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We deal with a mathematical model for a four-component chemical reaction-diffusion
process. The model is described by a system of strongly coupled reaction-diffusion equa-
tions with different diffusion rates. The existence of the global solution of this reaction-
diffusion system in unbounded domain is proved by using semigroup theory and esti-
mates on the growth of solutions.

1. Introduction

In this paper, we prove the existence of a global solution in an unbounded domain of the
reaction-diffusion system

% = a1 Auy — fi(ur,uz,v1,v2), x€R" >0,
0
% =aAuy — fr(ur,up,v1,v2), x€R", >0,
. (RDS1)
a—tl=blAu1+d1AV1+f3(1/l],u2,1/1,1’2)y xeR" t>0,
aVQ n
E = byAuy + dr Avy +f4(141,u2,1/1,1/2), xeR" t>0,
with the initial conditions
ui(x,0) = u?(x), vi(x,0)=v'(x) (i=1,2),x€R" (IC1)
Here fi(u1,uz,v1,v2) = mlkou('vy — kiupv'], fa(ur,ua,vi,va) = —rlkoui'v — kiupvi'l,

k1=0,ky>0,m>=0,r>1, s=pfi,and fa=pfr, p>0.

The constants a;, b; (i = 1,2) are such that a; >0, b; # 0 (i = 1,2), and 4a;d; > b? (i =
1,2) which reflects the parabolicity of the system. A is the Laplace operator in R”. More-
over we assume that the functions ) (i = 1,2) and v} (i = 1,2) are uniformly bounded,
continuous, and nonnegative. This reaction-diffusion system is a mathematical model for
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a chemical reaction of the form

_k i}
mA+er:‘1rB+mA. (1.1)
2

u1, uz, v1, and v, represent the concentrations of A, B, A, and B, respectively (see [3]).
We remark that the system

%=aAu—uh(v), xeQ, t>0,
5 (RDS2)
a—: =bAu+dAv+uh(v), x€Q, t>0,
with the initial conditions
u(-xao) = Mo(.x), V(.X,O) = VO(-x)) x€Q (Icz)

on a bounded domain Q € R" with Neumann boundary conditions, b >0, a # d, vy >
(b/(a—d))up = 0, and h(s), a differentiable nonnegative function on R, has been stud-
ied by Kirane [4]. The existence of global solutions for system (RDS2) on unbounded
domains has been studied by Badraoui [1]. The existence of global solutions in R" for
(RDS2) with h(s) = v™ has been studied by Collet and Xin [2].

The quasilinear system of reaction-diffusion equations

? =V - (a(u)Vu) —uh(u)v, x€Q, t>0,
5 t (RDS3)
P V- (b(v)Vv) +uh(u)v—Av, x€Q, t>0,
with the initial conditions
u(x,0) = up(x), v(x,0)=w(x), x€Q, (1C3)

and with Neumann or Dirichlet boundary conditions, is studied by Kirane [5] where in
particular the existence of a globally bounded solution is shown. Also he has discussed
large time behavior of the solution.

Our aim is to investigate the existence of a global solution for system (RDS1)—(IC1) in
an unbounded domain.

Throughout this paper the following notations are used.

(1) Il - Il is the supremum norm on R”, that is, [lull = sup,cg. lu(x)l.

(2) Cub(R") is the space of uniformly bounded continuous functions on R” equipped
with the supnorm.

(3) Forany f € Cyp(R"), [ f = [ga f(x)dx if the integral exists.

(4) For f € LF(R") (p= 1), [ fll, = (JIfIP)VP.
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2. Existence of a local solution

We convert system (RDS1)—(IC1) to an abstract first-order system in the Banach space
X = (Cyp(R™))* of the form

%(u(t)) = Au(t)+F(u(t)), t>0,

(2.1)
u(0) =up e X,
where u(t) = (uy(t),us(t),v1(t),v2(t))". The operator A is defined as
aA 0 0 0
o @A 0o o0
A=1pa 0 da 0 (2.2)
0 b, A 0 d, A
with domain D(A) = {u = (uy,uz,vi,v2)L € X, (Auy, Auz, Avy, Av,)T € X 1.
Moreover the function F is defined as
F(u(t) = (= fi (u(D),~ f(u(®), f5(u(®), fa(u()) ", (2.3)
where
ﬁ(u(t)) = ﬁ(ul(t),uz(t),V1(t),V2(t)), i= 1)2$3>4~ (24)

Note that for A > 0 the operator AA generates an analytic semigroup G(¢) in the space X
given by

1 (x—yp)* .
(G(Hu)(x) = WL@" exp(— Ot )u(y)dy, t>0, x € R™ (2.5)

Let Si(t), S2(1), S5(¢), and S4(t) be the semigroups generated by a,A, a;A, diA, and dyA,
respectively. Then one can show that A generates an analytic semigroup S(¢) given by

Si(1) 0 0 0
0 1G] 0 0
$0=lsw o sw o ] 2o
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where

by
ay — d1
b,

Solt) = 2 (5:(0) = Si(1). 238)

Ss5(t) =

(81(2) = S5(1)), (2.7)

Assume that F is locally Lipschitz in u in the space X. Then there exist classical solutions
on maximal existence interval [0, To] (see [6]).

3. Existence of global solutions

For proving the existence of a global solution we assume that the solutions are nonnega-
tive.

TueoreM 3.1. Consider the reaction-diffusion system (RDS1) with nonnegative initial con-
ditions (u9(x),ud(x),v)(x),3(x)) € (Cap(R™)4, a; >0, d; > aj;, and b; < 0. Then there exist
global in-time classical solutions such that

(141,42, v1,v2) € (C([0,00); Cyp (R™)) N C1((0, 00); Cupy (R"))) . (3.1)
LemMa 3.2. Let (u1,uz,v1,v2) be a classical solution of (RDS1). Define the functionals
Fi(uiv;) = (a;+u;+u?)es”  (i=1,2) withe; >0, a; > 0. (3.2)

Then for any smooth nonnegative function v = y(x,t) (x € R") with exponential spatial
decay at infinity,

d . . . .
gjl//Fl = J (I/It +d,‘Alﬂ)Fl +J ((d, - a,‘)Fi — b,‘Fé)Vl//vu,‘
- JV/[(aiFh +biF,) | Vui * + ((ai+ di) Fiy + biFly) Vi Vv (3.3)

+dFL (V) ]+ [y EA-FIR), =12,

where

Fi B g . E P aZFi . aZFi
Ty Ty nT o 2Ty )
. OF '
Fi, =1,2.
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Proof. Fori= 1,2, we have

d - - OF du; OF! 9v;
a) v e [ (505 505
- e [o(R5 v R %)
= Jth’ +J1//(F{(a,Aui — fi) + Fs (biAu; + diAvi + pf)) (3.5)
= Jthi +a,~J1//F{Au,- + b,-Jl//FéAu,- +diJWF£AVi

- JwF{fi +prF£fz--

However,

IwP{Aui = JF{l//Au,-
- [ vEY
—[ (FiVy+yVF)Vu; (3.6)
- JF{ VyVu; — Jt//VF{ Vu;

—JF{VI//VW - JI//(F{IVMI‘+F{2VV,‘)VM,‘,
that is,
JwF{Au,- =— JF{qui - Jt//F{l |V | - Jw{zwivw. (3.7)

Similarly

JWFéAui =- JFEVWW - J‘//Fié | V| * - Jy;FééVu,Vv,-,

(3.8)
prgmi —_— JF;VWW - Jngz | Vvi|® - Jw;zwiw.

Also

JFiAl//: —JVFin: —JF{wiw—JFgw,-w. (3.9)
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Using (3.5)—(3.9) we get

%leﬂ = J (v + diAy)F — aiJF{VI//Vui - aiJwF{l |V |?
- aijl//F{ZVuin,- - bijpngu,- - biJwF{Z | V|
- biJngzw,-vVﬁd,-JF{w,vw - djl//ng | Vvi|?
- dewFizvvi - Vi - JwF{ff +prFéfi

= J (v + diAy)F' + J (d;Fi — a;Fi — b;F})VyVu

- J (aiFi, +biF}y) | Vi |* ~ Jw(aiF{2 +bFl, +diF}y) Vi - Vv, .
~di [ yEL | Vul* = [wEifip [ wELS
= J (ye+d;iVy)F' + J ((di — ai) F = biF3) Vy Vu;
- Jl//[(a,-Fh +biF},) | Vi |2+ ((ai+di) Fiy + biFl,) Vi Vv,
+ i | Vul’|+ [ w(oFiAi- Fif). :

LemMa 3.3. There exist four positive constants o; = o;(a;, b, d;, 1421)) (i=1,2) and €; =
ei(ai: biadi) ”u?”) (1 = 1:2) SuCh that

%JI’/P’ < J(I//t+diVl//)Fi+ J ((d, - a,‘)F{ - biFé)Vqui

1

o ) (3.11)
- EJW[EIFE|V”i|2+diF§z|VVi|2] - EJV/F{fh i=1,2.

Proof. For any (u;,v;) € [0, IIM?II] X R* (i =1,2), we choose «; and €; in Lemma 3.2 such
that

R
pE < F, i=12, (3.12)
(a,-+di)2(F{2)2 +b%(F£z)2 +bi(2a;+d;) (F},) (F5,) —aidiF} F), <0, i=1,2,
(3.13)
i\2
Fi 4
(Fﬁ) <F, i=1,2, (3.14)
11
F,o<- % g =12 (3.15)
12 11
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We verify these conditions as follows
F'=(a;+u+u)esvi, i=1,2,
Fi = (1+2u;)e™, i=1,2,
Fjy =2, i=1,2,

Fi=¢i(o;+u+ul)e, i=1,2, (3.16)
Fiy =€ (a;+ui+ut)es™, i=1,2,
Fi =F =€/ (1+2u;)es", i=1,2.
Denote
M _ 1
2p (et -+ (|2 + [1017)
@ _ 1
bi(ai+||u?||+||u?||2)’
3) 1
& TRy 17
N (ai+di)* (1+2][uf]])” + (2a; +di) (1+2]]?]])
! 2a;d; ’
o - 1+2||14,‘°||22+2||u?|| _ (1+\Iu?||§2+|\u?llz'

If we choose €; (i = 1,2) such that €; < efl) (i=1,2) then condition (3.12) is satisfied.

Condition (3.13) is satisfied if

(ai + d,‘)zeiz(l + Zui)zeze"v" + bIZE;1 (0(,‘ +u; + u%)zeze"v" + b,-(2a,~ + d,‘)G? (1 + Zu,‘) (3 18)
X (o + wi+u2) e — 2aidie? (o + ui+ 1) <0, i=1,2, .

that is,

(ai+di)2(1+2u,~)2+b,2€l-2(oci+ui+u,2)2 (3 19)
+ b,-(Za,- + d,) (l + 21/[,‘) ((X,‘ +u;+ u%)e,- — Zaid,-(oci +u;+ ulz) <0. '
If we choose €; (i =1,2) and «; (i = 1,2) such that €; < E}Z) (i=1,2) and o; < ocl(»l) (i=
1,2), then (3.19) is satisfied. In other words, condition (3.13) is satisfied.
Condition (3.14) is satisfied if

(1+2u;)

5 < (aj+u+u?), (3.20)

that is,

1+2u? +2u;

o; > ) (321)
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If we choose «; (i = 1,2) such that «; < oc,(z) (i=1,2), then (3.21) is satisfied. Hence con-
dition (3.14) is satisfied.

Similarly we can show that condition (3.15) is satisfied if €; (i = 1,2) is chosen such
thate; < €.

Now select

®; > max (afl),(x,@)) (i=1,2),
Do s (3.22)
€; < min (e,( ) e e )) (i=1,2).

Then conditions (3.12)—(3.15) are satisfied.
Then, from (3.13) and (3.15), we get

(aiFi| +b:FL) [ Vi |* + ((a;+ di) FLy + biFL) Vi Vv + diFL | Vv |

_[(“F11+bF12 | Vui | + diFly | Vi | ] (3.23)

N\*—'N

%

[ B Vs |+ diEL | V| ]

From (3.12), we get

JV’ (pF5fi — Fi fi) < JwFlfl’ i=1,2. (3.24)

From (3.3), (3.23), (3.24), we get (3.11).
The proof of Lemma 3.3 is completed. O

TaEOREM 3.4. If o, €; (i = 1,2) satisfy (3.22), then there exist a test function y and real
positive constants ; (i = 1,2) and o; such that

F; < Bie”, Vt>0,i=1,2. (3.25)
14

Proof. We define the test function y(x) as

)= —— 1 sery (3.26)

(1+ |x—x0|2>n’

and xo € R" is an arbitrary point.
Then y is a smooth function with exponential decay at infinity and satisfies |Ay| <
Ky, IVy| < Kby, Let K = max(K;, K,) for some positive constant K.
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Then from (3.11), we obtain

%Jthist,-Il//F"+K<(d,»—a,')+%|bi|)IF{t//|Vui|

ai i d; i 1 i
- ZJ‘/’FUWWZ_ EJWF22|VV1‘|2_ EJWFlﬁ

i\2
(F)
Fyy

2 2
SKdiJWFi+%((di_ai)+%|bi|) JV/

2 2
S[Kdi+%((di—a,-)+%|hi|2> :|JWFi, i=1,2.

Let
2 2
ai:Kdi+%<|di—a,-|+%|bi|2>, i=1,2,

Bi= (a1l + 1)) e Wy, i = 1,2
Then
d i i .
EI‘/’F SO'iJI/IF fori=1,2,

which implies (3.25).

LemMa 3.5. For any unit cube Q and any finite p = 1,

1&g

J lvi|Pdx < 2"—’/';ipe0ff(p+ NP fori=1,2.
Q

Proof. Using the results in Theorem 3.4, for any nonnegative integer p we have

»
Bie%t > JwFi > (xiJwee*‘Vf > aiefj 1//%, £>0,i=1,2.
Q H

By taking x, at the center of Q, we get

p p

p

it oGE; V; o€ p .

ﬁiea > 'z 71’12 - i = vi, i=12.
pl Jq2 2n(p+1) Q

This implies (3.30).

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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LEMMA 3.6. There exist constants ¢; = c;(m,A, |t |, IV3_;1,£), i = 1,2 such that

1 2
G(t—s) * uf (x,5)v§" ;(x,8) = ————— > J’e*'x*y‘ M=)y () (y,5)d
3 (47A(t—3)) 72 Y>$)vs_i\y,s)ay

<ci((t—s)"2 1+ (t—s)""?P), i=1,2,

(3.33)

forany p >max{1,n/2}, 1/p+1/q = 1. Here G(t) is the semigroup generated by the operator
AA, (A >0) on the space Cyp(R™).

Proof. Let {Q;}, j=0,1,2,..., be the tilling of R” by unit cubes Q;’s such that x is at the
center of Qq. Then

Ie_(x_}’)z/“(t_s)uf(y,s)vg”,l-(y,s)dy => JQ e MDY () I (y,5)dy.  (3.34)
Q; i

For y € Q;j we have the inequality

e~ IVIME=S) < qup om (M) o dis (1 Q))/BA(E-9) (3.35)
yEQ;

Also there exists a positive constant c¢(n) such that if y € Q;, j # 0, we have
c(n)dist’ (x,Q;) = (x — )% (3.36)

Let I} = [e @ "8M=94 (y,5)vi" ,(y,5)dy. Then applying Holder’s inequality with p >
n/2 and its conjugate g, we get

, 1/q /p
efq(xfy) /8A(t75)> ( J u;P (y,S)V?_p,()/,S)dy)
Q.

] J

]
Q
. 1/q
e adist (X>Qj)/81(f*5)) (JQ, u:p(y,s)vgnﬂ(y,s)dy>

=(, ,

n/2q(+ _ \n/2q e
_ (Bm)a(t—s) ( j w9y )

1/p

q Q
n/2q (¢ _ ¢\n/2q Vp
< IR ([ )7 0| ) (.37
q Q
8 A n/2q t— n/2q ; m 1/p
< G ([ sl ™y
q Q
n/2q(¢+ _ ¢\n/2q i Vp
< BV I 2 oy (2 —LEoertmp 1)

_ (SﬂA)n/Zq(t _ S)n/Zq
q

1

N\ VP
||u?||r2m<%) eat/PE;m(mp-l—l)mH/P.
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That is

[ e 8 )y = OIS )=, i 1,2,
(3.38)

where

n/2q N
et n 1L - lhe) = S a2 () ertrermmps e, <12
(3.39)
Now we have
L = G(t—s) *x uj (x,5)v5 ;(x,5)
1 7dist2(va)/8/\(tfs)J —|x—yl?/8M(t=s),,r m
S———5 e i e u; (y,s)vyt i (y,s)d
(4mA(t ) /2% PR
< L O L) ¢ 2 Yo
(4mA(t —s)) Q (3.40)
< ci(m Al -l ) e = )2 Je*<w>2/“ﬁ<"><f*s>dy+1)
< c,-(n,/\,||u?||,||v§_i||,t)(t—5)*”/21’(87[/16(;1)(1‘—5)”/2+1)
< ci(mA ||l [[, Wi, 0) (2 = )"0+ (£ = 5)7"/2P),
where ¢i(m, A, |uf 1, 1V3_11,2) = ¢} (m A, I1uf 11, V811, £) (1/(47) ™). 0
The integral formula for u(t) is
t
u(t) = S(t)u0+J S(t — $)F (u(s))ds. (3.41)
0
From (3.41) we can deduce that
Wi ) = J Si(t— ) fi(u(s))ds, i=1,2, (3.42)
(1) = Ss (60 + S5(8) J Ss(t—$) fi (uls d5+pJ Sy(t—s)fi(u(s))ds,  (3.43)

va(x,t) = Se(£)ud + Sa(t) J Se(t—s) fi(u(s d5+PJ Ss(t—s)fi(u(s))ds. (3.44)
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From (2.7) and (3.43), we get

M0 = P (510 - S0l + .0

t
[ s - 30 9) o) ds

ar —d

+ij Sy(t—$) fi (u(s))ds

b t
0> Ca —d L Si(t—=s) fi(u(s))ds

b
| Sl(t)u‘f+83(t)<v?— Pl

ar —di

by

al—dl

n (p+ ) L:S3(t—s)fl(u(s))ds.

(3.45)

Hence

_ b 0 < 0_ by 0)
vi(x,t) = 0 —di S1(O)uy +S3(8) (v a, —d, gl

b
ay—d;
b
ar —d

t
by

ar —d

t
L S1(t = 5) (mk s (5)v™"(s)) ds

LtSl(t _ 5) (mhou ()5 (s)) ds (3.46)

#(pr ) [ i) ko 61959 s

that is,

b,
ay —d
by
ay — dl

b t
e Lsl(t—s)(mkzug"(s)v;(s))ds

+(p+ by )
p al—dl

+(+ by )
p al—dl

b
|S1(t)uf| + &(t)(v? T —ldl u?)

Jo S1(t = s) (mkyub (s)vi(s))ds

|vi(x,t) | =

+

+ (3.47)

L St — ) (k1 (s)v(s)) ds

t
L Syt — 5) (mkat (5)V(s)) ds
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Using relation (3.33) and the property that S; () and Ss(¢) are contraction semigroups,
we get

by
ay —di
" mb1
ay — dl

X (Lt ((t—s)"2+ (t—s)*”/zp)ds>

[lviGe, )] < ][+ [l

(kver (s an, [[u3]], V011, ) +kaca ([} [[v31]],£))

mb
o ) e sl 110) + s ] 4110)

d
t
X (J ((t—s)“/2q+(t—s)’”/zf’)ds>,
0
t
vi(x,t)|| < up ||+l + 161 K26 t—s +(t—5) S
(ol = 2l + 10801+~ (ke + ko) | [ (6= 9720+ (£ - 5)20)d
ay —d a) —d, 0

Jt (£ = $)"2 4 (¢ — 5)~"2P)dis
0

b
+m<p+ ﬁ) (kics +kacy)

(3.48)
If p >n/2, we get
bl 0 0 mb1 <2qtn/2q+1 zptl—n/2p>
Il = o2l Il + 2 e k) (25 220
2qtn/2q+l zptl—n/Zp (349)
+m<p+a1_d1)(k163+k2C4)( 2q+n + Zp—n ), t>0.
Similarly
bz 0 0 T’bz <2qtn/2q+l 2pt1—n/2p>
Il = & 2l Ml o 2 ks (S5 550)
+r( + 2 )(kc +kc)<2qtn/2q+1 zptlirﬁp) t>0 .
p ay—dy ) 1T 2g+n 2p—n )’ ’
Similarly one can show that
2at24+1 ) pgl-n/2p
|{u1(x,t)||s|\u?||+m(k1c9+kzclo)< Z(ﬁn " gp_n ) £>0, (3.51)
2qt"24+1 2 ptl-n/2p
|\u2(x,t)||s|\ug||+m(k1c11+k2c12)< qu T gp_n ) (0. (3.52)

Here ¢; — ¢, are constants.
From estimates (3.49)—(3.52) and the standard parabolic regularity theory we get the
existence of global classical solution (u1,uz,v1,v2) € (C([0,0),Cyp) N CH((0,00),Cyp))*.
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