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The paper deals with the vector discrete dynamical system x4 = Agxr + fi(xx). The well-
known result by Perron states that this system is asymptotically stable if Ax = A = const
is stable and fi(x) = f (x) = o(llxIl). Perron’s result gives no information about the size of
the region of asymptotic stability and norms of solutions. In this paper, accurate estimates
for the norms of solutions are derived. They give us stability conditions for (1.1) and
bounds for the region of attraction of the stationary solution. Our approach is based on
the “freezing” method for difference equations and on recent estimates for the powers
of a constant matrix. We also discuss applications of our main result to partial reaction-
diffusion difference equations.

1. Introduction and notation

Let C" be the set of n-complex vectors endowed with the Euclidean norm || - ||. Consider
in C" the equation

X+l :Akxk+fk(xk) (k=0,1,2,...), (1.1)

where A (k=0,1,2,...) are n X n-complex matrices and f : C" — C" are given functions.
A well-known result of Perron which dates back to 1929 (see [11, page 270], [8, Theorem
9.14], and [6]) states that (1.1) is asymptotically stable if Ay = A = const is stable (i.e., the
spectral radius r,(A) of A is less than 1) and fx(x) = f (x) = o(llx|). Clearly, this result is
purely local. It gives no information about the size of the region of asymptotic stability
and norms of solutions.

In this paper, we derive accurate estimates for the norms of solutions. Our approach is
based on the “freezing” method for difference equations and on recent estimates for the
powers of a constant matrix. Note that the “freezing” method for difference equations was
developed in [5]. It is based on the relevant ideas for differential equations (cf. [2, 3, 7]).

Firstly, we consider the linear difference equation

Xer1 = Arxe (k=0,1,2,...). (1.2)
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As it is well known, the fundamental matrix X (k) of (1.2) can be expressed as
X(m)=A,AL_1--- A (1.3)

But such a representation does not yield much information about the asymptotic value
of solutions, except in the case of constant coefficients Ay = A (k =0,1,2,...), when
X (k) = A¥ and the Jordan canonical form of A determines the asymptotic behavior of the
solutions. To prove the stability of (1.2) is equivalent to proving the boundedness of the
sequence {[|X(m)||}{". This problem is easy to solve under the condition sup; [|Axll < 1.
But it is rather restrictive. The “freezing” method allows us to avoid this condition in the
case

l[Ak —Ajll < qk-j (g = gk = const =0, go = 0; j,k =0,1,2,...). (1.4)

For example, if Ay = sin(ck)B (¢ = const > 0), where B is a constant matrix, then condi-
tion (1.4) holds with gx = 2||B||| sin(ck/2)], since

sina—sinﬂ:Zsin<(x_ﬁ>cos(“;rﬁ> (1.5)
for real a, f.
For an n X n-matrix A, denote
" 12
s = [ - wr| (16)
j=1

where N(A) is the Frobenius (Hilbert-Schmidt) norm of a matrix A : N?(A) =
Trace(AA*), and A1(A),A,(A),...,1,(A) are the eigenvalues of A including their multi-
plicities. The relations

g(A) < [N?*(A) — | Trace (A?) | ]1/2,

! (1.7)
g(A) < \/;N(A* —A)

are true [3, Section 2.1]. Here A* is the adjoint matrix. If A is a normal matrix: A*A =
AA*, then g(A) = 0. If A = (a;;) is a triangular matrix such thata;; = 0for 1 < j <i=<n,
then

g)= > lajl" (1.8)

l<i<j<n

For a natural number n > 1, introduce the numbers

_ | G
Ynp = (Vl— 1)p

(1.9)
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for p=1,2,...,n—1and y,0 = 1. Here and below,

Ck m!

mzm (k=0,1,2,...,m;m=1,2,...) (110)

are the binomial coefficients. Evidently, for n > 2,

: _(n=2)n=3)---(n-p) 1

yn,p (n_l)P,IP! = P' (111)
Due to [4, Theorem 1.2.1], for any n X n-matrix A, the inequality
il o MR (A)gR(A)yni
PRIEDS T
= (m —k)'k!
(1.12)

= > Chr M (A (A)ynk (1 =min{n—1,m})
k=0
holds for every integer m, where r;(A) is the spectral radius of A.

2. Preliminary facts

Firstly, we recall a boundedness result for (1.2) which is proven in [5, Lemma 1.1], namely,
we recall the following lemma.

LEmMA 2.1. Under condition (1.4), let
{o= D> qr sup ||Af||< 1. (2.1)
k=1 1=1,2,...

Then, every solution {xi} of (1.2) satisfies the inequality

sup x| < Bollxol[(1 - %) ", (2.2)
k=1.2,..
where
Po=sup [[Af]| (2.3)
k,1=0,1,2,...

As a consequence, it is possible to establish the next corollaries.

COROLLARY 2.2. Let the conditions

l|Ak — Akl =g (k=1,2,...5 = const >0), (2.4)
6o=> sup |[Af|lk<q! (2.5)
k=1 1=1,2,...

hold. Then, every solution {xi} of (1.2) satisfies the inequality

el | = Bollxol[ (1= G00) " (k= 1,2,...). (2.6)
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Indeed, under condition (2.4), we have
[[Ak—Ajll =qlk—jl (j,k=0,1,2,...).

So {y < 460y. Now, the required result follows from Lemma 2.1.

COROLLARY 2.3. Let condition (2.4) hold. In addition, for a constant v > 0, let
0) = > v sup [lAkllk <G,
k=1 2

Then, every solution {xx} of (1.2) satisfies the inequality
[ill = v m@)llxoll(1-§00) " (k=1,2,...),
where

m(v)= sup v K[|AF]].
Lk=0,1,2,...

Indeed, due to condition (2.8), m(v) < co. Putting x = v*

zr in (1.2) , we get
Zk+1 = V_lAka.
Corollary 2.2 and condition (2.8) imply

sup |lzt]] < m)||zo]|(1=F6() " (k=1,2,...).

k=1.2,.
Hence, the required estimate follows. Recall also the following result from [5].

THEOREM 2.4. Under condition (1.4), let

po= sup r(A;) <1, vo= sup g(A;) < oo,
I=1.2,... 1=0,1,2,...

o n-1
{= Z Z (Cngkk"gyn,kqm <L
m=1 k=0

Then, every solution {xx} of (1.2) is bounded. Moreover,

sup |l < Mollxol[(1 = )7,
k=1,2,..

where

n—1

k
Mo = > vyur (v +K)"pi
k=0

with i = max{0, —k(1+logpy)/logpy}.

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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3. The main result

The previous estimates give us a possibility to investigate (1.1) as a nonlinear perturbation
of (1.2). For a positive r < co, denote the ball

B, ={xeC":|x| <r} (3.1)
and assume that there are constants y,v > 0, such that
||| <vlixll+u (x€B,; k=0,1,2,...). (3.2)

Recall that the quantities py, vy, and My are defined by (2.13) and (2.16). Let

o n—1
)= Z 2.C kPo Vo)’nJ (3.3)
k=0 j=0

Now we are in a position to formulate the main result of the paper.
THEOREM 3.1. Under the conditions (1.4), (2.13), and (3.2), let

o n-1
S(f;A)=> > (Ckpo voy,,] gk +7) < 1. (3.4)
k=0 j=0
Then, any solution {xi}=, of (1.1) satisfies the inequality

Mo||xol| + py(A)

su Xkl < , 3.5
k,lp,...” | 1= S(54) (3.5)
provided that
Mo||xo|[ +py(A)
—_—— <. 3.6
~S(f34) (36
The proof of this theorem is given afterwards.
Recall that
o= sup [IAf]] (3.7)
kI=0,1,..
and let
6r=> sup [|Af|l. (3.8)
k=01=0,1,..
LemMA 3.2. Under conditions (1.4) and (3.2), let
EZ gk +v) sup ||AF||<1. (3.9)

1=0,1,2,...
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Then, every solution {xi} of (1.1) satisfies the inequality

-1

||| < [Bol|xol| + Orp] (1 = So) (k=1,2,...), (3.10)
provided that
[Bol o[ + €1 (1= So) ' <. (3.11)
Proof. Rewrite (1.1) as
Xier — A = (Ax — A)xe+ fi (xe) (3.12)

with a fixed integer I. The variation of parameters formula yields
I L
X1 =AM xo+ D AT (A - AD)xg + £ (x))]. (3.13)
j=0

There are two cases to consider: ¥ = o and r < . First, assume that (3.2) is valid with
r = oo, then, by (1.4),

||xz+1||<ﬂo||xo||+Z|lA 1gi-l 511+ ¥ 1] + 1]

= Bollal+ S 1A s+ )l +

(3.14)
1
< ol ) 1)+ 6
< k
< Pollxol[ + max [lx] (Z i +) sup A ||) +ub
Consequently,
(A lxk]| < Bol|xo|| + So (L max ||k || + p6:. (3.15)
But 3y = 1. So
x| ||xk|| < Pol|xo]] +So _max ||xk|| +ub). (3.16)
Hence,
0
sup ||xl] < M (3.17)
k=0,1,2,... 1-S

Let now r < . Define the function

[T 1fk<x), Il <7, Gs)

0, lx|| > 7.
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Since
Hﬁ(x)”svllxll%—y, k=0,1,...; x € B, (3.19)
then the sequence {X;}Z, defined by
Ro=x0 o =AK+ K(Z), k=0,1,..., (3.20)

satisfies the inequality

~ 0
sup ||57]| < Pollxoll +661 _ (3.21)
k=0,1,... 1-S

according to the above arguments and condition (3.11). But f and fk(x) coincide on B,.
So x; = Xi for k =0,1,2,.... Therefore, (3.10) is satisfied, thus concluding the proof. [J

proof of Theorem 3.1. As it was proved in [5, Lemma 2.2], ) < My. Moreover, due to
(1.12), we have 6; < y(A) and Sy < S(f : A). Now the result is due to Lemma 3.2. O

Remarks 3.3. (a) Under (3.2) with y = 0, f;(0) = 0so that {0} is a solution of (1.1). Under
condition S(f,A) < 1, Theorem 3.1 asserts that the trivial solution is stable, and that any
initial vector xy € B,, satisfying the condition

1-S(f,A))r
||x0l] < 1=SUA)r ;4{) ) , (3.22)
belongs to the region of attraction.
(b) If v = 0, then every solution of (1.1) with the initial vector x, satisfying
||xo| Mo + py (A) < (1-&)r (3.23)

is bounded.

4. Applications

In this section, we will illustrate our main results by considering a partial difference equa-
tion. We consider a simple three-level discrete reaction-diffusion equation of the form

()

(j+1) () () () ()
i =ajuly b tojuy g +fj(u,» ), (4.1)

u
defined on Q = {(i,j):i=0,1,...,n+1; j =0,1,...}, where {a;}, {b;}, and {c;} are real

sequences, g = {gi(j)} is a complex function defined on Q, and f; : C — C (j = 0,1,...) are
given functions. Assume that the side conditions

u’=8,€C, j=0,1,.., (4.2)
Wi =y,ec, j=o,.,., (4.3)

w=1eC, i=12..,n, (4.4)
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are imposed, where 7 = (11, 72,...,7,) € C". A solution of problem (4.1), (4.2), (4.3), and

(4.4) is a discrete function u = {ul(-j) }i,jyeq which satisfies relations (4.1), (4.2), (4.3), and
(4.4). The existence and uniqueness of solutions to that problem is obvious, provided that

fj is one-one valued. With the notation
uld = (u(lj),ugj),...,u(j)),
the sequence {uh };":0 satisfies the vector equation
WitV = 4D + G+ Fy (D), j=0,1,..,
and the initial condition
u® =1,

where

=)

aj b]‘ lej 0
1o . . .
Aj= “‘J j C.J

o
-.
Il
(==}
—
I8

T S
Gj= (g{j),...,g;sj)> +(a;6;,0,...,0,¢jy;),
Fi(x) = (fi(x1)seo fj(x0))s  x = (21,2500 ,%n).
Thus, we can write problem (4.1), (4.2), (4.3), and (4.4) as (1.1) with
fi(x) = Fij(x) +Gj.
Assume that there are nonnegative constants ¢ and v such that

[[Fi(x)|| = vlixll +u1  (x €Bys j=1,2,...).

In addition,

b= 3116 < .

j=0

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

So condition (3.2) holds with gy = p; + y,. As a direct consequence of Theorem 3.1, we

get the following theorem.

THEOREM 4.1. Let conditions (1.4), (4.2), (4.10), and (4.11) hold with y = u, + y, and
xo = 7. Then, the unique solution x; = {ugj)}(,-,j)eg of problem (4.1), (4.2), (4.3), and (4.4)

satisfies inequality (3.5).
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Remarks 4.2. Comparing Theorem 4.1 with [10, Theorems 1 and 2], we point out that
the hypotheses of Theorem 4.1 can be checked more easily. In this paper, we have used
a different approach. Our results do not overlap with those from [9, 10]. Other related
works can be found in [1, pages 237-245].
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