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Backward Stability and Divided Invariance of an Attractor for the Delayed

Navier-Stokes Equation
Yangrong Li* and Qiangheng Zhang

Abstract. We study backward stability of a pullback attractor especially for a delay
equation. We introduce a new concept of a backward attractor, which is defined
by a compact, pullback attracting and dividedly invariant family. We then show
the equivalence between existence of a backward attractor and backward stability
of the pullback attractor, and present some criteria by using the backward limit-set
compactness of the system. In the application part, we consider the Navier-Stokes
equation with a nonuniform Lipschitz delay term and a backward tempered force.
Based on the fact that the delay does not change the backward bounds of the velocity
field and external forces, we establish the backward-uniform estimates and obtain a
backward attractor, which leads to backward stability of the pullback attractor. Some
special cases of variable delay and distributed delay are discussed.

1. Introduction

The initial motivation of this work is to consider the longtime stability of a pullback
attractor, especially for a delayed PDE [1-3}13,/15,|33}34},36,,37.[39].
A pullback attractor {P(t) : t € R} is called backward stable (resp. forward stable)

if there is a nonempty compact set K such that
(1.1) dist(P(t),K) -0 ast— —oo (resp. ast — +00).

For a delayed equation, the attractor itself closely relates to the stability of the solu-
tion [17,30,40]. So, the subject like means twice-stability or twice-attraction. The
minimum (if exists) among all compact sets (like K') satisfying will be called a twice
attractor.

Due to the pullback direction of the attractor, we focus on the backward stability.
Some abstract criteria for backward stability has been recently established by using

Received March 26, 2019; Accepted June 17, 2019.

Communicated by Cheng-Hsiung Hsu.

2010 Mathematics Subject Classification. 35B41, 37L30.

Key words and phrases. delay Navier-Stokes equation, pullback attractor, backward attractor, divided
invariance, backward stability.

This work is supported by Natural Science Foundation of China grant 11571283.

*Corresponding author.

975



576 Yangrong Li and Qiangheng Zhang

uniform compactness [20}21] or (weaker) backward compactness [25,[26] of the pullback
attractor, and applied to non-delay equations [9,/14,35].

In this paper, we will establish new criteria for the backward stability from a completely
different viewpoint. Our idea is to generalize the invariance of the attractor to the so-
called divided invariance, which means that a family A(-) of sets is the backward union
of another invariant family (see Definition [2.1]).

A family A(-) of compact sets is called a backward attractor if it is pullback at-
tracting and dividedly invariant (instead of the invariance in the definition of a pullback
attractor).

Such a backward attractor (if exists) is always unique (Proposition [2.2)), although the
pullback attractor may not be unique [7}/19].

We provide an equivalent definition of a backward attractor in Theorem [2.4] In par-
ticular, a backward attractor is backward attracting, which means that it is pullback
attracting in the whole past, and gives the real meaning of a backward attractor.

Now, we come back the subject of backward stability and prove that a backward
attractor A(-) is always backward stable in the sense of (L.1]).

More importantly, we prove in Theorem that the existence of a (unique) backward
attractor is a necessary and sufficient condition to ensure both existence and backward
stability of the (minimal) pullback attractor.

Some criteria in terms of the dynamical system (evolution process) are established in
Theorem [2.10] for the existence of a backward attractor, which leads to backward stability
of the pullback attractor.

The abstract criteria are applied to the following 2D Navier-Stokes equation with

variable delays:

%7; —vAu+ (u-V)u+ Vp = f(x,t) + g(t,us) in Q x (tg,00),
divu =0 in Q x (tg,00), u(x,t)=0 on IN x (ty,00),
u(z,to+0) = ¢(x,0), ze€, 0¢c[—h,0]

Given ¢ € C([—-h,0],H) := Cy, where H is a subspace of L%(Q), the solution u €
C([to, +00), H) has a delay expansion such that u € C([tg — h,+00), H). Therefore, the
delay shift us: C([tg, +00), H) — Cp is well-defined by u: () = u(t + 0) for 6 € [—h,0]
and t > to.

Replacing the uniform Lipschitz condition as given in [4,30], we give a weaker assump-
tion that g: R x Cy — H is pointwise Lipschitz continuous with a Lipschitz variable Lg(-)
instead of the Lipschitz constant L,, see Assumption (G3).

This weak assumption is suitable for more models with variable delays such as G(t, u(t—
p(t))), which is more general than G(u(t—p(t))) used in [1,12,23,30,32] and the references
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therein. Also, it contains the case of distributed delays [4}16], see the last example of the
present paper.

Now, the tempered conditions of Ly(-) and f(-,-) are enough to ensure the existence
of a pullback attractor.

In order to obtain backward stability of the pullback attractor, we needs some stronger
assumptions, e.g., both Ly(-) and f(-,-) are backward tempered.

Under these assumptions, we find an important fact that the delay does not change the
backward bounds of external forces and the velocity field of the fluid. So, we can provide
a priori estimate in C'y such that the estimate is uniform in the past.

The backward-uniform estimate provides a backward absorbing set. Also, the Ascoli-
Arzela theorem shows that the evolution process is backward limit-set compact in Cg.

So, the abstract results can be applied to show both existence and backward stability
of the minimal pullback attractor by proving the existence of a backward attractor (see
Theorem |4.1)).

2. Backward stability of a non-autonomous attractor

Let (X,d) be a complete metric space. A family of operators S(¢,s): X — X for ¢t > s is

called an evolution process if
o S(s,s)=1Ix and S(t,s) = S(t,7)S(r,s) forall t > 71 > s,

o (t,z) — S(t,s)z is continuous from [s, +00) x X to X for each s € R.

2.1. Divided invariance and backward attractors

We use D() to denote a time-dependent family {D(t¢) : t € R} of nonempty sets in X.
A family D(.) is called invariant under the process if S(t,s)D(s) = D(t) for all t > s. A
family P(-) is called pullback attracting if

lim dist(S(t,t —r)B,P(t)) =0, VteR, Be'B,

r—-+00

where 98 denotes all of bounded sets in X and dist( -, - ) denotes the Hausdorff semi-metric.
Recall that a pullback attractor P(-) is defined by a compact, pullback attracting and
invariant family.
We generalize invariance to divided invariance and introduce the concept of a backward

attractor.

Definition 2.1. A family \A(-) is called dividedly invariant if it is the backward union
of an invariant family D(-), that is, A(t) = U,, D(s) for all t € R. A family A(-) is called

a backward attractor if it is compact, pullback attracting and dividedly invariant.
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Notice that pullback attractors may not be unique (see [6,/19]) and so one often use
the minimal pullback attractor (see [7,8,/11,31,38]). However, we have the following

uniqueness result for a backward attractor.
Proposition 2.2. A process S(-,-) has at most one backward attractor.

Proof. Let A;(-) and As(-) be two backward attractors. By Definition there are two
invariant families D;(-) and Ds(-) such that

(2.1) Ar(t) = Di(s), Ax(t) =] Dals), VteR.
s<t s<t
From ({2.1)), we see that As(+) is increasing, that is As(t1) C Aa(ta) if t1 < to.
We now fix a pair (s,t) with s < ¢ and so Az(¢) D Asa(s). Hence, by (2.1) and the

invariance of Dy (+),

dist(Dy(s), As(t)) = dist(S(s, s — r)Dy (s — 7), Az (t))

(2.2)
< dist(S(s,s —r)Ai(s), A2(s)), Vr>0.

Notice that A;(s) is compact and so A;(s) € B, which can be pullback attracted by
As(-). Letting 7 — +oo in (2.2)), we obtain D;(s) C Aa(t) for all s < t and thus, by
(2.1), A1 (t) C Az(t). The opposite inclusion is similar to prove and so A;(-) = Aa(-) as
desired. O

We then prove a backward attractor is backward attracting, which is the real meaning

of a backward attractor.

Definition 2.3. A(-) is called a backward attractor if it is the minimum among all of
compact and backward attracting families, where A(-) is called backward attracting if

(2.3) lim dist(S(s,s —r)B,A(t)) =0, Vs<t, BeB.

r—-+00

The backward attraction (in the past) is stronger than the pullback attraction (at
current). However, the backward attraction is weaker than the backward equi-attraction,
the latter means that the convergence in (2.3) is uniform in s € (—o0, t], see [27].

We prove both definitions are indeed equivalent.

Theorem 2.4. A(-) is the minimal, compact and backward attracting family if and only

if it is compact, dividedly invariant and pullback attracting.

Proof. Sufficiency. Suppose A(-) is compact, dividedly invariant and pullback attracting.
The divided invariance implies that there is an invariant family D(-) such that A(t) =
U.<;: D(s) for all t € R.
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We show that A(-) is backward attracting. Notice that A(s) C A(t) for all s < ¢.
Hence, by the pullback attraction at s with s < ¢, we have

dist(S(s,s — 7)B, A(t)) < dist(S(s,s —7)B, A(s)) = 0

as 7 — +oo for each B € B. This means that A(¢) pullback attracts B at any s < ¢.
Thereby, A(-) is backward attracting, and compact by the assumption.

We need to prove the minimality. Indeed, we assume K(-) is another compact and
backward attracting family. Let By = |J,, D(s) with a fixed t € R. Then By C A(t) and
thus By is a bounded set. So, By can be backward attracted by K(t), which together with

the invariance of D(-) implies that, for all o < ¢,

dist(D(0), K(t)) = dist(S(o,0 — 7)D(0 — 1), K(t))
< dist(S(o,0 —7)Bo,K(t)) - 0 as 7 — +o0.

By the compactness of K(-), we have D(0) C K(t) for all o < ¢, and thus

A(t) = | D(o) c K(t) = K(1).

o<t

Thereby, A(-) is indeed a backward attractor in the sense of Definition

Necessity. Suppose A(-) is minimal, compact and backward attracting, then it is
obviously pullback attracting. It suffices to prove that A(-) is dividedly invariant.

Let t € R be fixed and define a new family A’(-) (from A(-)) by

Al(s) = A(t)if s <t, and AY(s) = A(s)if s > t.
By the backward attraction of A(+), if s <t and B € B,
dist(S(s,s — 7)B, A(s)) = dist(S(s,s — 7)B, A(t)) — 0
as T — +oo. If s > t, then
dist(S(s, s — 7)B, A'(s)) = dist(S(s,s — 7)B, A(s)) = 0

as 7 — +oo. Hence, A!(-) is pullback attracting. It is obvious that A!(-) is compact.

By [6, Theorem 2.12], there is a (minimal) pullback attractor P(-), which is the mini-
mum among all of compact and pullback attracting families. Hence, P(s) C A'(s) = A(t)
for all s < t, where ¢ is fixed as above. Thereby,

(2.4) UP(s) cAt) and thus | JP(s) C A(t), VEeR.

s<t s<t
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In order to prove the opposite inclusion in (2.4)), we let K(t) := U ., P(s) for all t € R.
By (2.4), IC(+) is compact. On the other hand, for all o <t and B € ‘B,

dist(S(o,0 — 7)B, K(t)) < dist(S(c,0 —7)B,P(c)) = 0

as 7 — +oo. Hence, K(+) is compact and backward attracting. By the minimality of A(-),

we have

(2.5) Aty cK(t)=|JP(s) andso A(t)=|JP(s), VteR.

s<t s<t

Therefore, by the invariance of the pullback attractor, A(+) is dividedly invariant as desired.
O
2.2. Backward stability of a non-autonomous attractor

In this subsection, we discuss backward stability of a backward attractor and particularly

a pullback attractor.

Definition 2.5. A non-autonomous attractor (or a time-dependent family generally) A(-)

is called backward stable if there is a nonempty compact set K such that
(2.6) lim dist(A(t), K) = 0.
t——o0

The minimum (if exists) among all compact sets (like K) satisfying (2.6) is called a twice-

attractor.

Lemma 2.6. A backward attractor A(-) is always backward stable with a twice-attractor

A, given by the a-limit set

(2.7) A= JAls) =: alA().

<0 s<t

Proof. By the divided invariance, A(-) is an increasing family. Hence, dist(.A(t),.4(0)) — 0
as t — —oo, which means A(-) is backward stable (because A(0) is a compact set).

We then prove «(A(+)) is the twice-attractor for A(-). Since A(-) is an increasing
family of compact sets, it follows from that a(A(+)) = <o A(t). By the theorem of
nested compact sets, a(.A(+)) is nonempty compact. We then ;:rove that a(A(-)) attracts
A(-) at negative infinity:

(2:8) lim_dist(A(t), a(A()) = 0.
Suppose (2.8]) is not true, then there are 6 > 0, 0 > ¢,, -+ —oo0 and z,, € A(ty) such that

(2.9) dist(zn, a(A(+))) > 6, VneN
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Note that {zn}n C Up<qA(t) = A(0), we know {z,}, is pre-compact. Passing to a
subsequence, we have Tne — T as n* — co. Since zpe € A(tn+), we have x € a(A(")),
which contradicts with (2.9).

We prove the minimality. Suppose K is another compact set satisfying and
x € a(A(+)). Then, there are t,, - —oo and z,, € A(t,) such that x,, — =, and thus

dist(z, K) < d(z,zy) + dist(A(t,), K) - 0 asn — oo.

Therefore z € K and thus a(A(-)) C K as desired. O

The following result establish some new criterion for backward stability of a pullback

attractor via the existence of a backward attractor.

Theorem 2.7. The following two assertions for an evolution process S(-,-) are equiva-

lent.
(a) The process has a backward attractor A(-).
(b) The process has a minimal pullback attractor P(-) such that it is backward stable.

Moreover, both backward attractor and pullback attractor have the same twice attractor

given by a(P(-)) = a(A("))-

Proof. (a) = (b). Suppose there is a backward attractor A(-), then A(-) is compact and
pullback attracting. By |6, Theorem 2.12], there is a minimal pullback attractor P(-).
By the same proof as in Theorem ﬂ, we know holds true, that is, A(t) =
U.<; P(s) for all t € R. In particular, dist(P(t),.A(0)) = 0 for all ¢ < 0 and thus P(-) is
backward stable.
(b) = (a). Suppose there is a minimal pullback attractor P(-) with the backward

stability. We will prove that there is a backward attractor A(-) given by

(2.10) A(t) == JP(s), VteR

s<t

From ([2.10)), the invariance of P(-) implies that .A(-) is dividedly invariant, and the pullback
attraction of P(-) implies that the larger set A(-) is still pullback attracting. It suffices to
prove A(+) is compact.

Suppose {zn}n C Uy« P(s) with a fixed ¢, then there are ¢, <t such that z, € P(t,)
for all n € N. B

If to := inf{t,} > —oo, then, by [26, Lemma 2.3], a pullback attractor is locally

compact and so |J sefto] P(s) is compact, which implies {x, }, is pre-compact.
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If inf{t,} = —o0, then we assume without loss of generality that ¢, | —oo. Notice
that P(-) is assumed to be backward robust, and thus there is a nonempty compact set
K such that

dist(xy, K) < dist(P(tn), K) - 0 asn — oo.
From this, one can prove that {z, }, has a convergent subsequence still.

In a word, {J,<, P(s) is pre-compact and thus A(t) := [, P(s) is compact as desired.

By Lemma A(-) has always a twice attractor given by «(A(-)). By the same
method as in Lemma one can prove that if the pullback attractor P(-) is backward
robust then P(-) has a twice attractor given by a(P(-)).

Finally, we prove a(A(:)) = a(P(+)). By A(-) D P(:), we obtain a(A(-)) D a(P(-))
immediately.

On the contrary, let z € a(.A(+)). By the definition of the a-limit set, there are ¢,, | —oco
and z, € A(t,) such that z,, — x. By the above proof, we know A(t,) = m
and so z, € m Hence, we can choose s, < t, and y, € P(sy) such that
A(Yn, Tn) < 1/n.7 Since s, — —o0, yn € P(sp) and y, — x, we have x € a(P(")).
Therefore, a(A(+)) C a(P(+)) and thus a(A(+)) = a(P(-)). O

2.3. Criteria in terms of the process

For the purpose of application, we need to establish the criteria for the existence of a
backward attractor, which leads to the backward robustness of the pullback attractor in
view of Theorem

Definition 2.8. A process S(-,-) in X is said to be backward limit-set compact if
UEIEOORX L>J gS(s,s —7)B| =0, VteR, VBB,
T>0 s<t

where the Kuratowski measure xx (D) is the largest lower bound of r such that D has an

r-net.

Recall that a family KC(-) is pullback absorbing if for each t € R and B € B there is
a 19 = 10(t, B) > 0 such that S(¢t,t — 7)B C K(t) for all 7 > 79. We extend it to the

backward absorption.

Definition 2.9. A family K(-) is called backward absorbing if, for each pair (s, t) with
s <t and B € B, there is a 79 = 19(s, ¢, B) > 0 such that

S(s,s—71)B CK(t), V1>
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A mapping £: R — X is called a complete orbit for the process if S(¢, s)&(s) = £(t) for
all t > s, and ¢ is called backward compact if {£(s) : s < t} is pre-compact for each ¢ € R.
We denote by

F e :={&: £ is a backward compact complete orbit}.

We recall the notations of usual and backward w-limit sets by

(2.11) wD,t)= ) Jstt-7D, amt=)JUS6ss-7D.

oc>01>0 c>07>0 s<t

Theorem 2.10. Suppose a process S(-,-) is backward limit-set compact. Then the fol-

lowings are equivalent.

(i) The process has a unique backward attractor A(-).

(ii) The process has a bounded and backward absorbing family K(-).

(iii) The process has an increasing, bounded and pullback absorbing family Ko(-).
(iv) The process has a (minimal) pullback attractor P(-) with backward stability.

In either case, both A(-) and P(-) have the same twice attractor A = a(P(+)) = a(A(")),

and the backward attractor is given by

(2.12) A(t) ={&(s) : € € Fpe,s <t} = Uw(lC(s), s) C QK(t),t).

s<t
Proof. (ii) = (i). Suppose K(-) is bounded and backward absorbing. We first prove
Q(K(t),t) (as in (2.11])) is compact for each t € R. Indeed, let

D, = U U S(s,s —T)K(t), Vo>0.
T>0 s<t
Then, {D,}s>0 is a decreasing family of sets. By the backward limit-set compactness,
kx (Do) = kx(Dy) — 0 as 0 — +00. By [24, Lemma 2.7], the intersection (., Do (it is
just Q(K(¢),t)) is nonempty compact as desired.
We then prove the family Q(K(:),-) is backward attracting, that is,
lim dist(S(s,s — 7)B,Q(K(t),t)) =0, Vs<t, BecB.

T—+00

If the above limit is not true, then, there are 6 > 0, s < ¢, 7, T +00 and a bounded
sequence {x,} C X such that

(2.13) dist(S(s, s — mn)zn, QK(E),t)) > 5, VneN.
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Note that K(-) is backward absorbing, for each k € N, we can sequentially choose 7, >
k 4 Ty, _, such that

Yn, =S(s—k,s —k — (T, — k))zn, € K().

Since K(t) is bounded, by the backward limit-set compactness of the process, we know
that
kx{S(8,5 = k)Yny b oery, — 0 as kg — oo.

Passing to a subsequence, we have S(s,s — k*)yn,. — y as k* — oco. By the definition of
the backward limit-set, we have y € Q(K(t),t) in view of the fact s < t. By the process
property,

S5(8,8 = Tnge )Tnpe = S(8,5 — K" )yn,. =y € QL(L),1),

which contradicts with .

Finally, we show the existence of a backward attractor. By the previous proof,
Q(K(+),-) is nonempty compact and backward attracting (and so pullback attracting).
By [29], there is a minimal pullback attractor P(-), given by P(t) = w(K(t),t) for all
t € R. We then define a family A(-) by

(2.14) Alt) == JP(s) = [ Jw(K(s),5), VteR
s<t s<t
By the definition, A(-) is dividedly invariant in view of invariance of P(-), and A(-) is
pullback attracting in view of A(-) D P(-).
It suffices to prove A(t) is compact. For this end, we claim w(K(s),s) C w(K(t),s)
for all s < t. Indeed, if z € w(K(s),s), then there are 7, — +oo and y, € K(s) such
that S(s,s — 7,)yn — z. By the backward absorption of IC(-), for each m € N, there is

Ny, > max(m, ny,—1) such that
Zm = S(s —m, s — Tn,, )Un,, €K(t), and S(s,s —m)zm = S(s,$— Tn,,)Yn,, — T

as m — oo, which implies x € w(K(t), s) as desired. Hence,

At) = [ Jw(K(s),5) € [ Jw(K®),s) =] ) U S(s,5 = T)K(®)

s<t s<t s<to>071>0
c (U USGs, s —nKE) = QK(®©),1).
0>071>0 s<t

By the previous proof, Q(/(t),t) is compact, so A(t) is compact and obviously nonempty.
Therefore, A(-) is the unique backward attractor in the sense of Definition Moreover,
by (2.14)), the last equality in (2.12)) holds true.
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(i) = (iii). For a § > 0, we let ICo() be the d-neighborhood Ns(A(t)) for all ¢t € R. By
compactness and attraction of A(-), we know Ky(+) is bounded and pullback absorbing.
As a dividedly invariant family, A(-) is increasing and thus Ky(+) is increasing.

(iii) = (ii). It suffices to prove that the increasing and pullback absorbing family Ko (-)
is backward absorbing. Indeed, consider a pair (s,t) with s < ¢t and B € B. By the
increasingly pullback absorption at s, there is a 79 = 79(s, B) > 0 such that

S(s,s —T)B C Ko(s) C Ko(t), V7 >m0.

The assertion (i) < (iv) follows from Theorem [2.7] immediately.

It suffices to prove the first equality in . We first consider the minimal pullback
attractor P(-). By (2.14), P(:) is backward bounded, i.e., | J,, P(s) is bounded. Then,
by the abstract result in [6},22], B

P(s) = {&(s) : € is a backward bounded complete orbit}, Vs e R.

Let £ be a backward bounded complete orbit, we prove that £ is backward compact. Let
B := {&(s) : s < t}, which is a bounded set. By the backward attraction of A(-), for
s <t,
dist(&(s), A(t)) = dist(S(s,s — 7)&(s — 1), A(t))
< dist(S(s,s — 7)B, A(t)) - 0 as 7 — oo,
which implies £(s) € A(t) for all s <t and thus B, C A(t). By the compactness of A(t),

we know B; is pre-compact. Therefore,

Pt) ={t) € € Freh, Al = |JP(s) = {€(s) € € Fre,s <t}

s<t

The proof is complete. O

Remark 2.11. If X is a uniform convex Banach space, then the backward limit-set com-
pactness is equivalent to the backward flattening, which means the pullback flattening

property [18.|19] is uniform in the past.

3. Navier-Stokes equations with variable delays

3.1. The continuous process from the delayed equation

Let ©Q be a bounded 2D-domain with a smooth boundary I'. The delay Navier-Stokes
equation can be read as

G —vAu+ (u-V)u+Vp= f(z,t) +g(t,u) in Qx (tg,00),
(3.1) divu=0 on Q x (tg,00), u(xz,t)=0 onT X (t,00),

uty (x,0) = u(x,to+6) = ¢p(x,0), xe€Q,de[-h0],
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where v > 0 is the kinematic viscosity, h > 0 is the time of memory effect, u is the velocity
field of the fluid, p denotes the pressure.

Let H be the closure of V in L2(Q2) = (L%*(2))?, with L2-norm | - || and inner product
(+,-), where

2
V={ueCg(Q):divu =0}, (u,v)= ZZ;/QM(@UZ(QJ) dx

Let V be the closure of V in Hé(Q) with norm || - |y, and inner product ((-,-)), i.e.,

ou; O
. ”fd 3 = (1), Yu,0€V.

1,j=1
We denote Cy = C([—h,0], H), L3 = L*(—h,0; H) and similarly Cy, L}.. For each
t > tog, we define the delay shift u; by

wp: Cto — hy+00), H) = Cry,  ue(0) = u(t +0), Y0 € [~h,0].

We make the assumptions as follows.

Hypothesis G. The nonlinear delay mapping g: R x Oy — L2(Q) satisfies

(G1) For each & € Cy, the mapping t — g(t,€) is measurable from R to L2((2).
(G2) ¢(t,0) =0 for all t € R.

(G3) There is a positive continuous function Ly(-) with the backward translation bound-

edness:

(3.2) E;(t) = Sup/ Lz(r) dr < +o00, VteR
s—1

s<t

such that for all ¢, € Cy and t € R,
lg(t,&) — g(t, )| < Le(OIE = nllcy-

(G4) There are mg > 0, Cy > 0 such that for all m € [0,mg] and u,v € C([to — h,t]; H),
t

t
/ e (s, us) — g(s, vs)|> ds < C2 / e u(s) — v(s)? ds.

to to—h

Hypothesis F. The force f € L?

ness:

(R,1L%(Q)) satisfies the backward translation bounded-

loc

sup/ I£()|? dr < 400, VteER.

s<t
We remark here that the condition (G3) is more general than the uniform Lipschitz
condition (i.e., Ly(-) = Lg) in [4].
On the other hand, by the same method as given in [10}28/41], one can prove the

following equivalences.
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Lemma 3.1. f satisfies Hypothesis F if and only if it is backward tempered:

F,(t) := Sup/ T F)Pdr < 400, Yy >0, t€R.
—00

s<t

In particular,

(3.3) e~ sup / NP dr < By <
s<t Js—1

s [ )P o
s<t Js—1

Similarly, Lg(-) satisfies (3.2)) if and only if it is backward tempered.

Let (V*,]|-|lv+) be the dual space of V.. We consider A: V' — V* by (Au,v) = ((u,v)).
Let P: L%(Q) — H be the projector and D(A) = H2(Q) NV, then Au = —PAu for
u € D(A). We also consider the bilinear form B: V x V — V* by

(B(u,v),w) = b(u,v,w) = Z/uza%w]dm

i,j=1
and B(u) = B(u,u). Note that if u € D(A) then B(u) € H* = H by using the first
inequality below:
b(u,v,v) =0,
(34) b, v, w)| < collul 2 lully/ ol Ao ]2 fwll,

1/2 1/2
b, v, )| < collul 2 ully[[vllv [[w]/?|w]/.
As usual, replacing (3.1]), we consider the following distribution problem: given tg € R,

Find u € L*(tg — h, T; H) N L%(to, T; V) N L™ (to, T; H), VT > to,
(3-5) 5.6 grul(t) + vAu(t) + Blu(t)) = f(t) + g(t,ue) in D'(to, 003 V),
u(to+60) = ¢(0) for all 6 € [—h,0].

The well-posedness of (3.5) can be established by using the same method as given
in [1223|30,132] (see also [42,43] for the non-delayed NS equation).

Proposition 3.2. Let ¢ € Cy and g: R x Cy — L2(Q) satisfy (G1)—(G4). If f €
(R; V*), then the problem (3.5) has a unique solution such that

loc
u € C([to — h, T); H) N L*(ty, T; V).

If f € L2 (R;1L2(R)), then

loc
u€ C([to+¢T};V) ﬂL2(t0 +e6T;D(A)), VT >ty+e>tp.

Furthermore, if ug = ¢(0) € V and f € LZ_(R;1L2(2)), then for all T > to,

loc

u e C[to, T); V)N L%(to, T; D(A)) and ' € L*(to, T; H).
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The above proposition indicates the existence of an evolution process U(-,-) on Cy
defined by

(36) U(t,t()): CH —>CH, U(t,t0)¢:ut(-;t0,¢), Vtzt[),

where u.( - ;to, @) is the delay t-shift of the solution u( -;tg, ¢) with initial data ¢ty € R and
¢ € Cy.
By the local integrability of Ly(-), the similar method as in [4,30] can prove the
continuity of U(t,ty): Cg — CHq.
3.2. Backward absorbing sets in Cpy

Let A1 > 0 be the first eigenvalue of the Stokes operator A.

Lemma 3.3. Let all conditions (G1)-(G4) and Hypothesis F be satisfied. If vA1 > Cy,
then, for each t € R and bounded set D C Cpy, there ezists a 19 := 1o(t, D) > 2h + 1 such
that for all T > 19 and ¢ € D,

(3.7) sup  sup  |lup (35— 7, 8)|E, S 1+caF(t),
s<t re[s—h—1,s]

where ¢ = 672(2’”1)/71 with y1 1= vA1 — Cy > 0 and 2 := min{mg, v1/2} (mo is given
in (G4)), and F(-) is an increasing function defined by

F(t) = sup/ 2| F(r)|? dr < 400, VteR.

s<t J—o0

In addition, let j)vg() be given as in (G3), then, for all T > 19 and ¢ € D,

s+60 _
(3.8) sup sup / lu(rss — 7, @) |2 dr < ea(1 + F())(1+ Ly (£).
s<t fe[—h,0] J/ s+6—-1

Proof. Multiplying (3.5) by w, by b(u, u,u) = 0, we have
d
%Hu(’f’)\\z + 2v|u(r) |5 = 2(f(r), u(r)) + 2(g(r, ur), u(r)).

By the Cauchy-Schwartz inequality and the Young inequality, we obtain

7|2 1
WO 4 -4t + & ot

(3.9) d%llﬂ(r)llz +2vlu(r)|f <

By the Poincaré inequality, we further obtain

ILf (r)]I?
71

d 1
deU(TW < + (71 + Cy — 20A0)||u(r)|* + & lla(r, up) ||
r g
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Multiplying by 72" in the above inequality, we obtain

d ot 9 ever 5 o ) ear )
— (€ [Ju(r)[|7) < —F (M7 + (1 + 72 + Cg = 2vA)e™ [Ju(r)[|* + —=—lg(r, ur)]".
dr Y1 Cy
Let t € R be fixed. By the integrals of the above inequality with respect to r € [s—T, s+ 0],
where s <t, 7 >2h+ 1 and o € [—(2h + 1), 0], we obtain

s+o
lu(s + 055 —7,0)[> < e 2D 6(0)|* + 71/ 20| £ ()| dr
1Js

s+o
(3.10) (1t m + Cy— 200) / 250 ()2 dir

S—T

1 s+o 9
ca [ e gl P
g Js—1

We estimate the last term in (3.10). Since y2 < myg, by (G4) and (G2), we obtain for all
€ [-2h — 1,0],

1 ste Y2 (r—s—o) 2 ste Ya(r—s—o) 2
c, e lg(r, ur) || dr < Cy € [[u(r)||” dr
s—T sto
~ ¢, / O ulrs = )P dr 4 Cy [ ) e

(3.11)
= Cye (77 / 20| 6(0) ]2 df + C, / 257 |y (r) |2 dr
—h

< HENC oI, + €, [ )| b
S—T

Substituting (3.11)) into (3.10]) and noticing (y1+7v2+Cy—2vA1)+Cy = y2—11 < —71/2 <
0, we have for all o € [-2h — 1,0],

1 s+o
lu(s + o35 =7, 9[> < e D1+ Cyh) |98, + " 2SO f ()P dr
1

S—T

eV2(2h+1)  rs
< e (1 4 Cuh)| DR, + 7/ 2=\ f(r)||* dr.
1 —0o0

Let 70 = 2h + 1+ log(1 4+ Cy4h) + log(HDH%H + 1), then, for all 7 > 79 and ¢ € D,

sup  sup |lu(s+ o055 —7,0)|
s<t oe[-2h—1,0]

S
<l4c¢ sup/ 2T F ()12 dr =1+ e  F(t),
s<t J—o0

(3.12)

where ¢; = 72"+ /4, By (3.12)) again,

sup  sup max _|u(r + 60;s — 7, 6)|?
s<t re[s—h—1,s] 0€[—h,0]

=sup  sup |lu(s+o;5 —7,0)|* <1+ F(b),
s<t o€[—2h—1,0]
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which proves (3.7)) as desired.

In order to prove (3.8), we integrate (3.9)) with respect to r € [s + 6 — 1, s + 0] with
s <t and @ € [—h,0]. The result is

s+60
lu(s + O — luls + 0 — 1|2 + zy/

s+6—1
1 s+60
< —

s+0
< (P2 dr + (31 + Cy) / lu(r) |2 dr + - / lg(r, w)||? dr
Y1 Js+6-1 s+6—1 +6—

lu(rs s —7,¢)|[% dr

and thus for all s <t and 6 € [—h, 0]

s+0 s+6
/ Hu(r;s—wu%drchuu<s+9—1>u2+c4/
s+6—1

u(r)|? dr
s+0—1
s+6 s+6
i / V()2 dr -+ co / lg(r, )12 dr.
s+0—1 s+0—1

Note that (3.12)) is true for all o € [-2h — 1, 0], we have for all 7 > 79 and ¢ € D

sup sup [us +0— Lis —7,8)[2 < 1+ erF(t),
s<t 0e[—h,0]

s+6
sup sup / lu(r;s — 7, 0)||*dr < 1+ ¢ F(t).
s<t 0e[—h,0] J s+0—1

By Lemma [3.1] and Hypothesis F,

s5+0 s
(3.13) sup sup / £ ()% dr = sup/ £ (M) |2 dr < e F(t) < oco.
s<t 0€[—h,0] J s+0—1 s<t

s—1

By the assumptions (G2) and (G3), it follows from that

s+0 )
sup  sup / lg(rwn)(-5 s — 7, )| dr
s<t 0€[—h,0] J s+6—1

s+60
<sup sup / L2()|ur( 55 — 7. 6) |2, dr
s<t 0e[—h,0] Js+0—1

s+0
<swp sup  ur(-is— @)%, -sup sup / L2(r) dr
s<t re[s—h—1,s]

s<t 0€[—h,0] J s+0—1
< (1+c1F(t))sup

s<t/i1L3(r)d = +aF{ ))L()<oo

Therefore, (3.8) holds true. By Lemma F(-) is finite and increasing

O]

Remark 3.4. The time-delay in (3.13)) does not change the backward bound of the integral
of the force f(-), and this fact is still true for Ly(-)
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3.3. Further backward absorption
We consider the absorption in Cy = C([—h,0], V).

Lemma 3.5. Under the same assumptions as given in Lemma [3.3| with the bounded set
D c Cqx and 19 > 2h + 1, we have for all 7 > 19 and ¢ € D,

(3.14) sup |[us( 58 — 7, 9)||%, < IHFWeOq), vieR,

s<t
where a(t) = cr(1 4+ F(£))(1 + Ly(t)).
Proof. Taking the inner product of with Au in L2(£2), we have
(3.15) d%nun%, + 20| Aul|? + b(u, u, Au) = 2(f(r), Au) + 2(g(r, ur), Au).
By the assumptions (G2)—(G3) and the Young inequality,

v 4

2/(g(r; up), Aw)| < [ Aul® + ~lg(r, up) |
v

(3.16) y 4
< S lAul + —Lg(r)|lur &, -
The Young inequality also gives 2|(f(r), Au)| < %[|Aul? + 2| f(r)|%. By (3-4),
(3.17) 2[b(u, u, Au)| < 2co[ull"?||ullv || Aul** < HAUII2 + s ull ||y -
Substituting the estimates and into , we obtain

d
(3.18) Nl + vl Aul® < csllulPllully + — (Hf( P+ L) urliE,,)-

In particular,

(3.19) iIIUIIV < es(|lullPllull5) Jull + — (Ilf( W+ Ly llurl,)-

Next, we need to use the Uniform Gronwall Inequality: If the nonnegative functions
Y, 21, z2 satisfy y'(r) < z1(r)y(r) + z2(r) for all r > s — 7, where 7 > 2h + 1, then for all
0 € [—h,0],

. s+0 s+6
y(s+0) < el a0 </ y(r)dr + / 22(r) C”“)'

s+0—1 s+6—1
We apply the uniform Gronwall inequality on (3.19) with
y(r) = llu(r;s =7, )}, 210r) = es([lul)|ulr)[}),
4
22(r) = ;(Hf(?“)l!2 + Ly (r)|lurl|2,, )-
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The result is that for all 7 > 79 (> 2h + 1) and ¢ € D,

4
(3.20)  |ju(s +0;s — 7, 0)||> < esTr(s) (12(5,9) + /3(8’9)> , VYs<t, 0c[-h0].
We first consider I7, which is defined by

s+60
h@ﬁw—/’ lu(r:s — 7. 8)|Plu(r: s — 7. 8)|13 dr.

+6—1
By (3.7) and (3.8)) in Lemma we have
(3.21)
sup sup Ii(s,6)
s<t 0€[—h,0]

s+6
< (Sup sup  |ju(s +o;35—T, <Z>)H2> (Sup sup / u(r; s — T, cb)!%/dT)
] s

s<t o€[~h—1,0 s<t 6e[—h,0] Js+6—1

< e(14 F(£)2(1 + Ly(t)).
By again,

s+6
sup sup Iy(s,0) :=sup sup / |lu(r;s — T, q5)||%/ dr
(3.22) s<t 6e[—h,0] s<t 9c[—h,0] Js+6—-1

< ea(1+ F(0)(1+ Ly (1):
By (3.7) in Lemma and (3.3) in Lemma

sup sup I3(s,0)

s<t Be[—h,0]
s+0
=sup sup L/‘ (FON? + L2 s 12, dr
(323) s<t 96[*]1,0] s+60—1

s<t \re[s—h—1,s]

SSliIt)/ le(T)HQdTJrSHP( sup HUTII%H> / ng(r)dr

<ePF(t)+ (1+ a1 F(t))Ly(t).
We substitute (3.21)—(3.23) into (3.20]) to obtain

sup |Jus(-;s — T, <Z>)H20V =sup sup |lu(s+80;s—7,¢)|> < eUTFOI (1)
s<t s<t Oc[—h,0]

forallt € R, 7 > 19 and ¢ € D. The proof is complete. O

Lemma 3.6. Under the same assumptions as given in Lemma with same number
70 = 10(t, D) > 2h + 1, we have for 7 > 19, ¢ € D and —h < 61 < 62 <0,

s+02
(3.24) wp/' |Au(rs s — 7, @) dr < By()]02 — 0] + Bat),

<t Js461
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where both B1(-) and Ba(-) are finite, increasing and defined by
Bilt) = 2L+ et F() M O0a2(t) and  Ba(t) = cge T Wa(p),
where ¢y is a positive constant and cg is given (13.20)).

Proof. Tt follows from (3.18]) that

d 4
[ Au(r)|* < *%JHU(T)H%/ + C;BHU(T)HQIIU(T)II%/ + (PO + LGl [E)-

Integrating the above inequality on [s + 61, s + 053], where s < t, 01,6, € [—h, 0], we obtain
for all 7 > 19 and ¢ € D,

s+05
sup / | Au(rs s — 7, )| dr

s<t Js4+61
1 5 s s+02 9 4
625 < swpluls+ s - m o)+ Dswp [ fu)lPfur) - dr
Voe<t v os<t Js+o,
4 st 2 2 2
+ogswp [N L0l ) dr
s<t Js+61

We estimate each term. By (3.14]) in Lemma

sup [[u(s + 6155 — 7,9)[[} < sup lus(-55 = 7 DI, < O Way).

s<t
By (B.14) and (30,
s+ 2 4
sup / () |2 () &
s<t Js+61
2
< <sup||us(-;s—ﬂ¢)||%,{> (sup\|us<~;s—w>r|év) 16— 6]
s<t s<t
< (14 1 F(t)e2AFEEM 2410, — 6]
By (3.7) in Lemma
s+02 2 2 2
sup / (PO + L2 fun (-5 — 7,0)3,,) dr
s<t Js+01
< sup / ()2 dr +sup sup  usll?, sup / L2(r)dr
s<t Js—h s<t r€[s—h,s] s<t Js—h

<e?ME(t) + (1 + e F(t))(h 4 1) sup /S Lg(r) dr < ca(t).
s<t -1

We substitute all above inequalities into (3.25]) to obtain (3.24)) as desired. O
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4. Backward stability of pullback attractor and backward attractor

For the following main theorem, the difficulty is to verify the backward limit-set compact-

ness via the Ascoli-Arzeld theorem.

Theorem 4.1. Assume (G1)-(G4), Hypothesis F and vA\y > Cy4. Then, the delayed
Navier-Stokes equation possesses a pullback attractor P(-) and a backward attractor A(-)

such that they are backward stable in Chy:
(4.1) Jim_distoy, (P(t),A) =0, i distoy, (A(t),A) =0,

where A = a(P(-)) = a(A(-)) is the minimal compact set satisfying (4.1). The backward

attractor is given by

A(t) = (€() €€ Frars < 1] = | P(s).

s<t
where F . denotes the set of all backward compact complete orbits.
Proof. By Lemma the process U(-,-) defined by (3.6) has an increasing, bounded
and pullback absorbing brochette K(-) defined by

2 672]7/
K(t) = {w € Cn: Jwll, <14+
1

F(t)}, VteR.

It suffices to verify that the process U( -, - ) is backward limit-set compact in C'y. In fact,

we will prove a stronger result that the closure Z is compact in Cp, where

Z:=Z(t,10,D) = U U U(s,s—1)D

s<tT>T19

:{us(';8_77¢)€CH’8§t37270a¢6D}7

and 79 := 19(t, D) is given in Lemma By the Ascoli-Arzela theorem, we need to verify
two points.

Pointwise compactness: For each 6 € [—h,0], the set
Z(0) ={us(-;8 =7, 9)(0) e H|s <t,7>10,6 € D}

is pre-compact in H. Indeed, by Lemma 12(0)])3 < eUHFMIa®q(t) < 400, which
means the set Z() is bounded in V. By the compactness of the Sobolev embedding
V — H, we know Z(0) is pre-compact in H as desired.

Equi-continuity: For each ¢ > 0, there is a 6 > 0 such that if |#; — 02| < § with
—h <6, <6y <0, then,

(4.2) sup sup sup |[us( ;8 —7,0)(01) —us(-;8 — 7,0)(62)] < e.
s<t T>19 p€D
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Indeed, by (3.5)), we have for all s <t, 7> 79 and ¢ € D,

us(-58 =7, 0)(01) —us(-;5 — 7,0)(02)]]
= lJu(s+ 0155 — 7,0) —u(s + ba;8 — 7, 0)||

s+05
(43) < [t - ro)ldr
s+01
S+92
< / , (vl Au(r)|| + [1Bu(r )] + ILf () + [lg(r, ur)l) dr.
s+01
By (3.24) in Lemma 3.6
S+92
v [ lAutrss = o)) dr
s+601
4.4 s+02 1/2
(4.4) SV(/ HAu(r;s—T,¢)H2dr> \91—02]1/2
s+601

< o8 (0)161 — o] + cB,*(1)]61 — 0],
By the second formula in (3.4]), it follows from (3.14]) and (4.4) that

s+05
/ |Bu(rss — 7, ))]l dr

+61

s+0; —1/2
< / coXy Y ||u(r) v || Au(r)|| dr

(4.5) +61
s+05
<c sup fu(s+0;s— 70y / | Au(r)]| dr
0€[—h,0] s+61

< cea MR 2(1) (12 (1)]01 — 0] + 5y%(2)[01 — 0['/2).
By Hypothesis F,

s+05 s+62 1/2
wo [ ||f<r>||drs</ Hf(T)HQdT> 61— 0o < cFV2(0)[61 — 6],

+61 +01
Finally, by Hypotheses (G2) and (G3),

s+62 s+62
[ latrantis=mldr < [ Lymlun(is - 7,0) ey dr
(47) s+61 vio, s+61
<(1+ ch(t))W/ Ly(r)dr < (1 + F(£))Y*(Ly(t))"/?|01 — 62"/,
5401
Since |61 —0|"/? < /2 (it is bounded), we substitute ([&.4)(4.7) into (&.3)) to obtain that
there is an increasing positive function /(-) such that

sup sup sup [[us( ;5 —7,6)(61) —us(-55 — 7,6)(62)|| < B(£)|61 — 02|/,
s<t 7>19 p€D

which proves (4.2]) as desired. Therefore, the abstract Theorem can be applied. [
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To close the paper, we provide two special examples for variable delay and distribution
delay.

Generalizing the form Go(u(t — p(t))) as given in the literature (e.g., [4,5,30]), we
consider the more general variable delay G(t,u(t — p(t))), more precisely, for each u €
Clto — hy00), H),

g(t,ue)(x) == G(t,u(t — p(t))(z)), Vt>to, vell
The function G: R x R? — R? satisfies G(¢,0) = 0 and
(4.8) G(t,y) = G(t,2)lw2 < Lo(t)ly — 2lge, VtER, y,z €R?,

where Lg(-) is nonnegative, continuous and increasing. We assume p(-) € C'(R) is non-

negative such that

h:=supp(t) € (0,400), p«:=supp/(t) € (—oo,1).
teR teR

Then, the conditions (G1)—(G2) are satisfied. Since L¢(-) is increasing, it is easy to show
that Lg(-) is backward translation bounded and thus the condition (G3) holds true as

follows:

lg(t, ue) — g(t,vr)|* = /Q |G(t,ult = p(t))(2)) = G(t, v(t = p(t))(2)) |2 da
< LgO)llut = p(t)) — vt = p)|I* < LE@)lue — vilE, -

In order to verify the condition (G4), we further assume that L := lim;, o Lg(t) <
400 and vA; > L(1 — p,)~'/2. In this case, we can take an mg > 0 such that

VAL > Le™M2(1 — p,)7V2 = Cy.

Now, for m € [0, mp] and ¢ > to,

t
/ gy ur) — g(r o) |2 dr

to

= [ emGtutr = or)) = Glrotr = sl )| ar
< [ L) utr = () ol — plr)|dr

5 t—p(t) em(aJrh) )
<iz [ (o) - o)l do
to—p(to) P

<02/ e (o) — v(o)|2 do.

g
to—h
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On the other hand, we consider a distributed delay: for any h> 0,

0
g(t,u)(z) = /_ﬁ G(s,u(t+s)(x))ds, Vt>tg, x€Q,

where G(-) is given by (4.8). Note that Lg(-) in (4.8) is continuous, we have Lg €
LQ(—E7 0). We then calculate as follows:

t
/ el g(r,up) — g0, |2 dr

2

dxdr
RQ

. e™ (/ Lo (s) HU(S—FT)()—v(s+r)(x)‘R2dS>2dxdr

< /to emr/ /AL%:(S) ds/(i|u(5+7°)($)—U(5+T)($)|12R2 dsdxdr
= [La() LQ( ho/ /HS ™) Ju(o) — v(o)|? dods

<L) gy he™ / (o) = o(o) | do
-~

mr

(s,u(s+7)(x)) — G(s,v(s+7)(z)))ds

t

If we assume vA; > || La(+) = O)ﬁ1/27 then we can take some mg > 0 such that

HLQ(fh
A > HLG( )”L2( ho)h1/2 moh/2 Cga

and the condition (G4) holds true for all m € [0, mo].
If we further assume f satisfies Hypothesis F in above two examples, then, Theorem [4.]
ensures the existence of a backward attractor and backward stability of the pullback

attractor.
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