ON THE EXISTENCE OF CLASSICAL SOLUTIONS FOR
DIFFERENTIAL-FUNCTIONAL IBVP

KRZYSZTOF A. TOPOLSKI

ABSTRACT. We consider the initial-boundary value problem for second order
differential-functional equations of parabolic type. Functional dependence
in the equation is of the Hale type. By using Leray-Schauder theorem we
prove the existence of classical solutions. Our formulation and results cover a
large class of parabolic problems both with a deviated argument and integro-
differential equations.

1. INTRODUCTION.

Parabolic differential - functional equations have applications in different
branches of knowledge. Equations with a retarded argument and differential-
integral equations play important role in biology and physic. Differential -
functional equations are also interesting from the purely mathematical point
of view as they cause much more problems then those without functional
dependence. In this paper we consider a very general model of functional
dependence (see (3)) containing two types mentioned.

Let Q C IR™ be any open bounded domain and T > 0, ag ,7 € IRy =
[0, 00) given constants. Define

QO ={z € R": dist(z,Q) <7}, 92 =0,\Q, 6=(0,T)xQ,

Oy = [—ao,O] X Qr, 000 =(0,T)xpQ, T=00Udh0, E=TUBO.

Let D = [—ap,0] x B(7), where B(1) = {x € R" : |z| < 7} and |-]is
the norm in IR". For every z : E — IR and (t,z) € © we define a function
Zw) D — IR by z()(s,y) = z(t+s,z+y) for (s,y) € D. We will call this
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restriction operator z — 2(; ) Hale’s operator and functional dependence in
the equation ”"the Hale type” (see [8] and [9]).

Let a;j, b; € C(©,IR) and L be a second order differential operator
defined by

(1)

Lz(t,x) = Dz(t,x) — Z ai’j(t,:v)Diisz(t,x) - Z bi(t,x) Dy, 2(t, ).

ij=1 i=1
In the following we will assume than L is strictly uniformly parabolic in
O i.e. there exists some positive constant k£ such that

n

(2) ENEP < S ai(t@)&g; < klEP

ij=1

for all £ = (&,...,&,) € R™ and (t,x) € ©.

Suppose that f : O x RxC(D, IR) x IR" — IR of the variables (¢, z, u, w, p)
and ¥ : ' — IR are given function. We will consider the initial-boundary
value problem (IBVP) for second order differential-functional equation in
the following form,

(3) Eu(t>x) = f(taxvu(t>$)7u(t,$)>Dwu(t¢$)) in O,
(4) u(t,z) = V(tx) in T.

Although the formulation of the above problem seems to be rather ab-
stract, it contains as a particular case equations with a deviated argument
and a few kinds of differential-integral equations. This can be derived from

(3),(4) by specializing the function f.
Indeed, consider two examples,

Example 1.1. Let g : O X IRXRXIR*"—> R andpu:0 —- IR, v:0 — IR"
are given function such that

(5) t—ag<up(t,z)<t |v(t,x)—z| <7 for (t,z) € O.
Consider IBVP problem
(6) Lu(t,x) = g(t,z,u(t,x),u(p(t,x),v(t,z)), Dyu(t,z)) in O,
(7)  wu(t,z) = Yt ) in T.
It is easy to verify that putting
ft, 2, u,w,p) = gtz u,w(p(t,z) —t,0(t,x) — x),p)

for (t,z,u,w,p) € © x R x C(D,R) x IR"™ we can obtain problem (3),(4)
(put ug ) in place of w).

In Section 3 we present the theorem on the existence of classical solution
for (6),(7).

Problem in the form (3),(4) can be obtained also by transformation of
differential-integral equation.
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Example 1.2. Let Dy, = {(t +t,x +2') : (t',2') € D} and h: © x IR x
RxR"— IR, K:0 x ExIR— IR are given function.
Consider problem,

(8)Lu(t,z) = h(t, z, U(t,ﬂf),/ K(t,x,s,y,u(s,y))dsdy, Dyu(t,r)) in ©
Dt,2)

(9) u(t,z) = V(t,x) inT.

Define f : © x R x C(D,IR) x R" — R by
flt,z,u,w,p) = h(t,:c,u,/ K(t,z,t + s,z + y,w(s,y))dsdy, p)
D

By the above formula it is evident that (8),(9) can be treated as a particular
case of (3),(4).

Of course, using similar argument, we can also combine these two kinds
of functional dependens and treat them using one model.

The natural question that arise here is how to formulate asumption on
f in rather abstract case (3),(4) in order to obtain interesting theorems for
(6),(7) and (8),(9). The purpose of our paper is to prove existence theorem
for (3),(4) general enough to cover presented examples. We will concentrate
on the first example as it require more careful treatment (see explanation
after Assumption 2.1 ).

As we mentioned at the begining there are numerous applications of par-
abolic differential-functional equations. In Volterra-Lotka model with two
competing species the functions describing the growth rate are solutions of
parabolic equations with time delays. When the Volterra-Lotka competition
model involves m competing species where the reaction rate depends on the
functional values of the species, the governing equations for the population
densitties are a weakly coupled parabolic differential-integral system (see
[12)).

The linearized theory of rigid conductors of heat, composed of materials
with memory, leads to parabolic differential-integral equation (see [2]). The
paper [7] deals with the delay reaction-diffusion equation. Global solutions
and asymptotic behaviour are investigated. This equation describes the
evolution of a single diffusing animal species. The growth rate reaction to
population density changes includes the delay term which involves the entire
past history. Reaction-diffusion integral equations are studied, with special
regard to explosive-type solutions, in [16].

The paper [12] deals with weakly coupled parabolic systems with time
delays. Differential-integral problems are considered also. It is shown by
using upper and lower solutions and by monotone iterative techniques that
the coresponding sequences of approximate solutions are convergent mono-
tonically to a unique solutions of the original problem. Given functions in
nonlinear parts of systems satisfy the Lipschiz condition and fulfil the mixed
quasimonotone property.
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A few monotone iterative methods have been applied in [5, 6] to study-
ing existence problems for nonlinear parabolic differential -functional equa-
tions. Only a small class of differential-integral equations satisfies all the
assumptions of existence theorem given in [5, 6]. Equations with a deviated
argument are not covered by this theory.

The main difficulty in appllying monotone iterative methods is a construc-
tion of a lower and an upper functions. General methods of finding these
functions are little described in literature.

In the paper we do not need assumptions on lover and upper functions.
We also consider larger class of problems. The function f depends also on
D, u in our model.

It must be said also that, although we focus on one equation, our result
can be extended on weakly coupled systems in an obvious way. We do not
assume quasimonotone conditions in this case. The function f depends also
on D u

For problems without functional dependence on w this subject was in-
vestigated in [10] and [1]. It is worth to be mentioned, that other type of
functional dependence, for first equations, is treated in [3, 4].

The classical works on the uniqueness for parabolic differential-functional
equations are [13, 14]. This problem for equation in the form (3) is studied
in [15] were the author consider solutions in generalized sense.

We will investigate classical solutions of (3),(4). We will use the symbol
CLS(f,¥, L) for the set of all classical solution of (3),(4).

A function w : Ry — IRy is called modulus if w is nondecreasing and
w(0T) = 0. Let C(D,R,R) = {w € C(D,R) : |w||p < R} where || - |4 is
the supremum norm in the space C(D, IR)

We write Gy = {(s,2) € G : —ag < s < t} for any G C IR"HL.

Let M > 0. We will write o € Oy if 0 : [0,T] x R4 — IR, is continuous
and nondecreasing, with respect to both variables, function such that, the
right-hand maximum solution of the problem
(10) J(t) =o(t,2(t),  2(0)=M.
exists in [0, T]. We will denote this solution by p, (-, M).

Definition 1.1. Let M >0, 0 € Op. We will write f € X pr if
(i) for every (t,z,r,w) € © x IR x C(D, IR)
[z, r,w,0)sgn(r) < o(t, max (|r[, [|w]|p));

(i) for every R > 0 there exists modulus wr such that
[f (&2, r,w,p)=f(t 2, m,w,0) Swr(pl)  in - OX[-R, R]xC(D, R, R) < R".

Let
(11) R=R(o,M) = (T, M).

Proposition 1.1. Suppose that f € X, ur, ||V < M andu € CLS(f, ¥, L).
Then

(12) lullg, < po(t,M) < R= R(c,M) for tel[0,T].
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This Proposition is proved in [15] ( Theorem 2 ) .

Definition 1.2. Let (X, ||-||) be a real metric space,and R > 0 any constant.
We define I : X — X by

ED if |lzl| < R;
(13) Ir(z) = {lgg”R if ||z|| > R.

It is evident that
(14)  [{r(@)|| = min |z, R), [Ir(z) —Ir@)| <[z -yl n X

Let now I}, : IR — IR and Ip : C(D, — C(D,IR) be defined by
(13). For any function f : © x IR x C(D, x IR" — IR we define fg :
O x R x C(D,R) x R" — IR by,

(15) fR(t7$vu7va) = f(t7$7[;3(u)aIR(w)7p)'

By the definition of fr and Proposition 1.1 we have at once,

R)
IR)

Remark 1.1. Let |¥|lp < M, 0 € 0y, R= R(0, M). If f € X, then,

(Z) fR € XO',M;

2. EXISTENCE OF SOLUTION OF IBVP.

Let C12(©, IR) denotes the space of all function u € C(©, IR) such that
Dyu, Dyu, D2u exist and are continuous in ©. Write C+?(E, IR) = C42(©, R)N
C(E,R). In the following we will always assume that there exists ¥ €
C+?(E, IR) such that \i’|p =U.

Definition 2.1. We will say that IBVP (3),(4) satisfies the compatibility
condition if

6) DV (0,2) — > aij(0,2)Daya, ¥(0,2) — Y bi(0,2) Dy, ¥(0, 2)
16 ij=1 i

= f(07x7 \II(O7$)7 \II(O,I)a Dl‘\p(()?x))
for x € 09).

Let A C IR'™™ any bounded domain and « € (0,1), I=a, 1+a, 2+
We will denote by C/%!(A, IR) the space of all function u : A — IR of the
variable (t,x) such that D7u (for r = 0,...[]]) and Dfu (for k = 0,1...[1/2])

exist and are continuous in A, Dg]u satisfies Holder condition with exponent

I — [I] with respect to x and Dy/ 2Ly satisfies Holder condition with exponent
1/2 — [1/2] with respect to t. We will use the symbol | - ||/* (or || - ||;) to
denote the norm in C*/%!(A, IR). For the properties of the space C/?!(A, IR)
we refer the reader to [10]. It is well known that (CY/2H(A,R), | - ||;) is a
Banach space.
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Let 8, 3 € (0,1]. We will also consider the space CB’ﬁ(A,R) with the
norm

) )
lull4 5 = lulla+ HY 4 (u) + HY 4(u)

where

H? () = sup{ "D ZUED] oy 2y € e # 2,
’ |z — 7|8
Of course this extends the definition of C*/2(A, IR) ( notice that H;}A(u)
denotes the Lipschitz constant in x for u and 3 may not be equal to 3/2).
Let CP5(4, R.q) = {w € COY(A, ) : w4, < q}
Write

c[(j;“)/z g R) = OPP(E, R) n 0 +e)/ 214§ [R)

C;_;a/g g R) = CPP(E, R) N CH/22te(§ R)

with norms
E (C] E (S]
Jall22, = max(lullZ . ulya) ull3E, = max(lullZ 5, [ulSa)-
Let
COYE,R) = C(E,R)NC* (O, R) and |[ull}, = |lull§ + [|Dsullf.

In the following o € (0,1), e < 7 < 1 are given constants. Our basic
assumption is the following.

Assumption 2.1 ( Az 5 ). Let [|[¥|r < M, and > 3>
given constants. Suppose that,
1) there exists o € Opr such that f € Xo 015
2) there exists nondecreasing function p : IRy — IRy such that
|f(t, 2, u,w,p)| < pmax (Jul, [lw][p) (1 + [pf*)
in ®x Rx C(D,R) x R",
3) for every R, L > 0 there exists a constant C(R,L) > 0 such that
£t 2,0, w,p) = f(t,2,0,9,p)] < C(R, L)(|u—al* + |lw — @[} + |p - pl)
on © x [-R,R] x C(D,R,R) x B(L);
4) for every R, q, L > 0 there exists a constant H(R,q, L) > 0 such that
|f(t,x,u,w,p) = f(E,2,u,w,p)| < H(R,q,L)(Jt — 8*% + |z — 2[*)

I\D‘Q
I\/
=2
v
=1Q

on © x [-R, R] x CP#(D, IR, q) x B(L);
5) there exists ¥ € C’é;a/Q’era(E,lR) such that \T/|p =VU.
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Since our assumptions could be not clear enough for some of the readers
we should give a little explanation. We introduce 1) to get apriori bound
on solutions for problem (3) (4). The second item is a functional form of
Nagumo condition (see [10]). It plays important role in obtaining apriori
bound on z-derivative of the solutions. Notice that the Lipschitz-Holder
condition on f is divided into 3) and 4). It has its meaning. The fact that
we take the space C?%(D, IR, q) in 4) allows us to apply our results not only
to differential-integral equations but to equations with a deviated argument
as well (see the last paragraph). It would not be possible if we took in 4)
larger space C'(D, IR, q). Of course the assumption would be stronger in this
case. One of the reason why we introduce space C%#(A, IR) is that we want
to obtain possibly the most general result. Assumming more about ¥ we
can assume less about f and vice versa.

Remark 2.1. Suppose that f satisfies Assumption 2.1. Let o9 =
llo(-, R)H[O’T], po = p(R). It is easy to check that fr defined by (15) satisfies
Assumption 2.1 with oo, po in place of o, p and with C(R,L), H(R,q,L)
independent of R.

In view of this remark and Remark 1.1 (ii) without loss of generality we
can assume that C(R,L) = Cr, H(R,q,L) = H, .

Define
f\ij(ta x,u,w,p) - f(ta Z,u + q’(twr)?w + q’(t,x%p + Dl‘\ij(tux)) - E\il(t7x)
for U € CH*(E, R).

Remark 2.2. If (f, V) satisfy Assumption 2.1 and a;;, b; € CO‘/Q’Q((:),IR),
then

(i) (f§.0) satisfy Assumption 2.1;

(ii) uw € CLS(f, ¥, L) if and only if u — ¥ € CLS(fg,0,L).

This, easy to verify, remark allows us to simplify our problem.

We define the Nemytskii operator for problem (3),(4).
Put

(17) F(u)(t,r) = f(t, 2, u(t, 2), uq), Deu(t,z), (t,z) €O

where u € CYN(E, R).
The following properties of the Nemytskii operator are very useful in the
proof of the existence.

Lemma 2.1. Suppose that f satisfies Assumption 2.1 and let F be the Ne-
mytskii operator for (3),(4). Then
(i) F:CYYE,R) — C(©,R) is continuous and bounded.

(i) F(CYT™> (B, R) € C*/*(6, R).
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Proof. (i) Let |lu —ullg; <1, and R = ||u||g, + 1. Then

|F(u)(t, ) — F(u)(t, =)
=/t z,ult, ), u gy, Deult, x) — f(&, 2, 0(t, ), Ur,z), Do ( z))|
< Cr(lu(t, z) — a(t, 2)|* + l[uwe) — ol p + [Dault, z) — Dault, z)|)
< Crllu —1allg s,
which shows that F' is continuous.
Let [ul[g; < R. Since
[(Fu)(t,2)| < |f(t, @, ult, ), um), Deult,x)) — f(t,2,0,0,0)|
+ |f(t,2,0,0,0)]
< Cr(l[ull§ + lullg + [[Dzulle) + 1£(-,-,0,0,0)[e,

we see that F' is bounded.
(ii) Let u € C(—1+a)/2’1+a(E IR)). Then Fu is Holder continuous with

respect to z. Indeed, Put R = H“H1+a Of course this implies Huﬂgﬁ <R
and we have by Assumption 2.1

[(Fu)(t, 2) — (Fu)(t, 7)]

= |f(t,z,ult, 2), u gy, Deul(t,z)) — f(t, 2, u(t, T), ue z), Deu(t, 7))

< [f(E 2, ult, ), ue), Dault, @) — f(E 2, ult, ), u,z), Dault, 7))
+ [ f(tzu(t, @), we gz, Dou(t, 7)) — f(t,2,u(t, ), u z), Dau(t, 7))

< Cr(Ju(t, z) — u(t, 2)|" + |[u@z) — s lp + | Dault, ©) — Dyu(t, 7)))
+ Hp gle — z|*

< Cr((IDsulle)*z — 2| + [H) p(w)]|z — 2|7 + Hio (Do)l — 7|*)
+ Hp rlx — z|°,

where HY o (Dyu) = 370 Hy o (D).
Since ﬁ’y > o we get desured conclusion.

Similarly, remembering that § > %, we prove the Holder continuity of
Fu with respect to ¢ m.

Lemma 2.2. Suppose that f, W satisfy Assumption 2.1 and @ € Ci’2(E,IR)
is a solution of (3),(4). Then there exist constant L such that

(18) ID,all§ < L.

Proof. Without loss of generality we can assume that ¥ = 0. Put f* :
Ox RxR"— R, f*(t,z,v,p)=f{v,10¢y),p)
Consider problem
(19) Lo(t,x) = [f*(t,z,v(t,x),Dyv(t,x)) (t,z) €O
(20) v(t,z) = 0 (t,z) € X
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It is evident that @ ,g is a solution of (19),(20). It easy to check that f~
satisfies hypotheses of Theorem 2.2 [1]. Therefore there exists a constant L
depending on £, ¥, R, p such that (18) holds true. m

Now we are ready to state our main result.

Theorem 2.1. Assume that
1) iy, b; € Ca/2’a(é,B);
2) 0N belongs to class C*+;
3) f,V satisfy Assumption 2.1 and the problem (3) (4) satisfies the com-
patibility condition (16).

Then IBVP (3),(4) has a solution u € Cé;a/2’2+a(E, R).
Proof. In view of Remark 2.2 we may assume that ¥ = 0. The compati-
bility condition (16) takes now form
(21) f(0,2,0,0,0) =0 for x € 9N
Put ¥ = ({0} x Q) U ([0,T] x 992). Define,
Cg/Q’Q((:),B) ={geCY¥?**@O,R): ¢g(0,2) =0 for z € IQ}
C'?(0,R,0) = {g € C'*(6,R) : g5 =0}
1/2,1
CU(B, R, 0) = {g € CY%' (B, R) : g = 0}
where [ = 1+ «, 2+ «. It is evident that we can treat CI/Q’I(C:), IR,0) and
C'24(E, IR, 0) as one space.
Let us define the operator V : 05/2’6'(@,1}2) — O1te/22+(@ IR, 0). For
g€ Cg/Q’a((:), IR) we denote by Vg a solution of the problem
(22) Lz(t,x) =g(t,z) in O,

(23) z(t,z) =0 on X.

In view of classical theory (see [11]) Vig € C1+/22+2(@ IR, 0) is well defined
and

6 6
IVall2ha < cllglla

for some ¢ > 0, which implies that V' is continuous. 7NOW we will construct
a bounded linear extension of V' into the space L4(O, IR), for some q > 1.

Since Cg/Q’a((:),lR) is dense in L9(©, IR) there exists a sequence {g;}2; C
C8/*%(, R) such that ||g; — 9ll Lo,y — 0 as i — oo

By the application of Theorem 5.2 [11] the linear problem (22),(23) (for
g = g;) has the unique solution Vg; € C'**/22+2(@ IR,0). But, by the
definition, classical solutions of (22),(23) are also generalized solutions of
(22),(23). Therefore Vg; € W-*(©, R) and

Vi = Vjllwizemr) < cillgi = 9illee.R)

(see [11]) which shows that {Vg;}5°, is a Cauchy sequence in W;’Q(@,JR)
since {g;}%2, is a Cauchy sequence in L4(©, IR). Therefore there exists u* €
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W}2(6, R) such that [Ju* — Vgi|’qu’2(é,R) —0 asi— oo. Put V*g = u*.
It is easy to check that u* is independent of the choice of {g;}5°,. Since (see
1)
1V*g — V*§||qu,2(@7ﬂg) < callg - §||Lq(@,ﬂ%)
and
||V9i‘|wav?(@7]R) < Cl”QiHLq(@JR)

V*: LYO,R) — W} *(0, R) is bounded and continuous.

Put ¢ = 22 We will show that ufy; = 0. Indeed, since W26, R) is
imbedded in C(1+®)/21+e(Q, IR) (see [10]) we have

l*[l§ = llu* = Vgill§ < llu* = VaillPya < c2lw” = Vaillyre o m)

for some ¢y > 0.
Now we prove that u is a classical solution of (3), (4) if and only if u is a
solution of

(24) z=(V*'F)(2).
Indeed, let first assume that u € C'+*/22¥¢(E IR, 0) is a classical solution
of (3), (4).

Put 4 = (V*F)(u). Since, by Lemma 2.1 and (21) Fu € 03/2’a((:),ﬂ{),
then & = VF(u) and @ is a solution of

(25) Lz(t,x) = (Fu)(t,z) (t,z) €O, =z(t,z)=0 (t,r)€.

But u also satisfies (25). Therefore by the uniqueness (see [11]) u = @ and
24 is proved.
Let now u satisfy (24). Since

I:C(6,R)— LYO,R) defined by Iz = z for z € C(O, IR)
is continuous, and
[:Wr2(6,R) —» CcUHo/214%(Q ),
such that Iz = z for z € W}2(©,IR), is also continuous by Lemma 2.1,
V*F:CY(E,R) — Cé ;a)/Q’Ha(E,B) is continuous.
Notice that if u = (V*F)u then v € C0+)/2He(E IR 0) and in view of
Lemma 2.1 Fu € C%/%%(©, IR). Therefore,
uw=V*Fu= (VF)ue C22 (g R, 0)

and u satisfies (3),(4).
Let CY(E, R,0) = {z € CYY(E, R) : zr = 0}. Our next claim is that
G = V*F is completely continuous operator from C? ’1(E , IR, 0) into itself.
Indeed, it is clear from Lemma 2.1 and the fact that c! VZHO‘(E,IR)

_1+oc
8,8
is compactly imbedded in C2''(E, IR). Let
U={ueCOE,R,0):|ul|f <R+1, |Dyul§ < L+1}
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where R = R(o, M) is defined by (15) and L in Lemma 2.2.
Of course 0 € U and U is bounded, open subset of C,?’l(E,]R, 0). We will
show that for every u € OU, A € (0,1) u # AGu . Then by Leray-Schauder
theorem G has a fixed point which in view of the first part of the proof is
the desired conclusion.

Assume that A\Gu = u for v € U, X € (0,1). Then NV*F)u =
V*(A)(u) = u is a solution of the following problem

Lu(t,z) = A (t, z,u(t, ), Uz, Deu(t,r)) in©O wu(t,r)=0 inT.

Applying Lemma 2.2 (with AF, 0 instead of F' and V) we obtain that
|ullf < R and |Dyul|§ < L as |\ < 1. This contradicts the fact that
uedl.m

Remark 2.3. If f is Lipschitz continuous in u, w (i.e if we put « =~y =1
only in Ag 5 3) ) then problem (3),(4) has a unique solution.

The uniqueness of solutions for (3) (4) follows from Remark 1.1, Lemma
2.2 and from Theorem 4 in [15].

3. IBVP WITH A DEVIATED ARGUMENT.

In this paragraph we will look more closely at Example 1.1 . Recall some
notation.

Let g : X RXxRXR"—> R, p:0— R, v:0 — IR" and ¥ are
given function. Suppose that condition (5) is satisfied. In this section we
will consider problem (6),(7).

We will say that IBVP (6),(7) satisfies the compatibility condition if

n

DU (0,2) — }:(hxoﬁwzy”ﬁmaxx)—-ﬁébxoﬂwzzhmaxx)
(26) i,j=1 i

=g(0,z,9(0,z), ¥ (1(0,2),v(0,2)), D, ¥(0,x))
for x € 09Q.

Assumption 3.1. Let |V|r < M, o € (0,1) and v > « given constant.
Suppose that,
1) there exists o € Opr such that

g(t,z,u,7,0)sgn(u) < o(t,max (jul,|r])) in © xR x IR;
2) there exists nondecreasing function p : IRy — IRy such that
gt @, u,7,p)| < plmax (ful, [P))(1 + p/2) in © x R x IR x R™
3) for every R, L > 0 there exists éR,L > 0 such that
(o u,r,p) — £ 30,7 5)| < Cru(t— 072 + o — &1 + Ju— af°
+r=7"+p—pl)
in © x [-R,R] x [-R,R] x B(L).

4) there exist #H) <nu <1, % <n < % and H,, H, >0 such that
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\u(t,z) — u(t,z)] < Hu(|t — 8™ + |z — z|*™)
v(t,z) —v(t,2)| < H(t — 1™ + |z — z|*™);
on © (if 2n, > 1 then p does not depend on x).
5) there exists \i] S Cé:;a/zg—i_a(E? R) such that \il\F =V fO’/‘B = 7270;”7 ﬂ =

_a
2y

Theorem 3.1. Assume that
1) Qij, bi S Ca/z’a(é,B);
2) 9N belongs to class C*+;
3) ¢,V satisfy Assumption 3.1 and the problem (6) (7) satisfies the com-
patibility condition (26).

Then IBVP (6),(7) has a solution u € C’l+a/2 2Jra(E IR). This solution is
unique if g is Lipshitz continuous in u,r (locally inru,p).
Proof. Put
[t z,u,w,p) = g(t,z,u,w(p(t,z) —t,v(t,z) — x),p)
for (t,z,u,w,p) € © x IR x C(D,R) x IR" It is easy to verify that if
u € C’l;aﬂ 2+a(E R)NCLS(f,V,L), then u satisfies (6),(7). In view of

Theorem 2.1 it suffices to show that f satisfies its hypothesis. We will show
only Az 5 4), which is the most complicated. Let w € C%?(D, IR, q), |p| < L

£t 2, u,w,p) — f(Ex,u,w,p)]
< g(t,z,u,wp(t,x)—t,v(t,z) —x),p) — g(t, z,u, w(u(t, x) —t,v(t,z) —x), p)
< Cor(lt = 172 + Jw(u(t,z) — t,v(t,2) — 2) — w(p(f,z) — L, v(E 2) — 2)[")
< Cop (|t — 172 + [HY p () [lu(t, 2) — u(E, @) + |t — 1)
HHE ()] ot 2)—v(E,2)?) < Cop( (=824 [H] ()] [H, ]P0
HHL )|t — 877 4 [H () [H, ] — 775 )

Since v8, v8 > «/2 and vBn,, VvBM, = a/2 we see that there exist
H, 1, > 0 such that

’f(ta x)“vva) - f(fa l‘»U,U%p)’ S ﬁq,L|t - £|a/2
Similary we can show that

’f(t7$7u7w7p) - f(t,i,u,w,p)] S ﬁq,L‘x - jf"a
for some I;Tq,L > 0. This proves Aj 5 4).

For the uniqueness see Remark 2.3. =

Corollary 3.1. (i) Ify=1, n, = 55, nv = & then g = afl 3 —=1. (The
function ¥ needs to satisfy Lipschitz conditz’on inx)
(i) If v = 1mu =1 (u(t,x) = p(t)) m = § then § = g
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Remark 3.1. It is also possible, using a similar argument, to obtain a the-
orem on the existence and uniqueness of classical solutions for the problem

(8), (9)-

See explanation given to Assumption 2.1.
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