A NOTE ON THE DIFFERENCE SCHEMES
FOR HYPERBOLIC EQUATIONS

A. ASHYRALYEV AND P. E. SOBOLEVSKII
Received 26 March 2001

The initial value problem for hyperbolic equations d2u(t)/dt> + Au(t) = f (1)
0<t<1),u()=¢,u'(0) =1, in a Hilbert space H is considered. The first
and second order accuracy difference schemes generated by the integer power of
A approximately solving this initial value problem are presented. The stability
estimates for the solution of these difference schemes are obtained.

1. Introduction
We consider the initial value problem

d?u(r)
dt?

FAu@t)= f(t) (O<i<1),
u0) =g, u'(0) =1,

(1.1)

for a differential equation in a Hilbert space H with unbounded linear selfadjoint
and positive definite operator A = A* > §1 (§ > 0) with dense domain D(A) =
H. Tt is known (cf. [3]) that various initial boundary value problems for the
hyperbolic equations can be reduced to problem (1.1). A study of discretization,
over time only, of the initial value problem also permits one to include general
difference schemes in applications, if the differential operator in space variables,
A, is replaced by the difference operators Ay that act in the Hilbert spaces and are
uniformly positive definite and selfadjoint in 4 for 0 < & < hg. In the paper [4],
the following first order accuracy difference scheme for approximately solving
problem (1.1)

T2 (kg1 — 2uk +up—1) + Augrr = fro fie = f(t), te =k,
1<k<N-I1, Nt =1, (1.2)

r‘l(ul —u0)+iA1/2u1 = iAl/zuo—i—w, uy=¢,
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was considered. The stability estimates for the solution of the difference scheme
(1.2) were obtained. The proof of these statements is based on the transform of
second order difference equations to equivalent system of first order difference
equations. Application of this approach in [1, 2] with similar results for the
solutions of the second order accuracy of the following difference schemes

) 7:2 2
T (uk+1—2uk+uk_1)+Auk+ZA Uyt = fro

fi=f(t), 1<k<N-1, Nt=1,
| T
T_l(ul —M0)+iA1/2<1+%A1/2>u1 =21,

= (IJ”'TAW)WJF%foJr(iAl/Z—fA)uo, fo=f(0), up =g,
(1.3)
1
T_z(MkJrl _zuk+uk71)+1A(Uk+1+2Mk+uk71) = fx,

fi=f(), 1<k<N-1, Nt =1,

T_l(ul —uo)—i-%Al/z(ul—i-uo) =121,

it T 1
z1=(1+3A1/2>1/f+§f0+§(iAl/z—TA)uo, Jo=f(0), up=¢

for approximately solving the initial value problem (1.1) were obtained. How-
ever, for practical realization of these difference schemes it is necessary to first
construct an operator A'/2. This action is very difficult for a realization. There-
fore, in spite of theoretical results the role of their application to a numerical
solution for an initial value problem is not great.

In the present paper, first and second order accuracy difference schemes for
approximate solutions of problem (1.1) are constructed using the integer powers
of the operator A, and the stability estimates for the solution of these difference
schemes are obtained.

2. First order difference schemes

We consider the first order accuracy difference scheme for approximately solv-
ing the initial value problem (1.1)

T 2 (w1 —2up +up—1) + A1 = fro fo = f(&), e =k,
1<k<N-1, Nt =1, 2.1

r_l(ul —uo) =Y, uyp=o.
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THEOREM 2.1. Let ¢ € D(A), ¥ € D(A). Then for the solution of the difference
scheme (2.1) the following stability inequalities, for 2 <k < N, hold

k—1
luillyy <2 DALl + AP0 |y + el

s=1
k—1

R PSS VA PR Reard PRR T2 T2

s=1
k—1

|Aui] <2 | fi=fomrl g+ | Al 1A |+ 1 AR, 2D
s=2

[l < el + | (1+iza ) a= 2y,
|4l y =140l g+ (1 +ica )y,
[Aurly = IAgln+ | (1 +izaA2) A2y | .

The proof of this theorem uses the method of [4] and is based on the following
formulas:

ur=@-+1Yy,

k—1
Lkt | sk =\ —1 ~ 3 T s mke

s=1

- %[Rk_l +R o+ (R—R)'tR(R - R")y
k-1
+A™! % Z [RS+ R (fom1 = fs) +2fimr — [RET+ R A1,
§=2

(2.3)

for 2 <k <N, where R = (I +itAY?)~!, R = (I —itAY?)~! and on the
estimates

|RE [y <1 [RR <1, 4
[cAR ]y <1 [TAVRR], <1

Note that formulas (2.3) are generated by the operator A!/? and are used
to prove stability estimates for the solutions of the difference scheme (2.1).
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However, for the practical realization of this difference scheme (2.1) the operator
A2 as in [1, 2, 4] is not used. Note also that these stability inequalities
in the case k = 1 are weaker than the respective inequalities in the cases
k=2,...,N. However, obtaining this type of inequalities is important for ap-
plications. We denote by a® = (ay) the mesh function of approximation. Then
NI +itAY?)ai ||l g ~ llai|lg = o(t) if we assume that || Aa; || z tends to 0 as T
tends to O not slower than ||a; || i . It takes place in applications by supplementary
restriction on the smoothness property of the data in the space variables.
It is clear that the estimate

lur],, < Nolla+ A2y, 2.5)

is absent. However, estimates for the solution of first order accuracy modification
difference scheme for approximately solving the initial value problem (1.1)

T2 (k1 — 2uk +up—1) + At = fo fie = f(t), te =k,
l1<k<N-1, Nt =1, (2.6)
(I+72A)t (ur—uo) =¥, uo=g.
are better than the estimates for the solution of the difference scheme (2.1).

THEOREM 2.2. Let ¢ € D(A), Y € D(A'Y?). Then for the solution of the dif-
ference scheme (2.6), the following stability inequalities, for 1 < k < N, hold

k—1
lui|ly <7 > AT f| AT ], + el

s=1

k—1
|4 2ui]y <o 31 fsl g+ 140 ]y + 1 s @7
s=1
k—1
|Aurlly <2 [ fimfomt g+l Al A9 ] 1A
s=2

The proof of this theorem is based on the following formulas:

up =<p+rR1§1ﬁ,

w = ~[R*"+ R "o+ (R—R) ' tR(R* = R*)RRy

N =

k—1

_ %Afl/Z[kas_Rﬁkfs]fs

s=1
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= %[Rk_l + R "o+ (R—R) 't R(R* - R*)RRy

k—1

+A7! % S O[R R (S — )

s=2

+2fici = [RT+R1 A, 2<k <N,
2.8)

and on the estimates (2.4).

3. Second order difference schemes

We consider the second order accuracy difference schemes for approximate
solutions of the initial value problem (1.1)

2
_ T
T2 (g1 — 2ug +ug—1) + Aug + ZAzukJrl = Ji,

fi=f(&), t=kt,1<k<N-1, Nrt=I, 3.D

(1+724)7 (w1 —uo) = S (fo—Auo) +v.  fo=f(O), uo =g,
5 1 1
T (Mk+1—2Mk+uk—1)+§z4uk+ZA(ukH—Fuk,l) = fi,
fi=f(), w=kt, 1<k<N-1, Nt=1, (3.2)

_ T
(I+7*A)T ! (w1 —uo) = E(fo—Auo) +¥,  fo=f(0), up=9.
The stability estimates for the solution of these difference schemes are obtained.

THEOREM 3.1. Let ¢ € D(A), ¥ € D(A'/?). Then for the solution of the differ-
ence scheme (3.1), the following stability inequalities, for 1 <k < N, hold

k—1
lul y <Y (AT E] y+ A7 20|, +lella,
s=0
k—1
Ay <Y A+ 1A 0]y + 1 lla,
s=0
k—1
lAur] <2 | =it g+ foll g+ A2 |y 1Al (33)

s=1
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The proof of this theorem is based on the following formulas:

. 2 2
uy=(I+7°A )[(I—F?A)(p—l-ﬂ//—l-?fo],

u, = [R*+7R(R—R) ™' [R* = RF](1+7%4) ' (—tA+iA'?)]e

+TR(R—R) ' [R* = R¥](1+24) 'y

2 k—1

+ %R(R—R)_l[Rk—Rk](H—rZA)_lfo—; T

= [R*+7R(R—R)'[R* = R*](1+724) ' (—tA+iAa'?)]p
+TR(R—R)'[R* = R¥](1+7%4) 'y

2
+ S R(R=R)[R =R (1+724) " o

k—1

1 iT -1 iT -1
+A—1§Z[<’+7Am) R"‘S+(1—7A1/2) Rk_s:|(fs—l—fs‘)

s=1
it 12 -1 it 12 -1
+2 I+3A I—;A fr—1

. —1 : -1
S R R

where R = (I +itAY? —(z2/2)A)~', R= (I —itAY? = (2/2)A)~! and on
the estimates

IRl m <1, IR| sy <1 |IRR™Y 4y <1
. -1
|RR™Y s < 1, H (liEAW) <1, (3.5)
2 H—H
, -1 . 1
[(FizA )y =1 |raA P £icA) Ty, <1
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THEOREM 3.2. Let ¢ € D(A), ¥ € D(A'/?). Then for the solution of the differ-
ence scheme (3.2), the following stability inequalities, for 1 <k < N, hold

k—1
lui|ly <> AT |+ AT, + el A
s=0
k—1
|Aur]) <o N £l g+ A0y + 10l e,
s=0
k—1
<23 il Lol 1A et
H

” Aug+ug—1)
2
= (3.6)

The proof of this theorem is based on the following formulas:

—1 ‘L’2 7,'2
up = (I+72A) [<I+7A)go+tw+?fo:|,

1 iTAl/2 .
= | RF+—A 12 (- R¥ — Rk
” [ s )R- R

- 41/2
x<(1+”A )%A—irAl/z(I—i-rzA))(I—l—tzA)_l}p

2

. . A]/2 B _ . A]/2
+’§A—1/2<1—”T)[Rk—R"](szA) 1(H”z )w

i iTA/? . 1 iTAV2\ 1
—ATV2 - —— |)[RF = RN](1+%4) (1 =
3 ( 2 )[ Jrsema)y 1+ )3/
k—1
T A—1/2] pk—s _ pk—s
— ZA [R =R

Tk Ui, iTAVPNC
_[R +5-A I-— [R—R"]
c_A1)2
x ((1+ ’”; )%A—irAl/z(I—l—rzA))(I—l—tzA)_l}p

. . A1/2 B B ~A1/2
+%A—‘/2(1—”2 )[Rk—Rk](H-tzA) 1(H”z )w

itAl/?
- Efo

i
—A- 2
+2

)[R"—Rk](IJrzzA)_] <I+ irAl/Z) T
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k—1 . 1/2 : 1/2
1 iTA iTA ~
-1 k— k—
+A EE [(1— 5 )R S+(1+ 5 )R si|(fs—l_fs)

s=1

Al2 A2\ L
+2fk_1—[(1—”2 )Rk_l—l—(I—FlT—)Rk_l}fo, 2<k<N,

2
(3.7)

where R=(I—itAY2/2)(I4+itAY2/2)~!, R=I+it A2 /2)(I—it AY/?/2)~!
and on the estimates

. s _al/2y -1
IRlmon<t.  |&],_, <l H (&”A ) <1,
H—H 3.8)
H (IiifA]/z)_l ”H|—>H =1 ’|TA]/2(IiiTAl/2)_l ||H}—>H <1
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