-10)! (j/2—L+E)!

G/2— (=D —2+k+1) G—athy i)

where ¢(j) is a polynomial in j of degree at most <2 (again different from the g(x)’s

above). Note that if 0 < k < ¢, we have
G/2-t+k)! (/2! (G/2)--(G/2-L+k+1)

G—20+k+1) G+ G+1)--(G-20+k+2)
and the latter fraction is a polynomial in j of degree at most £. Likewise, if £ < k < 2/,
we have
G2=C+8) _ (/2)
G-20+k+1)! G+
and the latter product is again a polynomial in j of degree at most £. By combining all
this, we see that has the form

G/ n!
G+ 2R G=iaTar

G2+ 1) G20+ R)G+1) (G -20+k+2)

where ¢(j) is a polynomial in j of degree at most £ + ¢ < 3¢ (again this ¢(z) differs from
the ones above). Also, note that this does not depend on ‘ anymore. Thus, the integral
over the sum of all terms with jo=n —j5/2+ ¢ in also has this form.

However, choosing jo = n — j/2 + £ is just one way how one obtains nd/2=t in .
Other cases arise from jo =n — j/2+ ¢ — k with 1 < k < £. Then, by the same reasoning
as above, the integral over the corresponding terms in has the form

G2 !
(44) GrowrtY) G=ipr e nr

where ¢(7) is a polynomial in j of degree at most 3¢ — 3k (here, ¢(z) is different for different
choices of k). We get the coefficient of ni/2=t by expanding

nn—1)---(n—j/2+0—k+1)

and picking the k-th highest coefficient. This coefficient can be expressed by the k-th
elementary symmetric polynomial evaluated at 0, —1, ..., j/2—/¢+k—1 which by Newton’s
identity can be expressed in terms of the power function

j/2—t+k—1

PO

s=1
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where 1 <r < k.

Note that the latter is polynomial in j of degree r + 1 and a simple induction shows
that the above coefficient is a polynomial in j of degree at most 2k. Combining this with
the polynomial factor of shows that the coefficient of n//2~¢ in (4.4) is of the form

i/ .
.(/7)~/2q (7),
(j+1)12
where ¢(7) is a polynomial in j of degree at most 3¢ — 3k + 2k = 3¢ — k < 3¢. Collecting
all these coeflicients for 0 < k < ¢ gives now the desired result. OJ

Now, combining everything we proved so far gives the following theorem which im-

proves Theorem [I.1] when a is an even integer.

Theorem 4.5. For even a > 0, we have

a/2
(4.5) SBin(n —nl “/2ngan ,

where
(a/2)!
@+ zern"

with ro(x) = 1 and more generally r¢(x) is a polynomial of degree at most 3¢.

la =

Proof. By definition
al[z% fn(nz) = My(n)n® ! = Spin(n)n® 1,

where the last step holds since a is even.
Now, from Lemma

1
/ (92, 2))" dz = 3 poy(n) 2
0 5>0

and since (z/2)/sinh(z/2) is an even function

72
sinh(z/2) ZCQJ

Thus, from Lemma [3.15

a/2
SBm =al Z C2¢Pa— 2€

Next, by Lemma it is clear that the sum is a polynomial in n of degree a/2. Thus,

the expression can be rearranged into the claimed form.
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What is left is to prove that the coefficients of (4.5]) have the claimed form. Therefore,
note that the ¢-th coefficient of (4.5)) is obtained from the (¢ — k 4 1)-st highest coefficient
of pg_ok(n) for all 0 < k < ¢ which by Lemma is of the form

(a/2 — k)! _—
" (@ — 2k + 1)120/2—k QG_p  (a—2Fk),

where gg_(z) is of degree at most 3¢ — 3k. Note that this coefficient has to be multiplied
with cor (which is independent of a) and a!. Also, note that

k-1
(a/2 —k)! (a/2)!
! 2 (26 — 1))
(a—2k:+1). a+1 H !

and that the latter product is a polynomial in a of degree k. Thus, (4.6) multiplied by a!
and cof has the desired form and summing up all these terms gives again a term which

has the desired form. This concludes the proof. O

Remark 4.6. By computing Sgi,(n) for small values of a (which can either be done directly
from the definition or by the recursive procedure introduced below), one can find the

polynomials in the coefficients of (4.5)), e.g.,

1 1 1
ri(a) = —%cﬂ—ga— s a>2

and
1 13 1 o 2 13
r2(0) = 35550+ 10% T 810" 620 Tos0” “
Remark 4.7. Computing more values of 7/(a) seems to suggest that the degree of these
polynomials is actually 2¢ and thus our bound in the previous lemma does not seem to be

sharp.
Note that the proof gives the alternative representation:

a/2
Spin(n) = aln'~* Y " cyppa—se(n).
=0
We next discuss how to compute the polynomials in this expansion in an efficient way.

For this, it suffices to show that G,,(n;z) can be computed in a efficient way.

Proposition 4.8. We have that Go(n;x) =1 and for m > 1,

m

>l —m+ 0)ge(w)Grme(n; ),
(=2

1
Gm(n;x) = —
m

where
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Proof. Differentiating (4.1)) yields

ng(z,2)" 1g.(z,2) = ZjGj(a:)zj_l.

i>1
Thus,
(4.7) ng(z,z)"zg,(x, z) = g(x, z) ZjGj(x)zJ
Jj=0
Note that

= Zgg(x)zz and  zg,(z,z2) Zﬁgg

£>0 £>0

Consequently, by reading off the coefficient of [2™] on both sides of (4.7):

m m
nZﬁgg(m)G Z m —0)ge(z)Gpm_e(z), m >0.
£=0 £=0

Note that go(x) = 1 and thus for m > 1, we can solve for G,,(z) on the right-hand side

which gives

mGn(x) = Y _(nl —m + £)ge() G ().
=1

Dividing by m and using that gi(x) = 0 yields the claimed result. O

Moreover, the sequence of the c;’s can be actually made explicit.

Lemma 4.9. We have '
(1 — 22J—1)ng

W TR T

where Boj denotes the 2j-th Bernoulli number.

Proof. From the well-known series expansion of csch(z)

1 X221 _-1)B
csch(z) = — — Z ( ) Ban 221
z

n=1

we obtain that

. 2/2 : > (221 —1)By, o,
%= [Z2J]sinhéz/2) =[] (1 B ; ( (2n)!22”)12 < ) )

From this the result follows. O
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4.2. Poisson sum for a an even integer

In this section, we will consider (|1.2]).

Similar as in the subsection above, for an integer a > 0, we define

n—2 . i
Ny(n) = Z (x — sj+1)*ne™ "™ (n:f) dz
i—0 0 1.
:n_Q/oo po ) e l2) 4,
—~Jo n i!

a!
a>0
Then, we have the following lemma
Lemma 4.10. We have
d(2)" — d(2)
4. e A A
(143) flnz) = T

where d(z) is the exponential generating function of the number d,, of permutations of size

n with no fized points, i.e.,
¢
z

>0

/°° (x it 1)“ p— (n:(:)Z dx) (nz)®
0 n 1! al
_ Ti ni.J'rl /°° Z (nxz — (Z"+ 1)z)® N i g
i—0 2. 0 a>0 a.
2

i ni-l—l o )
— e (i4+1)z . / e z(1 z)nxz dz.
. 1. 0

Proof. Note that

The latter integral can be solved by the change of variable u = (1 — z)n which gives
/ e 0=Angi dg = (1 — 2)n) ™! / eyt du = i!((1 — z)n)"" L
0 0
Plugging this into the expression above yields

n—2

fnz) = d(z) Y d() =

which is the claimed result. O
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Next, set

=Y pi(n)7

Jj=0

Then, the coefficients p;(n) have the following property.

Lemma 4.11. Let j # 1. Then p;j(n) is a polynomial in n of degree |j/2] and leading

coefficient
1/(ml!2™) if j = 2m,
2/(3(m —1)12™) 4f j =2m + 1.
More generally, the (£ + 1)-st highest coefficient has the form

1 J .
Trapame (1/2),

where qm( ) is a polynomial of degree at most 3¢ + j (mod 2).

Proof. The proof is similar to that of Lemma [4.4] above. In particular, we again use the

ZH@ oJé'g( > ’

where the sum runs over all (jo, j2,...) with Y ¢j, = j and >_ jy = n. As in the proof of

Lemma [£.4] we have
20n—jo) =2 je <D lir=

>2

representation

and thus jo > n—j/2. From this, we see that p;(n) is indeed a polynomial of degree |j/2]

and the largest power of n is reached for j = 2m by choosing jo = m and thus

n! da\"™ nm
(n—m)lm! \ 2! ml2m

and for j = 2m + 1 by choosing jo» = m — 1 and j3 = 1 which yields

<n—m>72m —1)! <d2>m1 <§?> - 3(77%2—717:)'2’”

Finally, that the other coefficients have the claimed form follows with similar (but simpler)

arguments as in the proof of Lemma [4.4] O

We can now put everything together and prove the following identity for Spy;(n) which

improves the result of Theorem [1.2) when a is an even integer.
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Theorem 4.12. For even a > 0, we have
a/2
Spoi(n) = '~ " dyan”",
=0

where
al
e = G+ e

with ro(x) = 1 and more generally r¢(x) is a polynomial of degree at most 3¢.

(4.9)

Proof. Note that
(4.10) allz?]f(nz) = n*Ny(n) = n*Spoi(n)

which holds since a is even.
Now, set

L i ;2.
d(z) —1 J

j=—2
Then, from (4.8), we have

e d(2)" —d(z - dy
= ]M =2« (p“—f(”) T (@ —2)!> '

{=—2

Plugging this into (4.10) gives

Spoi(n) = aln™* za: c (p“_e(n) B (ada—_z)!) .

(=—2

Next, note that from Lemma the sum is a polynomial in n of degree a/2 + 1.

Consequently, we can re-arrange the above expression such that we obtain

a/2+1
Spoi(n) = nl—a/2 Z d&an_e.
=0

What is left is to prove that d,/541 = 0 and that the other coefficients are of the
claimed form. The latter follows with similar arguments as in Lemma For the

former, observer that

= Ao
da/2+1,a = al Z Ce (paf(o) - (a — z)‘> .

(=—1

Next note that po(0) =1 and that p;(0) = 0 for j > 1 from which it follows that

daja41,a = —a! Z cy @ —76)! = —a![za]zllg;j =0.

This concludes the proof. O
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Remark 4.13. By computing Spei(n) for small values of a (either from the definition or

the recursive method below), one can find the polynomials in (4.9) for small values of ¢,

e.g.,
1 1 17 11

LI S A A

ri(a) = fga° + gea’ —zpa— 5, a2

and

Loy L5 271 4 403 g 1499 5 253

r2(0) = 1041 1044% " 12060% " 19220% T 10220 T 3200 2

Remark 4.14. In contrast to the binomial sum above, now our bound for the degree of
re(x) is sharp.
The proof gives the alternative representation

Spa(n) =atn= 3" ¢ (pam) - (jz—g)!) -

{=-2

We conclude by explaining a recursive way to compute p,,(n).

Proposition 4.15. We have po(n) =1 and for m > 1,
1 & dy
m;nﬁ m—i—ﬁ wpm g()

Proof. Observe that

"y =5 jpi(n)#

>0
Moreover,

(d(2)")" = nd(2)"""d'(2)

and thus

nd(z)"zd () = d(2) Y _ jp;j(n

7>0

Reading off the m-th coefficient on both sides yields

m m d
Z
w3 a0 = 3 Bon = Do),
(=1 £=0
Rearranging gives
= dy
mpm (n Znﬁ m+{) E‘pm )

/=1

from which the result follows. O
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5. Concluding remarks

In this paper, we re-visited the problem of finding asymptotic expansions of and .
First-order asymptotics were derived in several recent papers; see [3-6]. We proposed a
different approach which avoids the two-stage approach from the previous studies that
combined combinatorial and probabilistic tools. In particular, we showed that no case
distinction is necessary between a > 0 being an integer and a > 0 being an arbitrary real
number in order to derive the first-order asymptotics.

Our proposed approach is based on the classical Laplace method (which is the real-
analytic version of the more general saddle point method; see Chapter 8 in [2]). The
application of this method in the current context is slightly complicated by the fact that
there is an additional integration and thus approximations have to be uniform (see Sec-
tions |2 and (3| for details). The method is able to produce further terms in the asymptotic
expansion by considering more terms in the respective local limit theorems for the bino-
mial distribution (Proposition and Poisson distribution (Proposition . However,
since for higher order terms and small values of a, we encounter divergent integrals (e.g.,
similar to the beta-integral from the proof of Lemma , we have to choose larger and
larger values of a when more and more terms in the asymptotic expansions are sought.

In the special case of a > 0 being an even integer, we obtained full asymptotic expan-
sions which turned out to be finite and moreover hold as identities. This case was also
treated separately in previous works (which also implicitly contain the identities, even
though the final results were formulated as first-order asymptotic results). The strategy
in these previous papers was to expand the integrand and suitably rearrange terms. In this
paper, we showed that the usage of exponential generating functions allows a somehow
“cleaner” derivation. Moreover, with our approach, we also obtained a structural result
for all coefficients in these identities (which can be used for computational purpose) and
recursive means to compute the coeflicients in a systematic way.

We conclude the paper by briefly commenting on the higher-dimensional case which
was also studied in the literature; see e.g., [3./7]. We focus on the case where the n sensors
are placed uniformly at random in the d-dimensional unit cube and each sensor can cover
a range of at most 1/(n'/?) in each direction along all dimensions. (This generalizes the
binomial case to higher dimensions.) Moreover, for the sake of simplicity, we assume that
n is a d-th power.

The algorithm proposed in |7] for moving the sensors to the anchor positions works
recursively: first a dimension is chosen and the unit cube is divided along this dimension

d-1)/d gensors are moved to the

into n/? sub-cubes of the same size. Then, groups of n!
(d — 1)-dimensional subspaces which divide the sub-cubes along the fixed dimension into

two equal parts. Finally, the same method is recursively applied to the (d —1)-dimensional
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subspaces. Repeating this procedure, one eventually ends up with n(?=1)/4 tasks of moving

1/d

n-/% sensors on the line for which by Theorem the complexity is asymptotic to

Co(n) = I'(a/2+1) (A=) /d)) (1=a/2)/d _ I'(a/2+1) l—a/(2d)
T 2a/2(g 41) 20/2(q + 1) '

In fact, the arguments from [7] show that that the overall complexity is dominated by
these 1-dimensional problems, i.e., the above term is the first term in the asymptotics of
the displacement cost (the result in 7], however, was just formulated as an O-result).

For instance, for d = 2 and a = 2 and a = 4, the above expression becomes

Ca(n) = \/6% and Cy(n) = %
This coincides with what was obtained in Section 3 of |7], where the above results where
derived by directly evaluating the (exact) expressions for the displacement cost with math-

ematical software.
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