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We consider a mixed problem with Dirichlet and integral conditions for
a second-order hyperbolic equation with the Bessel operator. The exis-
tence, uniqueness, and continuous dependence of a strongly generalized
solution are proved. The proof is based on an a priori estimate estab-
lished in weighted Sobolev spaces and on the density of the range of
the operator corresponding to the abstract formulation of the considered
problem.

1. Introduction

In the recent years, hyperbolic equations with integral condition(s) have
received considerable attention. The physical significance of these con-
ditions (mean, total mass, moments, etc.) has served as a fundamental
reason for the increasing interest carried to this type of problems. For
instance, many processes in porous media can be described by second-
order hyperbolic equations with an integral condition [14, 15]. The pres-
ence of an integral term in boundary conditions can greatly complicate
the application of standard functional or numerical methods, owing to
the fact that the elliptic differential operator with integral condition is
no longer positive definite in the usual function spaces, which poses the
main source of difficulty. What returns the adaptation of these methods
to this type of problems is a subject of topicality. Therefore, the investi-
gation of these problems requires a separate study at every time.

In this paper, we are concerned with a boundary value problem with
an integral condition for a second-order hyperbolic equation with the
Bessel operator. It can be a part in the contribution of the development
of the energy-integral method for solving such problems.
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488  On hyperbolic equation with an integral condition

The precise statement of the problem is as follows: let b,T >0, Q =
(0,b), I =(0,T), and Q = {(x,t) eR*: x € Q, t € I}. Find a function 6 =
0(x,t) satisfying the equation

%0 10 00
ﬁe—w—;$<X&) —h(x,t), (11&)

the initial conditions

200 = 0(x,0) = 6y (x), (1.1b)
&e:aegﬁ)zeﬂxx (1.1¢c)

the Dirichlet condition
0(b,t) = u(t), (1.1d)

and the integral condition

1
EIQG(x,t)dx=m(t). (1.1e)

If 0 = 0(x,t) is the ground-water level at point x € Q at time ¢, then m(t)
is the mean value of 6(x, ) at time t.

The regular case of this problem has been treated in [1] by using
Fourier’s method to prove the existence and uniqueness of a classical
solution. Similar equation with Neumann weighted integral conditions
has been studied in [12]. Mixed problems for second-order hyperbolic
equations, when in (1.1a) instead of the Bessel operator we have the op-
erator (0/0x)(a(x,t)(0u/0x)) with Neumann integral conditions, are in-
vestigated in [3, 4, 7, 8]. As for hyperbolic equations with only integral
conditions, they have been studied in [3, 7, 13, 15, 16]. Concerning prob-
lems with integral conditions for other equations, we refer the reader, for
instance, to [2, 5, 6] and the references therein.

In this paper, following the method presented, for instance, in [6],
we prove that problem (1.1) possesses a unique strongly generalized so-
lution, in weighted Sobolev spaces, that depends continuously on the
right-hand side of (1.1a), the initial conditions (1.1b) and (1.1c), and the
boundary conditions (1.1d) and (1.1e).

2. Notation, assumptions, and some auxiliary inequalities

First, we assume the following:
(A1) p,m e C3(I);
(A2) the compatibility conditions
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60(b) = u(0), %Lﬁd@dx:mmx
1)

0:(b) =/ (0), %L&mm:wm.

Then, we reduce problem (1.1) to an equivalent problem with homoge-
neous boundary conditions by introducing a new unknown function u
defined by u(x,t) = 0(x,t) - U(x,t) with

U(x,t) = (2m(t) — u(t)) + 2% (u(t) —m(t)). (2.2)

Therefore, problem (1.1) can be formulated as follows. Find a function
u = u(x,t) satisfying

u 10/ ou
ﬂu—w—;a<x$> —f(x,t), (233)
fou =u(x,0) = up(x), (2.3b)
O = aug;,O) = (x), (2.3¢)
u(b,t) =0, (2.3d)
J‘ u(x,t)dx =0, (2.3e)

Q
with the compatibility conditions
wb)=0, [ wdx=0, (=0, (24)
Q

where f(x,t) =h(x,t) - LU, ug(x) = 0 (x) — &U, and uy (x) = 61 (x) — &1 U.

We now introduce appropriate function spaces. Let L?(€2) be the usual
space of square integrable functions and let LE(Q) be the weighted L2-
space with finite norm

2 _ 2
Il oy = | puiax 25)

and with associated inner product

(u,v)Lg(Q) = J‘Q puvdx. (2.6)
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We denote by V() the Hilbert space obtained by endowing C' (Q) with

the norm
5 2
2 _ 2.2 u
||u||V3(Q) —Lz <x u +x<_8x> >dx (2.7)

and the associated inner product

ou 0v
(w,9)y1(q) = J; x*uvdx + Qxa—x a—xdx. (2.8)

Let B; (I) be the space first introduced by the author in [2, 3, 4, 5] as the
completion of the space Cy(I) of real continuous functions with compact
support in I with respect to the inner product

(w,0)By(1) =I ST'uSi'vdt, (2.9)
I
where
t m-1
(t-7)
ocem,
Siu= fo T u(x,t)dr, (2.10)

for every fixed t € I. The corresponding norm is

el ry = 4/ (w, 1) By (r)- (2.11)

We also use the standard function spaces C (I,H) and L*(I, H) of contin-

uous and L?-Bochner integrable mappings from I onto a Banach space
H, respectively (see [9]). Let B)*(I, H) be the space of functions from I
into H which is a Bouziani space for the measure dt. It is a Hilbert space
for the finite norm

2 1/2
lullsy ) = (J‘I <||%§"u||H> dt) : (2.12)

This is the case, for instance, when H = L*(Q), H = L3(Q) (with p = x or
p=x%),or H=VXQ).

Problem (2.3) can be viewed as the problem of solving the operator
equation

Lu=9, (2.13)
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where  =(f,uo,u1) and L is the operator given by
Lu = (Lu,lyu,l1u). (2.14)

We consider L as an unbounded operator with the domain D(L) con-
sisting of all functions u belonging to L2(I,L2(Q)) for which 6Pu/ot",
OPu/oxP (p =1,2), 0*u/otdx € L>(I,L2(2)) and satisfying conditions
(2.3d) and (2.3e). Let B be the Banach space obtained by the closure of
D(L) in the norm

ou

2 1/2
= > , (2.15)

C(IL3(Q))

_ 2

while F is the Hilbert space L*(I,L%(Q)) x V}(Q) x L2(Q) consisting of
vector-valued functions ¥ = (f,uo, 1) for which the norm

1/2

is finite. The associated inner product is
(?/ W)F = (f/w)LZ(I,Li(Q)) + (uO/wO)Vgl(Q) + (u1/w1>L§(Q)- (217)

The elements u are continuous functions on I with values in V1(Q) and
have derivatives 0u/0t which are continuous on I with values in L2(Q).
Hence, the mappings

€0: B3 u—s fou=1ulim € VI(Q),

2.18
€1:BBuH€1u=a—u EL%(Q) ( )
are defined and continuous on B.
Throughout the paper, we use the following operators:
t T
S = I u(-,s)ds, Sju= I u(-,8)ds,
0 f (2.19)

b
O u=Siu-SSu, U= J’ u(g,-)dé.
X
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It is easy to check that the following result holds:

) o.. 0 )

-0 u=—7Sfu=-Swu=——Su=u,
ot T T T ot T ot T Tox (2.20)
Jou=0, 0 u=Su, Sou =0, Syu=0,

forallt,7€[0,T] and x € [0, b].

However, the following known inequalities are frequently used. We
list them here for convenience.

(1) The Schwarz inequality. For g,h € L*>(0,T), we have

(Lg(t)h(t)dt>2 < (f,gz(t)dt> , (jlh2(t)dt>. 221)

(2) The Cauchy inequality. For any real a, b, and ¢ > 0, we have
ab<Ea+ b2 (2.22)
-2 2¢ '

(3) The Gronwall lemma [10, page 56] and [11, Lemma 7.1]. If f; (where
i =1,2) are nonnegative functions on I, f; is integrable on I, and f; is
bounded nondecreasing in I, and c is a positive constant, then

fi(r) <e fa(T) (2.23)
is a direct consequence of the inequality
fi(r) < cj fi(s)ds+ fo(T). (2.24)
0

(4) Moreover, we have
T 2 T
j (S1u)’dt < T—j W2dt,
0 2 0
T , T
f (OF_,u)"dt < ZTZ_[ uAdt, (2.25)
0 0
I (%iu)zdxﬁﬁlj‘ XPutdx.
Q Q

3. Uniqueness and continuous dependence

First we establish an a priori estimate from which we conclude the un-
iqueness and continuous dependence of the solution with respect to the
right-hand side of (2.3a) and on the initial conditions (2.3b) and (2.3c).
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THEOREM 3.1. For any function u belonging to D(L), the following estimate
holds:

l[ullp < cl|LullF, 3.1)

where

10T? +5T +4,1+b)T
:\/1+2bexp<max( +2 +41+b) > (3.2)

Proof. Taking the scalar product in L*(Q x (0,7)), with0 < 7 < T, of (2.3a)
and the integrodifferential operator

Mu=x*0;_u+x0; . (Siu) + xbu (3.3)
we have

j I LuMudxdt

T (P,
:J‘ J‘ 62 udxdt+f J‘ 82 L (Shu)dxdt
0%u du T o/ ou\ .,
+J‘0 J‘wagd dt—fo J‘Qx$< % >9 udxdt

4 OUN 1 /o T( 0/ ou\ou
oL () [ [ (<5) e

(3.4)

Integrating by parts each term of equality (3.4), we obtain

2
I I 2(;2 _udxdt

ou ’ ou
— 2 * T 2
= ng o Op_ul dx + ’[0 ng 3 udxdt

1 1
=—f x2u1%Tudx+—f xzuz(x,r)dx——f xZu%(x)dx,
Q 2)q 2)q

T 2
J I xa—”o;*_T (Sru)dxdt
0Jo

f (°‘*u)|0dx+f f stz
=—f9xu107( xu)dx+j

J‘ xa—\s *udxdt,
0/Q

ot
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"( 0*uodu
jojg o2 5td xdt
1 ou(x,7)\2 1 )
J‘ x< o ) dx—zfgxul(x)dx,
f I < ) Ludxdt
- f |0dt+ff 26” < >d dt
f I x—O* Judxdt
1 . /ou\\?|"
——EIQ (0 ( )) dx+f j X 07 udxdt
1 2o [OU 2 ou ,
—2ng (cT<a—x>> dx+J‘0 J‘Qxa—ﬁ Ludxdt,
T 0 [/ 00U\ san
- fo J; Y (xa—x>9t_7(\sxu)dxdt
=—f x—O* (°‘*u)| dt - J‘ I x—O* Ludxdt
f j xau _udxdt,
0Ja Ox

(LA ()

T duodul’ T ou 0*u
Oxax at dt + f Qxa—x@dxdt

= %J‘Qx<aug;’7-) >2dx - % J’Qx(ub(x))zdx.

(3.5)
Substituting (3.5) into (3.4), we obtain
2 2 2
f x2<%76—u) dx+f xzuz(x,r)+x<M> +x<M> dx
Q ox Q ox ot

= ZITI LuMudxdt+ I (xzug(x) + x(ua(x))2 + xu%(x))dx

+2f xZulxsTudx+2f xur 7 (Shu)dx - ZJ‘ I x—\s *udxdt.
Q Q
(3.6)
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By virtue of the Cauchy inequality and inequalities (2.25), the first and
the last terms on the right-hand side of (3.6) are estimated as follows:

2f j LuMudxdt
0/Jo

< (1+2b) fof x f2dxdt

+1OT2JZ f 2dxdt+f f < ) dxdt, (3.7)
—ZJ‘T’[ xa—u%;udxdt
<b” (%5 )dxdt+4H wdxdt

As for the third and fourth integrals on the right-hand side of (3.6), we
use on top of that the Schwarz inequality to get

2f xzul%rudxgj‘ xzu%dx+’[ xz(%Tu)zdx
Q Q
I xuldx+TI f w’dxdt,
ZI xul%T(%zu)deJ‘ x u%dx+j (S (S%u)) dx (3.8)
Q
Sbj xuldx+T’[ j (S u)zdxdt
Sbf xuldx+4Tf f utdx dt.

Inserting (3.7) and (3.8) into (3.6) and omitting the first term on the left-
hand side of the obtained inequality, we get

j <x2u2(x,7') + x(_@ué};ﬂ) )2 + x(—au((;'T) >2> dx
Q
<(1+2b) J: ’[Q x fAdxdt + fg (xPu(x) + x(ua(x))2 +xus (x))dx

+2bj xu%(x)dx+(10T2+5T+4)f I x*uPdx dt
Q 0Je

T 2
+(1+b)J‘ I x(%—u> dxdt,
0Ja t

(3.9)
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from which we have

2

au('/T)
ot

2
[, 7) ”V(}(Q) +

L3(Q)

<( +2b><f; I£C0)

2 2 2
12 oAt + ||”0||v;(gz) + || ||L§(Q))
+max (10T?+5T +4,1+Db)

T 2
xf <||u(.,t)||2vg(g) " 2 >dt.
0 Ly(Q)

According to Gronwall’s lemma, by putting

(3.10)

au('/ t)
ot

ou(,7) |I*

ot

Fr@) = luC D[40 + 2o
2@
(3.11)

T
T W PO N e

2
L3 (Q)”

we obtain

ou(-, ) 2

2
””('17)”\4}(9) e

@ (3.12)

2
L3(Q) )’

2
<c (”f”iZ(LLg(Q)) + ||u0||V§(Q) + ”u1
where
c1=(1+2b)exp (max (10T +5T +4,1+b)T). (3.13)

Since the right-hand side of the obtained inequality is independent of T,
we take the supremum on the left-hand side with respect to 7 from 0 to
T. Hence, estimate (3.1) holds with ¢ = c}/ 2, O

Since we have no information concerning R(L) except that R(L) C F,
we must extend L so that estimate (3.1) holds for the extension and its
range is the whole space. To this end, we establish the following propo-
sition.
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ProrosiTiON 3.2. The operator L from B into F has a closure.

Proof. The proof is analogous to that in [8, Proposition 1]. O

We denote by L the closure of L.
Definition 3.3. A solution of the equation
Lu= (f,uo,u1) (3.14)
is called a strongly generalized solution of problem (2.3).

Since points of the graph of L are limits of sequences of points of the
graph of L, we extend (3.1) by taking the limits as follows.

COROLLARY 3.4. For any function u € D(L), the following estimate holds:

llullp < c||Lul

- (3.15)

where c is the constant in Theorem 3.1.

Corollary 3.4 asserts that the operator L is injective and that the linear
- — —
operator L  is continuous from the range R(L) of L onto B, from which

we have the following corollary.

CoRroLLARY 3.5. If a strongly generalized solution exists, it is unique and de-
pends continuously on F = (f,ug, u1).

COROLLARY 3.6. The range R(L) of the operator L is closed in F and equals to
the closure R(L) of R(L), that is, R(L) =R(L).

4. Existence of the solution

Now, we are in a position to state the main result.

THEOREM 4.1. Problem (2.3) possesses a unique strongly generalized solution
verifying

ueC(I,ViQ)),

ou _ (4.1)
a7 € C(I,L%(Q)).
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Moreover, u and 0u/ 0t depend continuously on the right-hand side of (2.3a)
and on the initial conditions (2.3b) and (2.3c), that is,

lullcg vy < C<||f||L2(I,L§(Q)) + ”uOHV(}(Q) + [ L§(9)>'
ou

ot

(4.2)

< C<||f||L2<LL§<Q>> + o]l ) + [l L§<g>>-

CaI2@)

Proof. According to Corollary 3.6, we deduce that to prove the existence
of the strongly generalized solution, it suffices to show that R(L) is ev-

erywhere dense in F; in other words, Lis injective. To this end, we firstly
establish the density in a special case.

ProrosiTION 4.2. If
(ﬂu,(U)LZ(I’Li(Q)) = O, (43)

forall ue€ Dy(L) = {u/ue D(L): u=0 (i=0,1)} and for some w € L*(1,
L2(Q)), then w vanishes almost everywhere in Q.

Proof. From (4.3), we have

2
(20)  (2()e) . as
ot L2(I,LA(Q)) ox ox L2(1,L2(Q))

As equality (4.3) holds for any function u € Dy(L), we can express it in a
special form. First, we set

u=S((t-7)z), (4.5)

where z,x(0z/0x), (0/0x) (x(0z/0x)), (0/0x) (x(0%:z/0x)) € L>(I, L*(Q));
further z satisfies (2.3d), (2.3e), and the following condition:

x-b x-b _
A [?et/T, ?6 t/T]. (46)

Thus, we obtain

(Z CU)LZ IL2 o = (i <xw> w)
W@ =\ 3 dx " rare)

; ; (4.7)
z

= —=(x5= ), (T—t)w> .

<6x( OX> i ) I2(112(Q)
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Since the left-hand side of (4.7) is a continuous linear functional of z,
hence S7w, ¥7 (T - t)w) € L*(I,L*(R)) such that

Ri((r-hw) g(xw>e 12(Q), & ((r=Hw)ls = 0.

ox " ox ox
(4.8)
From above, we introduce the function
w=(T-t)%*z (4.9)

and replace it in (4.7); we get

B 0 / 0% ((t-7)z)
J‘Q x(T - t)?2%dx dt = J‘Q(T - t)za <xT> zdxdt. (4.10)

Integrating by parts the right-hand side of (4.10), we obtain

F:) 0% ((t-1)z)
fQ(T—t)2a—x<xT>zdxdt

T o, ((t— b
=I (T—t)zx—‘”((ax D2) | ar
0 0
o t_
_f (T—t)%M%dxdt
Q (3x ax
0% ((t-7)z) 0%z |”
_ 12
= IQ(T £)"x Fye Fye de
o 2
+f (T-t)2x<a§f> dx dt
Q
—2f (1 SE=T2) 0%z (t11)
Q ox ox
o~ 2
:f (T—t)2x<a(,‘;z> dx dt
Q
2T
Q 5x
0

o ({1 2
—f x<—a\9t((t T)Z)> dxdt
0 ox

S o PR G P
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Substituting (4.11) into (4.10) and estimating from above the right-hand
side, we obtain

0z 2

X

0z

e (4.12)

f x(T —t)*2%dx dt < T?
Q

2
B} (LL3 () ‘ B} (LL3 ()

Thanks to condition (4.6), we deduce that the right-hand side is less than
zero. Consequently, we have

j x(T —t)*z*dx dt <0, (4.13)
Q

from which we conclude that w vanishes almost everywhere in Q. O

Now consider the general case. Since F is a Hilbert space, the density
of R(L) in F is equivalent to the property that orthogonality of a vector
W = (w,wy,wn) € F to the range R(L), namely, the integral identity

(LM,W)F = (ﬁu,UJ)LZ(I’Li(Q)) + (e()u,wo)val(g) + (elu,ah)Li(Q) = 0/
(4.14)

implies W = 0. Putting u € Dy (L) in (4.14), we obtain
(—Eu,(U)LZ(I,Li(Q)) = 0, uec DO(L) (415)
Hence, Proposition 4.2 implies that w = 0. Thus, (4.14) takes the form
(Zou,wo)vé(g) + (Zlu,wl)Li(Q) =0. (416)
As €y, €1 are independent and the sets R(¢)), R(¢;) are everywhere dense

in the spaces V}(Q) and L2(Q), respectively, then relation (4.16) implies
that wp =0 and w; =0. Hence, W =0, and thus R(L) = F. O

5. Conclusion

In this paper, we proved the existence and uniqueness of a strongly gen-
eralized solution, in weighted spaces, of problem (2.3) in the sense of
Definition 3.3. The weight here appears, on the one hand, because of a
singular coefficient of the equation, and on the other hand, comes to
place for the annihilation of inconvenient terms during integration by
parts. Besides, u and ou/0t depend continuously upon the right-hand
side of (2.3a) and on the initial conditions (2.3b) and (2.3¢). Note that
the strongly generalized solution is also a weak solution [10].
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The used method is one of the most efficient functional analysis meth-
ods for solving linear PDE with nonlocal boundary conditions, the so-
called energy-integral method or a priori estimates method. That is due
to the fact that we construct for each problem suitable multiplicators,
which provides the a priori estimate, from which it is possible to estab-
lish the solvability of the problem. However, the great flexibility of the
method has its own disadvantage: the major difficulty of the choice of the
adequate multiplicators to the considered problems, which is the crucial
step of the establishment of the a priori estimate.
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