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Biderivations and Commutative Post-Lie Algebra Structures on the Lie
Algebra W(a,b)

Xiaomin Tang

Abstract. For a,b € C, the Lie algebra W(a, b) is the semidirect product of the Witt
algebra and a module of the intermediate series. In this paper, all biderivations of
W(a,b) are determined. Surprisingly, these Lie algebras have symmetric (and skew-
symmetric) non-inner biderivations. As an application, commutative post-Lie algebra

structures on W(a, b) are obtained.

1. Introduction

Derivations and generalized derivations (including biderivations) have become more and
more powerful tools in the structure study of rings and algebras. Besides their own
interests, they have wide applications to other related problems. Recently, there are
many efforts on this, see [3,6,9/10,16,[20-22]. In his remarkable paper [3], Bresar showed
that all biderivations on commutative prime rings are inner biderivations, and determined
the biderivations of semiprime rings. The notion of biderivations was introduced to Lie
algebras in [21]. Later super-biderivations on some super-algebras were introduced in
[7.[22]. For the last few years many authors computed only skew-symmetric biderivations
of some Lie (super)algebras due to their close relation to commuting maps, see [6,7,
10,20-22]. Non-skew-symmetric biderivations should not be ignored. Actually non-skew-
symmetric biderivations can be used to study post-Lie algebras structures on Lie algebras.
This is addressed only quite recently. For example, all biderivations of finite-dimensional
complex simple Lie algebras, all biderivations of some W-algebra, all biderivations of the
twisted Heisenberg-Virasoro algebra, all biderivations of Block algebras, and all the super-
biderivations of classical simple Lie superalgebras were given in [11}15-H17,23] respectively.

The present paper is to find efficient ways to determine all biderivations of the Lie
algebras W(a, b) for all a,b € C, to recover and generalize results in the papers [10,[15}17].
The Lie algebras W(a,b) is a class of interesting ones including many important Lie

algebras as special cases. Let us first recall the Lie algebras W(a, b).
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Throughout the paper, we denote by C and Z the sets of complex numbers and integers,
respectively. All vector spaces and algebras are over C. For a,b € C, the Lie algebra
W(a,b) = spanc{Lm, I, | m € Z} has the following brackets:

(L, Ln] = (m —n)Lyin, [Lm,In)=—(M+a+bm)pin, [Inm,I,] =0

for all m,n € Z. Note that W(a,b) contains a subalgebra W = spanc{L,, | m € Z}
isomorphic to the well-known Witt algebra, and that the space spanc{l, | m € Z} is
a YW-module of the intermediate series. The algebras W(a,b) were considered in the
mathematical physics in [13]. We know that the universal central extension of W(0, 0) is
the so-called twisted Heisenberg-Virasoro algebra in |1], which plays an important role in
the representation theory of toroidal Lie algebras in |2]. The universal central extension
of W(0,—1) is the Lie algebra W (2,2) whose representations have been studied in [24] in
terms of vertex operator algebras.

In [10], the authors determined skew-symmetric biderivations for all W(a,b). All
biderivations of W(0,—1) and W(0,0) were later obtained in [15,/17]. In the present
paper, we shall use the methods in [11] to determine all biderivations of W(a,b) for all
a,beC.

The paper is organized as follows. In Section [2] we give general results on biderivations
and some lemmas which will be used to our proof. In Section [3| we completely characterize
the biderivations without the skew-symmetric condition of the Lie algebra W(a, b) for all
cases of a, b. In Section [ by using the biderivations we characterize the forms of the

commutative post-Lie algebra structures on W(a, b).

2. General results on biderivations and some lemmas

Let L be a Lie algebra. Recall that a linear map ¢: L — L is called a derivation if
o([z,y]) = [o(x),y] + [z, ¢(y)] for all z,y € L. For any = € L, we have the inner derivation

adz: L - L, yw—adz(y) =[z,y], VyeL.

Denote by Der(L) and by Inn(L) the space of all derivations and the space of all inner
derivations of L respectively. Now let us recall the definition of a biderivation of a Lie

algebra as follows.

Definition 2.1. [21] A bilinear map f: L x L — L is called a biderivation of L if it is a

derivation with respect to both components. Namely, for all z,y,z € L,

f([av,y],z) = [$’ f(ya Z)} + [f(xvz)v ]7
[, My, 2) = [f(z,9), 2] + [y, f(=, 2)].
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For any A € C, the bilinear map f: L x L — L given by f(z,y) = Az,y| forall z,y € L
is a biderivation of L. Such biderivations are said to be inner. Denote by Bid(L) the set of
all biderivations of L which is clearly a vector space. An f € Bid(L) is called symmetric if
flx,y) = f(y,z) for all x,y € L, and is called skew-symmetric if f(z,y) = —f(y, z) for all
x,y € L. Denote by Bid; (L) and Bid_(L) the subspaces of all symmetric biderivations
and all skew-symmetric biderivations on L respectively. If f € Bid(L), then it is easy to
see that the bilinear map f°P: L x L — L given by fP(z,y) = f(y,z) for all x,y € L
is also a biderivation of L. Let f_ = %(f — f°P) and f; = %(f + f°P). It follows that
f- € Bid_(L) and fy € Bidy (L) if f € Bid(L). In view of f = f_ + fy, the following

result established in [11] is very useful for our later arguments.
Lemma 2.2. Let L be any Lie algebra. Then Bid(L) = Bid_(L) & Bid4(L).

In view of Lemma to determine Bid(L) we only need to determine Bid_(L) and

Bidy (L). The following lemmas are easy to verify by direct computations.

Lemma 2.3. Suppose that L and L are two Lie algebras and o: L — L is an isomorphism
of Lie algebras. For any bilinear map f: L x L — L, let the bilinear map f7: LxL—L
be determined by

f(o(x),0(y)) =o(f(z,y)) forallx,y € L.

Then f is a biderivation of L if and only if f° is a biderivation of L.

Lemma 2.4. Let k € Z, a,b € C. Then the linear map o: W(a,b) = W(a + k,b) given

by 0(Ly,) = L, 0(In) = Im—k is an isomorphism of Lie algebras.
Lemma 2.5. [15] Suppose that kl(n), hl(m) € C satisfy

(i — m)kz(n) =2n—-—m— i)h(m) for all m,n,i € Z.

m—n-+i

Then there exists A € C such that kgm) = hl(m) = O i

3. Biderivations of W(a, b)

In this section, we shall determine all biderivations of W(a,b). Thanks to Lemma
we may assume that 0 < a < 1. First we define three classes of biderivations for various

W(a,b). The verifications are straightforward.

Definition 3.1. Let Q = (ug)rez be a sequence which contains only finitely many nonzero

entries.
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e The biderivation ¥g: W(a,0) x W(a,0) — W(a,0) is given by

VoL, Ln) = Y ttrTmsntis
keZ

Vo (L, In) = VoI, Ly) = Yo(ln, I,) =0 for all m,n € Z.
e The biderivation Y¢: W(a, 1) x W(a,1) — W(a,1) is determined by

YLy Ln) = Y _(m+n+k+ a) e Lnpnks
kEZ

Y& (L, In) = Y&(Iny Lin) = Y4 (I, I,) =0 for all myn € Z.
e The biderivation ©f: W(a, —1) x W(a, —1) = W(a, —1) for a € Z is determined by

GZ(L’HH Ln) = (m - n)MIm—&—n—(M
O% (L, In) = ©},(In, L) = O} (I, In) =0 for all m,n € Z.

Note that Vg, T¢ are symmetric and ©j; is skew-symmetric, and they are non-
inner if they are nonzero. We know that the spaces Bid(W(0,—1)), Bid(W(0,0)) and
Bid_(W!(a, b)) were determined in [15], [17] and [10], respectively:

(i) If f € Bid(W(0,0)), then there exist A € C and a sequence © = (ug)kez which
contains only finitely many nonzero entries such that

f(@,y) = Alz,y] + ¥a(z,y) for all z,y € W(0,0);

(i) If f € Bid(W(0,—1)), then there exist A, € C such that

f(@,y) = Az, y] + O%(x,y) for all 2,y € W(0,—1);
(iii) If f € Bid—(W(a,b)), then there exist A, u € C such that

Mz, yl + 0% (x,y) ifacZ, b=—1,
fzy) = g

Az, y] otherwise
for all z,y € W(a,b).

Now we present our main result in this section.

Theorem 3.2. Any biderivation f of W(a,b) is of the form

Az, y]l + YTo(zy) ifb=1,
flz,y) = ,
Az, y] otherwise

for some A\, € C and a sequence Q = (g )kez which contains only finitely many nonzero

entries.
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The proof of Theorem [3.2] will be completed later. We first recall and establish several

auxiliary results.

Lemma 3.3. [§] The derivation of W(a,b) is determined by the following:

,

Inn(W(a, b)) ® CD; & CDy° @ CD3  (a,b) = (0,0),
Inn(W(a, b)) ® CD; & CDY* .b) = (0, 1),
Der(W(a, b)) = nm(W(a, b)) 1 3 (a,b) = (0,1)
InnW(a,b)) ® CDy & CDy (a,b) = (0,2),
Inn(W(a,b)) & CD; otherwise,

where the derivations D1, Dg’o, Dg’l, Dg’2, D3 are defined as follows for all m € Z,

Di(Ly) =0, Di(Iy) = I,
DY (L) = (m = DI,  DY*(Im) =0,
D(Q)J(Lm) = (m2 - m)Im, ngl([m) =0,
DY (L) = m* Ly, DY (1) =0,
Ds(Ly,) = miIy, Ds(I,,) = 0.

Lemma 3.4. Suppose that f is a biderivation of W(a,b) with (a,b) # (0,0). Then there
are linear maps ¢™° and ¥*® from W(a,b) into itself such that

fla,y) = pi"(@)Di(y) + p3° () D3 (y) + [6°° (), y]
= 07" (y)D1(z) + 05 (y) D5 () + [z, v*°(y)]

for all x,y € W(2,2), where pcf’b, pg’b and Q‘f’b, 9‘27”17 are linear compler-valued functions
on W(a,b), and D1, Dg’b are given by Lemma note that Dg’b = 0 when (a,b) ¢

{(0,1),(0,2)}.

Proof. 1t is easy to see that, for the biderivation f of W(a,b) and a fixed element z €
W(a,b), the linear map ¢,(y) = f(x,y) is a derivation of W(a,b). Notice that (a,b) #
(0,0), by Lemma there are complex-valued functions p‘f’b, pg’b on W(a,b) and a linear
map ¢%° from W(a, b) into itself such that ¢, = pcf’b(zr)Dl +p;’b($)Dg’b—|—ad ¢ (x), where
we provide that D3 = 0 when (a,b) ¢ {(0,1),(0,2)}. Namely, f(z,y) = p¢*(z)Di(y) +
p¥ () DY (y) + [¢*(x), y]. Because f is bilinear, the maps p*, p5° are linear. Similarly,
the map ¢.(y) = f(y, z) is a derivation of W(a,b), and there are linear complex-valued
functions 9?’b, HS’b on W(a,b) and a linear map ¥®® from W(a, b) into itself such that
fy) = 07" () D1 () + 05" (1) D3 () + ad (=0 () (x)
= 07 (y) Di () + 03" (y) D5 () + [z, v™* (y)].

The proof is completed. O
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Lemma 3.5. Let f be a biderivation of W(a,b) with (a,b) # (0,0), and ¢*°, 4*?, p?’b,
Hg’b, 1=1,2 be given as in Lemma . Then the following equations hold.

F(Lin, Ln) = 03" (Lin) DS (Ly) + [6™* (L), Ln]

3.1
) = 03" (Ln) D5 (Lyn) + [Lim, (L)),
Liny In) = pi” (Lim “O(L

(32) f( ) pib( Mn + 6% (L), I lb
_9 (n)D ( m) [ m»T;Z)’(I )]
_ ab ab ab

(33) f(Ins L )—pz (n)D ( ) a[f (Zn); L]

FIn, In) = p5* (I ) [¢“b( m), 1 ]

3.4

oy = 07" (1) L + [T, 0 (In))-

Proof. 1t will follow by Lemmas [3.3 and [3.4] O

Let f be a biderivation of W(a,b). In view of Lemma we can assume that

(3.5) ¢ (Ln) =D af*(n)Li + > bF(n)]
i€l i€Z

(3.6) Y (Ln) = )L+ di(n)],
i€ 1€Z

(3.7) ¢ (L) = pi’ )L+ ¢ ()T,
I€EZL 1E€EZ

(3.8) (L) =Y s )L+ Y ()1
1EZL 1€Z

where a?’b(n), b?’b(n), c?’b(n), d?’b(n),p?’b(n), qf’b(n), r?’b(n), s?’b(n) e C.

Note that [10] described the sets Bid_(W(a,b)). Therefore, by Lemma we only
need to determine the sets Bidy(W(a,b)). That is, we have to study the symmetric
biderivations of W(a,b). It will be divided into several cases based on the values of a, b.
For f € Bid(W(a, b)), the notions given in (3.5)—(3.8) will be applied always.

3.1. The case for (a,b) = (0,1)
By the definition, W(0, 1) has the following Lie brackets
[Lin, Lp) = (m —n)Lyptn, [Lm, In] = —(m~4+n)lnin, [Lm,In] =0.

In this case, we shall prove the following result.

Proposition 3.6. Let f € Bid; (W(0,1)). Then there is a sequence Q@ = (u)kez which
contains only finitely many nonzero entries such that f(x,y) = Y (z,y) for all z,y €
w(0,1).
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Proof. The proof will be completed by verifying the following three claims.

Claim 3.7. There is a sequence 2 = (ug)rez which contains only finitely many nonzero

entries such that
f(Ly, Ly) = Z(m +n+ k) pplniner  for all m,n € Z.
keZ
By Lemma the linear maps ¢, ¢%': W(0,1) — W(0,1) satisfy (3.1). This,
together with (3.5)) and (3.6)), yields that f(L,,, Ly) is equal to

(3.9)
pg’l(L (n? —n) +Zz—n L n+Z+Zz+nb01( Vot
i€EZ 1€EZ
= 03" (Ln)(m* = m) L + > _(m = )¢ (0) Ly — > _(m+ 5)d3 () Iy
JEL JEZ
= 93’1( )(m - m m + Z 2m -—n- ’L n— m+z(n)Ln+i - Z(’L + n)dglerz( )In+l
1€EZ €L

Because f is symmetric which implies f(Ly,, Ly) = f(Ln, Ly,), comparing both sides of

the above equations, we obtain

(3.10) (i —n)a; O(m) = (n — i)c; Plim) = 2m —n—i)L  .(n) for all m,n,i € Z

n—m-+1i

and for any m # n with ¢ # 0,m —n

(3.11) (i +n)b (m) = —(i +n)d) (m) = —(i +n)dY", . (n),
(3.12) Py (L) (n* —n) + nby* (m) = —ndy!,, (n),
(3.13) 09" (L) (m? — m) — mdy* (n) = mb%L, (m).

By Lemma [2.5| with (3.10) and (3.11]), one has a?’l(m) = c0 (m) =0 and

(3.14)  bH(m) = —d (m), dy'(m)=dyl, (n) foralli#£0,j#0,—n,m—n.
Denote J; = {—2,1,3}, Jo = {-3,3,0} and J3 = {—3,1,4}. In view of (3.14)), we have

dv,_ (=2)=dY' (3) ifm¢.J,
1

(3.15) Ayt (3)=d>; , (=3) ifm ¢ Jy,
P =d it m ¢ J.

Take n = —2,3,—3 and 4 in (3.12]), respectively, we obtain

(3.16) 605" (Lm) — 269" (m) = 2d%;_,,(=2) if m # -2,
(3.17) 60y (Lm) + 369" (m) = —=3d3" (3) if m # 3,
(3.18) 1299 (L) — 3b0" (m) = 3d5_, (—=3) if m # —3,
(3.19) 12091 (L) + 4b3" (m) = —MEMQ if m £ 4.
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According to , it follows by (3.16)) and (| - ) that pOl Ly)=0ifm¢ Jl, by
and-thatp )—Olfmgéjgandbyand-thatp (L) = 0 if
m ¢ Js3. Note that Jy N JaNJ3 = 0, we get ,02 YLy,) = 0 for all m € Z. Similarly,
according to we have Gg’l(Ln) = 0 for all n € Z. This, together with , implies
that for any m,n,t € Z,

(3.20) (i +n)b  (m) = —(i + n)d)" (m) = —(i +n)d’, ., (n).

It is not difficult to see by (3.20)) that dgr’Ll (m) = dgik( ) = bgnl_i_k( ) for all m,n, k € Z.
Denote dZ’l(O) = —uy, we have d?nl_s_k(m) bgnik(m) = —puy for all m, k € Z. All these

with (3.9)) yield that

F(Lny Ln) = > (i 4 n)b)" (m) L

1€Z

= (m+k+ )bk (M) L
kEZ

= Z(m +k +n) o pmk-
keZ

Note that the sequence € = (uy)kez which contains only finitely many nonzero entries for
which the above equation makes sense. This completes the proof of the claim. In addition,

the above proof also implies
(3.21) "N (Ln) =" (Ln) =Y ppIngy forall n € Z.
keZ
Claim 3.8. f(Ly, I,) = 0 for all m,n € Z.
By Lemma [3.4] the linear maps ¢%!,%%': W(0,1) — W(0,1) satisfy (3.2) and (3.3).

This, together with (3.7, (3.8)) and (3.21)), yields that f(Ly,, I,) and f(I,, L) are of the
following forms respectively:

(3.22)
P (L) T = 09 (1) (m? — m) Ly + > (m = )5 (0) L — D (m+ i) () Loy,
JEZ iE€EZ
(3.23)
O (L) L = 95" (L) (m® —m) I + (0 = m)pd" () L + D (m o+ 0)g" (1) T
JEZ €L
For any m # n, from (3.22) we get
(3.24) (m —i)s>' (n) =0,
(3.25) nrgim(n) = p(l)’l(Lm),

(3.26) 09" (I,,)(m? — m) — mrd (n) = 0.
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It is easy to see by (3.24)) that 5?’1(71) =0 for all i,n € Z. Take m = 2,3,4 and 5 in (3.26)),
respectively, then we have

(3.27) 2091 (1) — 2rd (n) =0 ifn # 2,
(3.28) 609" (1) —3ry (n) =0 ifn # 3,
(3.29) 126091 (1) — 4ry'(n) =0 if n # 4,
(3.30) 20001 (I,) — 5rg (n) =0 ifn#5

It follows by and that Gg’l(In) =0if n ¢ {2,3}, and by and
that HS’I(In) =0ifn ¢ {4,5}. In view of {2,3} N {4,5} = (), we obtain Gg’l(ln) = 0 for all
n € Z. In addition, by letting n = 0 in we obtain p?’l(Lm) = 0 for all m # 0. But
we also have p?’l(Lo) = 0 by taking m =n = 0 in (3.22). Now, it is already shown that
f(Lm, I,) = 0 for all m,n € Z, which proves the claim.

On the other hand, the results above together with yield (m +d)r" (n) = 0 for
any integers m, n, i. This implies r?’l(n) = 0 for all n,i € Z. Similarly, by we have
p?’l(n) = q?’l(n) =0 for all 4,n € Z. Hence, we get the following useful result:

(3.31) NI, = O(1,) =0 foralln e Z.

Claim 3.9. f(Iy,I,) =0 for all m,n € Z.
By Lemma the linear maps ¢, ¢¥%': W(0,1) — W(0,1) satisfy (3.4). This,
together with (3.31)), yields

Ty In) = p (L) Iy = 00 (1) L.

Let m, n run over all integers with m # n in the above equation, then pi" (I,,) = 689! (1,,) =
0 and the conclusion is proved.
Finally, the proof of the proposition is completed by Claims and O

3.2. The case for (a,b) = (0,2)
By the definition, W(0, 2) has the following Lie brackets
[Lm, L) = (m —n)Lmgn, L, In] = —Cm +n)Lnign, [Im, In] = 0.
In this case, we shall prove the following result.
Proposition 3.10. Let f € Bid1(W(0,2)). Then f(x,y) =0 for all x,y € W(0,2).

Proof. We shall complete the proof by verifying the following three claims.
Claim 3.11. f(Ly, Ly) = 0 for all m,n € Z.
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By Lemma there are linear maps ¢%2,¢%2: W(0,2) — W(0,2) satisfying (3.1]).
This, together with (3.5)) and (3.6), yields that f(Ly,, L) is equal to

L+ (i = n)ad*(m)Logi + > (20 + )by (m) g

€L iE€EZ
902 3Im+z n) L *Z(2m+])d02( Mm+j
JEZ JEZ
= 002 (Lo)m® Ly + > (2m —n — i) () Lo — Y (m+n+i)do? o (n) I
€L €L

Because f is symmetric which implies f(Ly,, Ly) = f(Ln, Ly,), comparing both sides of

the above equations, we obtain

(3.32)  (i— n)ao 2(m) = (n— ) (m) = 2m —n— i) (n) forallm,n,icZ

1 n—m-+1

and for m#n and ¢ #0,m —n

(3.33) (2n + i)bQ’2(m) = —(2n+i)d)?(m) = —(m +n+i)d)?, . .(n),
(3.34) 02 (Lym)n® 4 2nb0% (m) = —(m +n)do?,,(n),
(3.35) 90 2(Lp)m® — 2md)* (n) = (m + n)b%2,,(m).

It is easy to see by Lemma [2.5( with (3.32)) and (3.33)) that a?’z(m) = c,?’Q(m) =0 and
(3.36) b2 (m) = —d*(m) for all i # 0.

By taking ¢ = —2n in (3.33), we get (n — )d(lfn n(n) =01if —2n # 0,m — n. It follows
that

(3.37) d)?(n) =0 foralln+#0, k#0,—2n.

Let m = 0and i = n # 0 in (3.33), then one has diy*(0) = %dgnz(n) Note that 2n # 0, —2n
by (3.37)) we have dgf(n) = 0, which yields d?f(O) =0 for all n # 0. By taking n = 0 and

m # 0 in (3.35), notice that by’ (m) = —do(m) = 0 according to (3.36) and (3.37), we
obtain (9(2)’2(L0)m3 - 2md8’2(0) = 0. This implies d8’2(0) = 0. Now, we have shown that

(3.38) v22(0) = d%2(0) = b2’2(n) = d2’2(n) =0 for k,s,n € Z with k # 0, —2n.

Then, from (3.38) we know 62> (m) = 0 if m — n # 0, —2m. This, together with (3.35)),

deduces

0y % (Ly)m® — 2mdy™(n) = 0 for all n # m, 3m.
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Taking m = 1,2,4 and 5 in the above equation, respectively, we obtain

(3.39) 09%(L,) — 2d3*(n) =0 if n #1,3,
(3.40) 809%(Ly) —4d)?(n) =0 if n # 2,6,
(3.41) 64057 (L,) — 8dg*(n) = 0 if n # 4,12,
(3.42) 12509%(L,) — 10dg*(n) = 0 if n # 5,15.

It follows by and that 65%(L,) = 0 if n ¢ {1,2,3,6}, by and
that 69%(L,) = 0 if n ¢ {4,5,12,15}. Note that {1,2,3,6} N {4,5,12,15} = 0, we get
03’2(Ln) = 0 for all n € Z. Similarly, according to we have pg’Q(Lm) = 0 for all
m € Z. This, together with , implies that holds for any m,n,: € Z. By letting
i=0andn =—m # 0 in , we have d8’2(m) = 0 for all m # 0. This, together
with (3:38), gives that b)*(n) = d*(n) = 0 for all k,n € Z with k # —2n if n # 0. This

completes the proof of the claim. In addition, the above proof also implies
(3.43) "% (Ly) = ¢**(L,) =0 forall n € Z.

Claim 3.12. f(Ly,, I,) = 0 for all m,n € Z.

By Lemma [3.4] the linear maps ¢%2,¢%:%2: W(0,2) — W(0,2) satisfy (3.2) and (3.3).
This, together with (3.43), (3.7) and (3.8]), yields that f(Ly,,I,) and f(I,, Ly,) are of the

following forms respectively:

(3.44) PV (Lun) Ly = 05 (L)m Ly + " (m— i) (m) Lins — D (2m+ )7 (n) L

€7 1€EL
(3.45) 6% (Lin)n = 05 (L) L + 3 (i = m)p?(0) Lynss + > (2m + 1)¢0* (0) L.
€L i€EZ

From (3.44)) we get (m — i)s?’2(n) = 0 for all m,n,: € Z which implies s?’2(n) = 0 for any
integer i,n € Z, and by (3.44]) we also obtain for any m # n,

2m+i)rd?(n) =0, i#0,n—m,

(3.46) —(m A+ )2, (n) = pV*(Lin),
(3.47) 092 (1, ym® — 2mry*(n) = 0.

By letting m = —n # n in , we have p(l)’Q(Lm) = 0 for all m # 0. In addition, by
taking m =n =0 in we have p%(Lo) = 0 and then f(Ly, I,) = p3*(Lm)I, = 0
for all m,n € Z. This completes the proof of the claim. On the other hand, in view
of (3.47), in a similar way to Claim we get 93’2(.7”) = r8’2(n) = 0 for all n € Z.
These results with yield 7’?’2 (n) = 0 for all i,n € Z. Similarly, by we obtain
py2(In) = p?’2(n) = q?’Q(n) = 6Y(L,) = 0 for any integer n. We have shown that

(3.48) ¢*2(I,) = ¢*3(I,) =0 for all n € Z.
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Claim 3.13. f(Iy,I,) =0 for all m,n € Z.

From (3.48]), the proof can be finished by a similar way to Claim
Finally, the proof of the proposition is completed by Claims [3.11} [3.12| and [3.13} [

3.3. The case for a, bwitha ¢ Z ora =0, b ¢ {0,1,2}
In this case, we shall prove the following result.

Proposition 3.14. Suppose that a ¢ Z or a =0, b ¢ {0,1,2}. Let f € Bity(W(a,b)).
Then there is a sequence Q0 = (ug)rez which contains only finitely many nonzero entries
such that f(z,y) = Aq(x,y) for all z,y € W(a,b), where Aq is a bilinear map on W(a,b)
defined by

A (Lo, Ln) = Skez(O(m+n) +k+ a)pplminie a ¢ Z, b=0 orl,

0 otherwise,
and Aq (L, I,) = Aq(Im, Ln) = Aq(Ipm, In) =0 for all m,n € Z.

Proof. The proof will be completed by verifying the following three claims.

Claim 3.15. There is a sequence = (uy)kez which contains only finitely many nonzero
entries such that

Zkel(b(m + ’I’L) +k+ a):uk’lm-‘rn-‘rk a ¢ Z,b=0or1,

0 otherwise.

f(Lm, Ln) -

By Lemma the linear maps ¢®° ¥*?: W(a,b) — W(a,b) satisfy (3.1). This,
together with (3.5)) and (3.6)), yields that f(L,,, Ly) is equal to

Z(l —n)a’(m) Lnyi + Z(l + a4 )b (m) Ly

€L €L

=" — ) (0) Ly — > (G + a+ bm)di? (n) Lony
JEZ JEZ

=Y @m—n—i)c (M) Loy =Y (i+a+n+(b—Dm)de’ . (n)].
i€EZ i€Z

Because f is symmetric which implies f(Ly,, Ly) = f(Ln, L), comparing both sides of
the above equations, we obtain

(i —n)a®®

(3.49) '

(m) = (n— i)} (m)
= (2m —-—n— ’L.)C;llferi(n)?

(t+a+ bn)b?’b(m) =—(ita+n+(b— 1)m)d1a@73m+i(n)

(3.50) = —(i+a+bn)d?’ (m).
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It is easy to see by Lemma [2.5| with (3.49) that
(3.51) a’’(m) = cab( )=0 forall m,ieZ.

1

Next, we shall finish the proof based on different cases of a, b.

Case 1: a =0 and b # 0,1,2. By (3.50), (i + bn)bg’b(m) =—(i+ bn)d?’b(m), which
implies from b # 0 that bo’b( ) = —d?’b( ) for any integers m, i. By letting m = 0 and
n = —i in (3.50), we get (b— )nbOb( 0) = 0, which from b # 1 gives that bO_’fL(O) =0
for any n # 0. Thus, d> I;nﬂ( ) = —b° fnﬂ(O) = 0 if ¢ # m. This, together with
by letting n = 0, yields zb? b( ) = 0 when i # m. Therefore, we get b?’b(m) = 0 for all
i,m € Z with i # 0,m. In particular, d>” (n) = —b>" (n) =0 if n —m # 0,n. This,
together with by letting ¢ = 0, yields bnbg’b(m) = 0 for all n # 0,m. The above

discussion tells us that

(3.52) b (m) = d>(m) =0 for all i # m.
Let ¢ = m in (3.50), we get
(3.53) (m + n)b22(m) = (n + bm)d%(n) for all m,n € Z.

Taking n = 0 in the above equation, we obtain mbuy (m) = bmbg’b(()) for all m € Z. Denote
bg’b(O) = 1, then b’ (m) = by for all m € Z with m # 0. From this, we have by
that b(b—1)(m —n)u = 0 for all m,n € Z with m,n # 0. It follows by b # 0, 1 that u = 0,
and so b?ﬁb(m) = 0 for all m € Z. This, together with (3.52)), yields b?’b(m) = d?’b(m) =0
for all ¢, m € Z. With , one can conclude by that

(3.54) (L) = O (Ly) =0 and  f(Ly, Ly) = 0.

This completes the proof of the claim in which ¢ =0 and b # 0, 1, 2.

Case 2: a ¢ Z. In view of (3.50)), we see (i + a)b’(m) = —(i + a)d**(m). Note that
i+a # 0 since a ¢ Z, one has b?’b(m) = —d?’b(m) for all ¢ € Z. This, together with (3.50)),
yields

(i +a+ )b (m) = (i +a+n+ (b— Dm)b2’, . (n).
Let m = 0 in the above equation, then we have (i+a)b;” ®(m) = (i+a+(b—1)m )t # )m From
this, by letting k = i —m and py = t,go) € C, we obtain (m + k+a)b§n£k = (bm+k+a)pg,

which implies

m) _bm+k+a
Now, equations (3.51)), (3.55) with (3.1)) yield that
bm+k+a
J(Lm, Ln) = Z(m +k+a+bn)- mﬂkln—&-m-l—k

keZ

—Z( (m+n)+k+a)+

kEZ

(3.56) b(b—1)mn

1 .
m_’_k+a>ﬂk n+m-+k
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Since f(Lm, Lyn) = f(Lm, Ln), so if there is some pj # 0, then by (3.56) we get b =0 or
b = 1. Note that the sequence Q = (ug)rez which contains only finitely many nonzero
entries for which the above equation makes sense. This completes the proof of the claim

for a ¢ Z. In addition, the above process also implies

bm+k+a

(3.57) O (Ln) =~y (Ln) = 3

kEZ

wilpyr forall m € Z.

Claim 3.16. f(Ly,,I,) =0 for all m,n € Z.

By Lemma the linear maps ¢®°, )%%: W(a,b) — W(a,b) satisty (3.2)) and (3.3).
This, together with (3.7)), (3.8), (3.57) or (3.54), yields that f(L,,I,) and f(I, L,,) are

of the following forms respectively:

(3.58) PL (L) I = > (m = )7 () L — (i + @+ bm)r (n) I,
JEZ €L
(3.59) > (i = m)pf () Ligm + > (i + a+ bm)g " (n) I = 07 (Lin) I
JEZ i€Z

From we get (m — i)s?’b(n) = 0, which deduces s?’b(n) =0 for all i,n € Z. For any
m # n, in view of in which m = 0 we get (i + a)rf’b(n) = 0 for any ¢ # m. This,
together with a ¢ Z, yields r{ ’b(n) = 0 for any n,7 € Z. Furthermore, it also follows that
p4?(Lyy) = 0. Similarly, by one can obtain that p?°(n) = ¢**(n) = 63°(L,) = 0 for

all n,i € Z. Therefore, we have shown that
(3.60) ¢ (L) = v*°(In) = f(Lm, I,) =0 for all m,n € Z.

The proof of the claim is completed.
Claim 3.17. f(Iy,, I,) =0 for all m,n € Z.

Notice that (3.60)), the proof is similar to Claim
Finally, the proof of the proposition is completed by Claims [3.15] [3.16] and 317 O

Now we are ready to give the proof of our main result.

Proof of Theorem [3.2] The “if” part is easy to verify, we now prove the “only if” part.

Now we assume that f is a biderivation of W(a, b). We shall finish the proof according
to the cases of values allowed for a, b.

Case 1: a € Z,b=0.

By [17] we know that if f € Bid(W(0,0)), then there exist A € C and a sequence {2 =
(1) kez which contains only finitely many nonzero entries such that f = Az, y]+ Pq(z,y)
for all z,y € W(0,0), where ¥, is given by Deﬁnition Let o: W(0,0) — W(a,0) be
a linear map determined by o(L.,) = L, 0(In) = Ijn—q. Then by Lemma o is an
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isomorphism of Lie algebras. Let f7 be a linear map from W(a, 0) into itself determined by
f7(o(z),0(y)) = o(f(z,y)) for all z,y € W(a,0). Thanks to Lemma [2.3] any biderivation
of W(a,0) must be of the form f which satisfies

f7 (L L) = f7(0 (L), 0(Ly)) = o(f(Lm, Ln))

= A[Lma Ln] + Z(m +n+ k)#kIm—l—n—‘rk—a
kEZ

= MLm, L] + > _(m+n+t+a)tralminie
teZ

= )\[Lm, Ln] + \I’Q’(LWH Ln)u

where ' = (p}.)kez With p), = pig4q; and obviously f7 (L, In) = X Lm, L), f7(In, Lm) =
MIn, L), f(Im,I,) = 0. Hence, we have f7(z,y) = ANz,y] + Yo (z,y) for all z,y €
W(a,0).

Case 2: a ¢ Z, b= 0.

By Lemma [2.2] Bid(W(a,0)) = Bid_(W(a,0)) & Bid;(W(a,0)). By [10], any f- €
Bid_(W!(a,0)) has the form as f_(x,y) = A[z,y] for all z,y € W(a,0), where A € C.
Let fi € Bidy(W(a,0)). Then by Proposition there is a sequence Q = (uk)kez
which contains only finitely many nonzero entries such that fy(z,y) = Aq(z,y) for all
x,y € W(a,0), where Aq is given by Proposition Therefore, we have fi (L, I,) =
f+Im, Ln) = f+(Im, In) = 0 and

S+ (L, Ln) = Z(k +a)prlminsk = chlm—i-n—&-k
keZ keZ

for all m,n € Z, where pj, = (k + a)up. Let Q' = (u},)kez, we see that f, = Wq. Hence,
in this case any biderivation f of W(a,0) is of the form

f(xay) = f_(x,y) + f-l—(x?y) - )\[H?,y] =+ \IIQ’<x7y) for all T,y € W(CL,O)

Case 3: a € Z,b=1.

By Proposition we know that if fi € Bid;(W(0,1)) then there is a sequence {2 =
(14k)kez which contains only finitely many nonzero entries such that fi(z,y) = T (z,y)
for all z,y € W(0, 1), where TY, is given by Definition Let o: W(0,1) = W(a,1) be
a linear map determined by o(Ly,) = Ly, 0(Im) = Ln—q. Then by Lemma o is an
isomorphism of Lie algebras. Let f{ be a linear map from W(a, 1) into itself determined by
fi(o(x),0(y)) = o(f+(x,y)) for all z,y € W(a,1). Thanks to Lemma any symmetric
biderivation of W(a,0) must be of the form f{ which is given by

fi(Lvan) = fi(U(Lm)aU(Ln» = o(f+(Lm, Ln))

= Z(m +n + k)/ik[m+n+k-fa
kEZ
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= Z(m +n+t+a)ralmintt
teZ

=T (L, Ly),

where Q' = {1}, = ppya | k € Z}; and obviously f7(Lm,In) = f¢(In, L) = f7(Im, In) =
0. On the other hand, if f_ € Bid_(W(a, 1)), then by [10] we see that f_(z,y) = A[z,y]
for some A € C. Now, by Lemma we conclude that any biderivation of W(a, 1) is of

the form
f-(,y) + f{(@,y) = Alz, y] + Top(w,y) for all 2,y € Wia, 1).

Case 4: a ¢ Z,b=1.

For any f_ € Bid_(W(a,1)), by [10] one has f_(z,y) = Alz,y] for some A € C.
On the other hand, if fy € Bid4(W(a,1)) then by Proposition there is a sequence
Q = (uk)kez which contains only finitely many nonzero entries such that fy(x,y) =
Aq(z,y) for all z,y € W(a, 1), where Ag is given by Proposition Therefore, we have

J+(Lm, In) = f+Im, Ln) = f+(Im, In) = 0 and

Fe(Lm,Ln) =Y (m+n+k+ )ik = Yé(Lm, Ln)
kEZ

for all m,n € Z. Then we see that f, = T¢. Thanks to Lemma we deduce that
any biderivation of W(a, 1) is of the form f_(z,y) + fy(z,y) = Az, y] + T§(x,y) for all
z,y € W(a,1).

Case 5: a € Z, b= —1.

By [15], we see that if f € Bid(W(0,—1)), then there exist A, € C such that
f=Az,y] + 82($,y) for all x,y € W(0,—1), where @2 is given by Definition Let
o: W(0,—-1) — W(a,—1) be a linear map determined by o(Ly,) = Ly, 0(Im) = Im—qa-
Then by Lemma [2.4] o is an isomorphism of Lie algebras. Let f° be a linear map from
W(a,—1) into itself determined by f?(o(z),0(y)) = o(f(z,y)) for all z,y € W(a,—1).
Thanks to Lemma [2.3] any biderivation of W(a, —1) must be of the form f” which satisfies

7 (L, Ln) = f7(0(Lim), 0(Ln)) = o (f(Lim, L))
= 0(A[Lm, Ln] + O (L, Ln))
= )‘[er Ln] + Z ,uka(Iern)
kEZ

= )\[Lm7 Ln] + Z Mk-[m—i-n—a
kEZ

= )\[LmyLn] + @Z(Lma Ln);

and obviously f(Ly, In) = A[Lm, L], f(In, Lm) = A[In, L], f7(Im, I,) = 0. Hence, we
have f7(x,y) = Mz, y] + O4(z,y) for all 2,y € W(a, —1).



Biderivations and Commutative Post-Lie Algebra Structures on the Lie Algebra W(a,b) 1363

Case 6: (i) a€Z,b=2; (i) a € Z, b ¢ {—1,0,1,2} and (iii) a ¢ Z, b ¢ {0,1}.

Proposition tells us that if f € Bidy(W(0,2)) then fi = 0. In a similar way to
the proof of Case 1, by Lemmas and we conclude that any f¢ € Bidy(W(a,2))
has to be 0 for all a € Z. In view of Proposition [3.14] we see that whatever a € Z,
b¢ {-1,0,1,2} ora ¢ Z, b ¢ {0,1}, any f4+ € Bid.(W(a,b)) has to be 0. This indicated
that Bidy(W(a,b)) contains only zero biderivation in all cases (i), (ii) and (iii). On the
other hand, it is easy to see by [10] that Bid_(W(a, b)) contains only inner biderivation in
these cases. Therefore, by Lemma we deduce that any biderivation f of W(a,b) must
be inner in all cases (i), (ii) and (iii).

Now, we summarize Cases 1-6 and complete the proof of Theorem [3.2] O

4. Post-Lie algebra structures on W(a, b)

Recall that the post-Lie algebras have been introduced by Valette in connection with the
homology of partition posets and the study of Koszul operads in [19]. As [5] pointed out,
post-Lie algebras are natural common generalization of pre-Lie algebras and LR-algebras
in the geometric context of nil-affine actions of Lie groups. Recently, many authors study
some post-Lie algebras and post-Lie algebra structures (see [4,/5([12,[14}[18]). In particular,
the authors of [5] study the commutative post-Lie algebra structure on Lie algebra. By
using our results, we can characterize the commutative post-Lie algebra structure on

W(a,b). Let us recall the following definition of commutative post-Lie algebra.

Definition 4.1. [15] Let (L,[-,-]) be a complex Lie algebra. A commutative post-Lie

algebra structure on L is a C-bilinear product x oy on L satisfying the following identities:
(41) zoy=you, [ryloz=1xo(yoz)—yo(roz), =zoly 2 =lroy 2z +yxoz
for all z,y,z € L. We also say (L,[-,-],0) a commutative post-Lie algebra.

A post-Lie algebra (L,[-,-],0) is said to be trivial if z oy = 0 for all x,y € L.
The following lemma shows the connection between commutative post-Lie algebra and

biderivation of a Lie algebra.

Lemma 4.2. [15] Suppose that (L,[-,-],0) is a commutative post-Lie algebra. If we
define a bilinear map f: L x L — L by f(x,y) = xoy for all z,y € L, then f is a

biderivation of L.

Theorem 4.3. Any commutative post-Lie algebra structure on the algebra W(a,b) is

trivial.
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Proof. Suppose that (W(a,b),[-,-],0) is a commutative post-Lie algebra. By Lemma [1.2]
and Theorem we know that there are A\, u € C and a sequence = (uy)kez which

contains only finitely many nonzero entries such that

/

)\[x,y]—i—\IlQ(x,y) if b =0,
N,y + Yq(z,y) ifb=1,
roy=
Az, yl + O4(z,y) fa€Z b=—1,
Az, y] otherwise

for all z,y € H, where Vg, T¢ and ©j; are given by Definition Because the product
o is commutative, we have by Ly o Ly = L1 o Ly that A = u = 0. By (4.1]), we see that

[Lym, Lp) o Ly = Ly, o (Ly o Ly) — Ly, o (Ly, 0 Ly)

for all m,n,t € Z. If there is ur € € such that pp # 0, then it is easy to find some
m,n,t € Z such that the left-hand side of the above equation contains at least a nonzero
item, whereas the right-hand side is equal to zero, which is a contradiction. Thus, we have

w; =0 for any i € Z. In other words, z oy = 0 for all x,y € W(a,b). O
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