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We describe a finite-dimensional reduction method to find solutions for a class of slightly
supercritical elliptic problems. A suitable truncation argument allows us to work in the
usual Sobolev space even in the presence of supercritical nonlinearities: we modify the
supercritical term in such a way to have subcritical approximating problems; for these
problems, the finite-dimensional reduction can be obtained applying the methods al-
ready developed in the subcritical case; finally, we show that, if the truncation is realized
at a sufficiently large level, then the solutions of the approximating problems, given by
these methods, also solve the supercritical problems when the parameter is small enough.

1. Introduction

Finite-dimensional reduction methods have been used in several contexts to find solu-
tions of differential equations. In problems where some concentration phenomena arise,
these methods are used to construct blowing-up solutions and to describe the effect of
the domain shape on the existence and on the number of solutions of this type.

This situation occurs, for example, in some nonlinear elliptic problems involving crit-
ical (or nearly critical) Sobolev exponents. In this case, these methods are used to point
out the role of Green’s and Robin’s functions to construct multispike solutions, and to de-
scribe the lack of compactness and the concentration phenomena related to the presence
of critical or nearly critical nonlinearities.

Several works have been devoted to the case of critical or subcritical nonlinear prob-
lems (see, e.g., [1,2,3,5,7,11, 12, 13, 14, 15]).

More recently, the case of slightly supercritical nonlinearities has been also consid-
ered (see [6, 8,9, 10] and the references therein). It is clear that for these problems, an
additional difficulty is due to the fact that the Sobolev embedding is no longer valid.

In [6], the authors consider directly the supercritical problem. So, in order to carry out
the finite-dimensional reduction, they need some uniform estimates in suitably chosen
spaces.

In the present paper, we describe a different approach: by a modification of the nonlin-
ear term at infinity, we approximate our problems by subcritical (indeed, asymptotically
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linear) problems. Then, we obtain the finite-dimensional reduction for the approximat-
ing problems, applying directly the methods already developed for the critical and sub-
critical cases (see, e.g., [1, 3, 13, 14, 15]). Finally, we show that the solutions of the approx-
imating problems, given by these methods, also solve the supercritical problems when the
parameter is small enough. In this way, we can work in the usual Sobolev space; we only
need estimates in H(} (indeed, one can also obtain, as a by-product, more careful uniform
estimates, but they are not required to carry out the finite-dimensional reduction).

A similar approach is used in [16] to find solutions for problems of this type in un-
bounded domains (see Remark 2.6).

2. Approximating problems and finite-dimensional reduction

Our aim is to find solutions of the following problem:

—Au = u(n+2)/(n72)+£ inQ,
u>0 inQ, 2.1)
u=0 onoQ,

where () is a bounded domain of R”, n > 3, and ¢ is a small positive parameter.
We consider the functions

(n=2)/2
) VECRY, u>0.  (22)

Uy (x) = [n(n—2)] "7 <m

Denote by Ug,, the projection of Ug,, onto Hj(€), namely, the solution of the problem

A2/ (n-2)
—AUgu = U, "7 inQ, (2.3)
Ugy =0 onoQ.

For k € N and ¢ small enough, we look for solutions of (2.1) of the form

k
e (EA) = > Uie(§,1) + 0k (€,1), (2.4)

i=1

where E = (El)- .. )Ek) € Qk; A= (Al)- .. )Ak) € (R+)k) Ui,£(£>A) = Ufi,(,\%g)l/("*zh and Gk,s(f)/l)
—0ase— 0.
For § € ]0,1[ small enough, consider the set

M = {(m) € O x (R : dist (£,00) > 5,
(2.5)
5< i< %, & &| >0ifi4j(ij= 1,...,k)}.

We fix a constant ¢ such that

(n-2)/41

c>[n(n-2)] 5

(2.6)
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(notice that [n(n —2)]"=274(1/8) = max Ug g2 for all £ € R"); then set t, = ¢/\/e and
define g, : R — R* as follows:

0 ift <0,
2(t) = (n42)/(n=2)+e ) ifo<t<t, (2.7)
_ n+ _ .
(D n=2)te (_2+£> B0V () it

Let J. : H} (Q) — R be the functional defined by
Jetw) = 5 | 1Vuldx- | Gutwas, (2.8)
2 Ja Q

where G(t) = [, g.(7)d.

Remark 2.1. Notice that G¢(t) has subcritical growth at infinity for all € > 0; so J. is a
well-defined C? functional in H}(Q)). Therefore, we can work in the usual Sobolev spaces
and apply the finite-dimensional reduction methods already developed for critical or sub-
critical problems; in particular, taking also into account the choice of the constant ¢, we
can obtain the following two lemmas (indeed, these methods have been first applied to
problems with homogeneous nonlinearities, but all the arguments still work if the homo-
geneous nonlinear terms are replaced by g.(u)).

LEMMA 2.2. There exists e > 0 such that, for each € € ]0,¢[, there exists a smooth map
Ok : My — H{(Q) satisfying the following property: the function uy(€,1) (see (2.4)), with
(&,1) € My, is a critical point for ] if and only if (§,A) is a critical point for the function

Fie(§A) = Jie (ke (1)) (2.9)

Moreover,
lgilrolsup {HHE(E,/\)HH(%(Q) :(&,1) € Ms} =0. (2.10)

The proof is similar to the proof of [16, Proposition 3.2]. An asymptotic expansion of
the finite-dimensional reduced functional F is given in the following lemma which can
be proved arguing as in [3, 15] (with ¢ replaced by —e¢).

LemMA 2.3. Let Fi, : Ms — R be the function defined by (2.9). Then
Fk,s(fa/\) =kS,+ kdn“«‘lgs +£[kl—7n + Enll/k(gal)] + (Pk,s(E)A% (2.11)

where S,,, a,, b,, and ¢, are suitable constants depending only on n, e Loy, — 0 in C'(Ms)
ase— 0, and

R k
ve(§A) = % [ZH(&',&')A% -2 > G(fi,fj))ti)tj] +> gk, (2.12)
i=1 1<i<j<k i=1

where p, is a positive constant depending only on n, G(x, y) denotes the Green function of
—A with zero Dirichlet condition on the boundary of Q, and H(x, y) is its regular part.
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Remark 2.4. As a consequence of Lemmas 2.2 and 2.3, every critical point for y,, which
persists with respect to small C! perturbations, for ¢ small enough, gives rise to a solution
of the form (2.4) for the equation —Au = g (u). Indeed, for ¢ small enough, this solution
also solves problem (2.1), as we can infer from the following proposition.

PROPOSITION 2.5. Assume that there exists & > 0 such that, for all ¢ € ]0,&[, the function
Fe has a critical point (&,M¢) € Ms. Then there exists €, > 0 such that

supuie(§,Ae) <te Vee]0,&[ (2.13)
Q

(te appeared in the definition of g, ).
Proof. Foralle >0, set Q, = e /"2 and

ve(y) = /=28y, (E,X) (V" Dy) VyeQ,. (2.14)

Clearly, our assertion is equivalent to proving that, for ¢ small enough, supg ve < 7o,
where 7, = t,e¥/+(n-2)e)

Notice that v. € H{(€,) and solves the problem

—Ave = gs(vs) in Q,

2.15
ve=0 on o0Q,, ( )
where
0 ifr <0,
g(r) = T , f0<7<7m  (21¢)
_ + _ .
L/ n=2)te (:_ + 6) L0 2)+£(T T -
Moreover, we have
limt, =c. (2.17)
e—0

Because of the choice of ¢ (see (2.6)), we can choose another constant ¢; such that

[n(n— 2)]('172)/4 < <ec. (2.18)

S| =

Since Ok (&,Ae) — 0, as & — 0, in HE(Q) (hence also in L*”(*~2(Q)) and since ¢, >
(1/8)[n(n —2)]®=2/4 from the definition of v, it follows that lim,_., meas(A;) = 0, where
A ={x€ Q¢ :ve(x) >c1}.
If A, = @ for € small enough, then the assertion is proved (because lim,_o 7. = ¢ > ¢1).
On the contrary, if meas(A;) > 0 for ¢ small (up to a subsequence), set v, = v, — ¢; and
notice that 7, satisfies

AV =g.(c1+7:) inA,,

2.19
?. =0 on JdA,. ( )
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Now, observe that, for ¢ small enough (so that ¢; < 7.), we have

_ +2
ge(cl 4 ‘f) < C(1n+2)/(n 2)+e + (% +€) T;l/(n72)+e,i_ V>0, (2.20)

which implies sup A, Ve < supp Ve, where B, is a ball in R” such that meas(B,) = meas(A;)
and ¥, is the solution of the problem

_ +2 .
— AP = (D (_n + s) /=25 in By,
n—2 (2.21)
7. =0 on 0B,.
Notice that, since meas(B,) — 0 while ¢""*""2* and ((n+2)/(n - 2) + &)1/ "% re-

main bounded as ¢ — 0, problem (2.21) has indeed a unique solution 7 for & small
enough and, moreover, lim,_q supp ¥: = 0.

Therefore, since 7. — ¢ as ¢ — 0 and ¢ > ¢;, for ¢ small enough, we have supq, Ve < Te,
which is our claim. O

Remark 2.6. In [16], Yan uses a similar method to find solutions of problems of the form
—Au= Q(y)umtV =Dt i Rr
u>0 inR", (2.22)
u(y) — 0 as|y| — oo,

where n > 3 and Q: R” — R is a positive continuous function. The aim is to construct
high-energy solutions concentrating on a strict local minimum point y, of Q(y).

In order to have the corresponding variational functional well defined in @2(R"),
the nonlinear term u("*?/("=2)*¢ in [16] is replaced by a nonhomogeneous term f.(y,u),
where the function f; is defined as follows. Let y, : R — R be a C! function such that

ye(t) =0 V=0, ye(t) =0 Vt=2,

2.23
yelt) = (V0D e [01],  pu(t) = —pu(—t) VEER, (2.23)

and set
_ 1 _
ye(yt) = W)’e“ﬂn ’t) VyeR", VteR (2.24)

For a constant K > 0 to be chosen later, let i, : R — R be the C! function defined by

t(n+2)/(n—2)+£ ifo<t< e—Kn,
he(t) = 1 act" /=2 4 b ift = e Kn, (2.25)
—h.(—t) ift <0,
where
e(n—2)> K e2-n) _g _
=(1+ ns) _ n((n+2)/(n 2)+s). 2.26
e ( nv2 )¢ T a2 ¢ (2.26)
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Then the modified nonlinearity f:(y,t) is defined by
fg()/, t) = 1BR(O)h£(t) + I]RVI\BR(()))_)E(}/, l’) V)/ eR", VteR, (2.27)

where, for any set A, 14 denotes the characteristic function of A, and the radius R is
chosen large enough so that Bg(0) contains y, (the strict local minimum point of Q(y)).
Notice that, for all € > 0, the variational functional related to the problem

-Au=Q(y)fe(y,u) inR"

u>0 inR" uec D2 (R"), (2.28)
is well defined and differentiable in 912 (R").

Under suitable assumptions on Q(y), in [16], it is obtained a k-peak solution for prob-
lem (2.28) by using a finite-dimensional reduction method. Then it is shown that, if in
the definition of the function A, the constant K is chosen large enough, this solution also
solves the original problem (2.22) when ¢ is small enough.

We remark that the approximating problem (2.28) has critical growth for all ¢ > 0;
moreover, a Harnack inequality (see [4]) is used in [16] to obtain uniform estimates
which guarantee that the solution obtained for problem (2.28) is actually a solution for
problem (2.22) too, when ¢ is small enough.

Acknowledgments

The authors are grateful to Professor Dancer for pointing out the article of Shusen Yan
(after the submission of the first version of this paper). This work was supported by the
Italian MIUR, National Research Project “Metodi variazionali e topologici nello studio di
fenomeni non lineari.”

References

[1]  A. Bahri, Critical Points at Infinity in Some Variational Problems, Pitman Research Notes in
Mathematics Series, vol. 182, Longman Scientific & Technical, New York, 1989.

[2] A.Bahriand].-M. Coron, On a nonlinear elliptic equation involving the critical Sobolev exponent:
the effect of the topology of the domain, Comm. Pure Appl. Math. 41 (1988), no. 3, 253-294.

[3] A.Bahri, Y. Li, and O. Rey, On a variational problem with lack of compactness: the topological
effect of the critical points at infinity, Calc. Var. Partial Differential Equations 3 (1995), no. 1,
67-93.

[4] H. Brézis and T. Kato, Remarks on the Schridinger operator with singular complex potentials, J.
Math. Pures Appl. (9) 58 (1979), no. 2, 137-151.

[5] H. Brézis and L. A. Peletier, Asymptotics for elliptic equations involving critical growth, Partial
Differential Equations and the Calculus of Variations, Vol. I, Progr. Nonlinear Differential
Equations Appl., vol. 1, Birkhduser Boston, Massachusetts, 1989, pp. 149-192.

[6] M. Del Pino, P. Felmer, and M. Musso, Multi-peak solutions for super-critical elliptic problems in
domains with small holes, ]. Differential Equations 182 (2002), no. 2, 511-540.

[7] Z.Han, Asymptotic approach to singular solutions for nonlinear elliptic equations involving critical
Sobolev exponent, Ann. Inst. H. Poincaré Anal. Non Linéaire 8 (1991), no. 2, 159-174.

[8] R.Molleand D. Passaseo, Positive solutions of slightly supercritical elliptic equations in symmetric
domains, to appear in Ann. Inst. H. Poincaré Anal. Non Linéaire.



R. Molle and D. Passaseo 689

, Positive solutions for slightly super-critical elliptic equations in contractible domains, C.

R. Acad. Sci. Paris Sér. I Math. 335 (2002), no. 5, 459—462.

, On the existence of positive solutions of slightly supercritical elliptic equations, Adv. Non-
linear Stud. 3 (2003), no. 3, 301-326.

[11]  O. Rey, A multiplicity result for a variational problem with lack of compactness, Nonlinear Anal.
13 (1989), no. 10, 1241-1249.

(10]

[12] , Sur un probleme variationnel non compact: Ueffet de petits trous dans le domaine [On
a variational problem with lack of compactness: the effect of small holes in the domain], C. R.
Acad. Sci. Paris Sér. I Math. 308 (1989), no. 12, 349-352 (French).

[13] , The role of the Green’s function in a nonlinear elliptic equation involving the critical
Sobolev exponent, J. Funct. Anal. 89 (1990), no. 1, 1-52.

[14] , Blow-up points of solutions to elliptic equations with limiting nonlinearity, Differential
Integral Equations 4 (1991), no. 6, 1155-1167.

[15] , The topological impact of critical points at infinity in a variational problem with lack of

compactness: the dimension 3, Adv. Differential Equations 4 (1999), no. 4, 581-616.
[16] S.Yan, High-energy solutions for a nonlinear elliptic problem with slightly supercritical exponent,
Nonlinear Anal. Ser. A: Theory Methods 38 (1999), no. 4, 527-546.

Riccardo Molle: Dipartimento di Matematica, Universita di Roma “Tor Vergata,” Via della Ricerca
Scientifica 1, 00133 Roma, Italy
E-mail address: molle@mat.uniroma?2.it

Donato Passaseo: Dipartimento di Matematica “Ennio De Giorgi,” Universita di Lecce, P.O. Box
193, 73100 Lecce, Italy


mailto:molle@mat.uniroma2.it

