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We obtain in this article a solution of sequential differential equation involving the Hadamard fractional derivative and focusing the
orders in the intervals (1, 2) and (2, 3). Firstly, we obtain the solution of the linear equations using variation of parameter technique,
and next we investigate the existence theorems of the corresponding nonlinear types using some fixed-point theorems. Finally, some

examples are given to explain the theorems.

1. Introduction

In recent years, there has been a great development in the
study of fractional differential equations. This advancement
is ranging from the theoretical analysis of the subject to ana-
lytical and numerical techniques (see [1-3] and the references
cited therein). Among the theoretic approach, the existence
theory of solutions for fractional differential models has
gained attentions of many authors. Most of them have focused
on using Riemann-Liouville and Caputo derivatives in rep-
resenting the underlying fractional differential equation (see
[4-10]). Another kind of fractional derivative is Hadamard
type which was introduced in 1892 [11]. This derivative
differs from aforementioned derivatives in the sense that the
kernel of the integral in the definition of Hadamard deriva-
tive contains logarithmic function of arbitrary exponent. A
detailed description of Hadamard fractional derivative and
integral can be found in [12, 13]. Recently, the existence and
uniqueness of solution for fractional differential equations in
Hadamard sense were introduced in many faces by several
authors ([6, 7] and references therein). We add in this article
a new idea concerning the sequential definition of Hadamard
fractional operator with constant coefficients of order less
than three. For g € (2,3), the Hadamard fractional differ-
ential equation can be transformed to classical Euler-Cauchy

second-order nonhomogeneous differential equation that
can be solved by variation of parameter technique.

More precisely, we consider the nonlinear Hadamard
fractional differential equations given by

Hplx(t) = fi (tx(®), g€(0,1), o

x(a+) = 0,

("Dl +y DL ) x 0 = £ (62 ®), qe1,2), o

x(a+) = xV (a+) = 0,

("Dl + 17D+ 4, ) 2 (0 = £ (b x 1)),
ge2,3), 3

x(a+) = e (a+) = x? (a+) =0,

wheret € J =[a,b],1<a<b<+oo,and f;, : J xR — Ris
a given continuous function for each k = 1,2, 3. Here, DZ .
is the Hadamard fractional derivative, and y, A,, and A, are

constants.
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2. Linear Fractional Differential Equations

We introduce some basic ideas of fractional calculus that may
be used in the sequel of this article [12].

Definition 1. The Hadamard fractional integral of order g > 0
is defined as

N

provided that the integral exists.

S, (4)

Definition 2. The Hadamard derivative of fractional order g >
0 is defined as

"pl () = 8" (F1,h) (1),

NE)

-1l<g<n n= 1, 6 =t—,
n q<n n=|[q|+ %

where [g] denotes the integer part of the real number g.
Let C(J,R) denote the Banach space of all real valued
continuous functions defined on J, and C§(J, R) denotes the

Banach space of all real valued functions f such that 8" f
C(J,R).

Lemma 3 (see [12]). Let x € C5(J,R), h € C(J,R), and ¢ €
R; then,

T Ihht)=F5 h(),

Hp! (Fa,x () = x (),

71 ("Dl x®) =x(®) +¢ <ln £>q_l
+Q<ln£>q_2 +oee

q—n
+¢, <ln E) .
a

The following result is obvious by Lemma 3.

(6)

Lemma4. Let x € C(ls(], R), and g, € C(J,R). The fractional
differential equation

"plx()=g,(t), te], 0<q<1, o
7

x(a+) =0,
has a solution given by
x(t) = Ja,.9: (). (8)

Lemma5. Let x € C(Z;(], R), and g, € C(J,R). The fractional
differential equation
(HDZ+ +yHDZ;1)x(t) =g,(), te], 1<g<2,
)

x(a+) = xV (a+) = 0,
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has a solution given by

t

xO) =" [ 97780, 9 ds (10)
a

Proof. Applying the fractional integral operator 71, to (9),

we have

=i () ()

+ yf}H <x(t) +¢ <ln £>q_2> ,

for some constants by, b,, and ¢;. The initial condition x(a+) =
0 implies that b, = 0. Taking the first derivative of (11), it
follows that

(11)

1 g £\12 1
IO =x"©+b - (2] S

+ };j <x(t) +q <ln£>q72>.

The condition xV(a+) = 0 implies that b, = 0 = ¢,.
Multiplying (12) by the integrating factor given by

(12)

(@) = ef(y/t)dt =, (13)

we get

% (x(6) = 77 g, (1), (14)

Integrating (14), and using again x(a+) = 0, we conclude that

t
x(@t)=t" J- $'7 70 g, (s) ds. (15)
This finishes the proof. O

Remark 6. For y = 0, the solution is still valid, since

FLat) = 7T 9,(0) = [[(F5 gy(s)/s)ds. This trivial
case will be negligible hereafter.

Lemma7. Let /\21 >4, x € Cf;(], R), and g5 € C(J,R). The
linear system

-1 -2
("Dl +2,"DL + 0, ) x () = g5 ),
te],2<q<3, (16)

x(a+) = £ (a+) = P (a+) =0,

has a solution

2

\Mﬁ—4/\2
r ((t>(1/2)\l/1214)tz (S (1/2) /\§4A2>
G - Z)

x(t) =
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M g2 (s)ds, if A] > 4D,

t
or x(t) = tf’\l/ZJ‘ s)‘1/2+11 jﬁ gs (s)ds,
if A2 =4\,
(17)

Proof. Applying the fractional integral operator 72, to (16),

we have

t\1! t\1?2 t\13
x()+b, (m-) +b2<ln—> +b3<1n—>
a a a

AL <x )+, <1n £>q_2 ‘e <1n £>q_3> (18)

q-3
0,7 <x () +d, <1n 2) ) = 71 g5 (8),

for some constants by, b,, b;, ¢,, ¢, and d;. The initial
condition x(a+) = 0 implies that b; = 0. Taking the first
derivative of (18), and using Leibniz’s rule, it follows that

t\12%1

XV (6) + by (q—1)<1n;> "
t\13 1

_(1 _> 2z
+hg-2)(In2) 5

+ }% <x(t) +6 <ln £>q_2 + 6 <ln é)M) (19)
+}L7L<x(s)+d< a) )cis

= f 93 ().

The condition xV(a+) = 0 implies that b, = ¢; = 0.
Multiplying by ¢ and then the second derivative would imply

_31

D)+ xV )+ by (g-1)(q- 2)< ;)q .

+A1( ")+ (q-2)(In< )3%) (20)

A 43
+Tz<x(t)+d3<ln£> ) Lorag o).

For the last initial condition x® (a+) = 0, we geth =¢, =
d3 = 0. Now, multiplying (20) by ¢, it follows that

J12g.@t), (2

which is a second-order Cauchy-Euler differential equation
that has a general solution x(t) = x,(t) + xp(t), where x(t)
and x,(t) are the complementary and particular solution of
(14), respectively. To find the complementary solution of (21),
consider the solutions x;(t) = t™ and x,(tf) = "™ for the
homogeneous equation

(t)+()t +1)tx () + A,x (t) =

ExP @)+ (A, + D)exV @)+ Ax®) =0,  (22)

where m; = (-A; — \A1—4A,)/2 and m, = (-A, +

A% —4),)/2 are the distinct real roots of the characteristic
equation

m* +Am+ A, =0. (23)

The complementary solution of the homogeneous equation
(22) is

x, (t) = a;t"™ +at™, (24)

for some constants g, and a,. These two constants can be

evaluated by the initial conditions x(a+) = x(l)(a+) = 0 given
in (16), which both imply that
a™ +aa™ =0,
(25)

m;—1 my—1 _

a,m,a +a,m,a =0.

The only solution for these algebraic equationsisa;, = a, = 0,
since m, # m,. The Wronskian W for the solutions x; and x,
is

tml tmz
W (x1,%,) = mltm‘_l mztmz—l
(26)
= (my —m, ) ™ = A2 —4) M

#:O)

since A7 > 4),. Applying the variation of parameter
technique we can get the particular solution

g™

t
t) =
xP( ) L (m2 _ ml) smitmy—1

— MM

ja+ g5 (s)ds. (27)

Therefore, the general solution is x(¢) = xp(t).
If A> = 41,, we consider x,(t) = t™M72 and x,(t) =

t™/2Int. Then, the complementary and the particular solu-
tions are

x.(t) = alt_’\‘/z + azt‘_’\‘/2 Int,
(28)

t
- b _g-
x,(0) =t Al/zj M2 ;fZ+2g3 (s)ds,
a
where the Wronskian in this case is given by

W(xpxz)

hl2 a2

Int
- _ht%/%l A

1,-1,/2-1 -1,/2-1
L2 g g i
2 2 (29)

Ao A - A A
= Mgt St e = M

+ 0.



The evaluation of the constants a, and a, in the complemen-
tary solution (28) leads to

ala_}“/z + aQa_Al/z Ina=0,
30)
AN e A (
-ZLaa M/2-1 21
2 2

“Af2-1 “A/2-1
a,a M/ Ina+a,a M _

>

which imply a;, = a, = 0. Therefore, the general solution
becomes again x(t) = xp(t). The two cases together constitute
the required solution. This finishes the proof. O

Remark 8. If A} < 4A,, then (23) has two complex conjugate
roots that will not be considered in this article. On the other
hand, if A, = A, = 0, the solution is x(t) = 1, g;(t), which
is a trivial case and hereafter will be negligible.

Remark 9. Any of initial conditions x(a+) = xWat) =
x®(a+) = constant # 0 should not be used because it would
imply ill-posed systems.

3. Existence Theorems

We establish sufficient conditions for existence of solutions
to problems (1)-(3) using different types of fixed-point
theorems.

In view of Lemmas 4, 5, and 7, we transform the initial
value problems (1)-(3), respectively, into operator equations
as

Vix(t)=J71 fit,x(t), 0<g<l,

t (31)
Wx(t)=t" J sy_ljZ;lfz (s, x(s))ds, 1<gq<2,

and for 2 < g < 3, we define the respective cases A2 > 4A,,
and A2 = 41,, as

-0 /2

A2 - 41,
Jt <t>(1/2) A2—4), (S>(1/2) A2-41,
a N t

M g0 2 (s)ds, if A > 40,

Yx (t) =

(32)

t
_ t 4
or V,x () =t M2 J s/ g ;fz+2g3 (s)ds,
a

if A3 =44,

where t € ]. If the operator ¥, k = 1,2, 3, has a fixed point,
the corresponding problem in systems (1)-(3) has this fixed
point as a solution.

Lemma 10. The operator ¥, : C(J,R) — C(J,R), k = 1,2,3,
is completely continuous.

Proof. Obviously, the continuity of the operator ¥ follows
from the continuity of the function f;. Let % be a bounded
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proper subset of C(J,R); then for any t € J, and x € %,
there exists a positive constant L, such that | f; (t, x(¢))| < L;.
Accordingly, for any t € J, and x € %, it follows that

L, (In(t/a))?

|¥,x (1)] < T(g+1) 0<g<l,
L, (In(t/a))"" |1 - (a/t)'] (33)
\Ij t S b
[¥ax ) [T (9)
1<g<2, y#0,

and for 2 < g < 3, we have
Lsa® (In (t/a))?
\/’\21 — 40T (q-1)

(t/a)2 _ (t/a)—/ll/2+(1/2) A2—4),
X

24 4,/2 - (1/2) A2 — 4,

[P (1)] <

(t/ay’ = (ajpy O (34)

2+A,/2+(1/2) (A2 - 41,

, if A2 >4,

(t/a)® - (a/t)""?
AJ2+2

Lsa* (In (t/a))?™!

[P (1)] < T@-D)

>

if A3 =44, A, # 4.

Consequently, for any k = 1, 2, 3, the operator ¥, is bounded
on % < C(J,R). Furthermore, if £, ¢, € J, such thata < t; <
t, < b, then

|(¥1x) () = (W) (8,)]

L, |(n(t,/a))? - (in(t,/a))’| (35)
I(g+1) ’

for0 < g < 1.Letl < g < 2,and then

K%mmrmwmmsmﬁ@
cl@-a)(m(D) e (m(2))

J Al y 2o
For2 < g < 3,let A3 > 41,, and then

[(¥5x) () = (¥5x) (t1)]

M 21/2\A-43, Iz,
k. 1

A2 - 42,
t

y J‘s/\l/z+1f(1/z)\l/\lf4/\2
a

IN

T2 3 (s, (s)| ds
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—11/2-(1/2)/A3 -4, —11/2-(1/2)3/A3-4A,
123 -t

NES
t
y [1SA,/2+1+<1/2)\/A§74/\2

a

FE2 s (s, x(s)| ds

A1 /2+(1/2)3/A3-4A,
23

VA2 an,
t.

y J' ZSA,/2+1—(1/2)\M§—4/\2
t

1

+

FE2f5 (s, x(s)| ds

“A1/2-(1/2)1/A2-42,
t

A2 - 4h,

2 ) a1/ -an
f

+

FL2fy (s, x(9))] ds

f_Al/2+(l/2)\/’\zl_T’\2 _ t"\1/2+(1/2) A2-4d,
2 1

Ly (In (t,/a))"?

<
-4 (g-1)

t/lh/zf(l/z) A—4),+2 _ gh/2-an) 2—d),+2

X
A /2= (1/2)\A2 —4A, +2
-A /2—(1/2)\//\2—4/\ =1, /2-(1/2)\/A%-4L -2
3|6 l l 2_t1 1 o (ln(tl/a))q
+

\/’\21 -4\I(q-1)

t/\1/2+(1/2> A -4A,+2 M2+ 172\ =41, 42

X 1

A/2+ (1/2) (A2 —4d, +2

-A A2—4) —
L3t2 1/2+(1/2)[A1-44, (ln (tz/a))q 2

A2 = 4A,T (g - 1)

A1/2-(1/2)3| A3 -4A,+2 A1/2=(1/2)3| A3 —4A,+2
) -t

+

X

A /2 = (1/2) (A2 —4A, +2

tikl /2-(1/2)[A2 -4,

Lst, (In (tz/‘l))q_2

\//\21 —40,T(q-1)

M2+ 2\ A2 =4Ay+2 A [24(1/2)\[A2 41,42
) -t

+

X
A2+ (1/2) (A3 =44, +2

(37)

Now, let /\21 = 4],, and then

|(3x) () = (¥5x) (£))] <

_ t _ t
1‘2/\1/2 ln;2 - tl/w2 ln;1

h A t

Ay /241 2 2
J s/ 'fq f3(s,36(s))'ds+t2 21p 2
a a

5
123
) J't M2+l |fZ;2f3 (s,x(s))' ds
/242 Ay /242
2yt a2 b |t1 —a |
<L,|t,"""In=-t"""In—-| ————
sz BTy Ay /2 +2
-2
(ln(tl/a))q LM
Tyt
T(g-1)
A 2 _
B e G CY0)
a  AJ/2+2 r(g-1)
(38)

As t2 - tl) |(\ka)(t2) - (\Ilkx)(tl)l - 0, for k = 1,2,3.
This implies that ¥} is equicontinuous on J. In consequence,
it follows by the Arzela-Ascoli theorem that the operator ¥,
is completely continuous. This finishes the proof. O

We need the following Schauder’s fixed point theorem
([14]).

Theorem 11. If % is a closed, bounded, convex subset of a
Banach space & and the mapping A : % — U is completely
continuous, then A has a fixed point in %.

Accordingly, if we define a closed, bounded, convex
subset % of C(J,R) on which ‘I’,Ls, as defined by (31)-(32),
are completely continuous, then problems (1)-(3) have the
respective solution.

Theorem 12. Assume that

lim <00, tej; (39)

x—0

Si (8, x) <&
x

then, each problem of (1)-(3) has a solution.

Proof. For any k, the given condition implies that |f(t,
x()) < (1 + &)|x(t)|, whenever |x(t)| < &, for a fixed
number §; > 0. Therefore, define a subset %, as

U, ={xe C(LR): |x(t)| <&, t €]} (40)

Hence, %, is a closed, bounded, and convex subset of C(J, R).
If x € U, then |f.(t, x(t))| < 8;(1 + &), forany ¢ € J. On
the other hand, the operator ¥, : %, — %, is completely
continuous by Lemma 10; then by Schauder’s fixed-point
Theorem 11, each problem of (1)-(3) has a solution. This
finishes the proof. O

Our next result deals with the uniqueness of solution
for problems (1)-(3) and is based on the Banach contraction
theorem. The following assumptions are essential for proving
the next theorem.

(H1) Foranyt e J,x,y e R,k =1,2,3,
|fi (&) = fi (6, ¥)] < B |x = ],

sup | fi (£,0)] = Ay, (41)
te]

Ck = max {Ak’ Bk} .



(H2) Let 7, < 1, such that

_ Cy(In(b/a))?

1= T(g+1)
C, (In (b/a))T™ ~ (a/t)!
. 2 (In(b/a)) |y|1;1?;‘;e}|1 (a/t) | y#0, (42)
_ Cy(In(b/a))T’L
BT

Here L = M, if A3 > 4),, or L = N, if A} # 4A,, where

t2 - a* (a/ty"?

t
v n(z)
T 22 |M\a
M=t
A2 -4,
2 (1/a2) (t/a)")‘l/“(l/z)m (43)
+ max

244 2-(1/2) A2 - 4A,

t2 _ (l/az) (a/t)/ll/2+(1/2) A2—4),

2+ A,/2+(1/2) (A2 - 41,

Theorem 13. Assume that (H1) and (H2) are satisfied. Then
there exists a unique solution for each of the problems (1)-(3)
onJ.

Proof. Let r, > (1 — )" for k = 1,2,3. We show that
V%, < 9B, ,where B,, = {x € C(J,R) : llx|l < r}. This
follows by the following estimates:

B, (In (b/a))?
T(g+1)
S(L=m)r +mr =1y,

|‘I’2x (f)l

A, (In(b/a))?
T(g+1)

[¥)x ()] < llll +

B, (In(b/a))®™" |1 - (a/t)!|
lyIT (q)

A, (In(b/a))™" |1 - (a/t)!]
lYIT (q)

llxl

<1y (44)

|‘I’3x (f)l
C, (In (b/a))T* M
r(g-1)
<
C; (In(t/a))T* N
I(q-1)

(A + By xll), if A3 > 4A,,

(A5 +Bylxll), if A3 =41,
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for any x € %, . Moreover, for x, y € C(J,R), k = 1,2,3,and
for each t € J, we obtain

|(Wex) () = (Fry) O] < 1 lx = ¥ - (45)

As m. < 1, ¥, is a contraction. Thus, the conclusion of the
theorem follows by the contraction mapping principle. This
completes the proof. O

We close the existence theorems by applying Leray-
Schauder degree theorem [14]. Therefore, we need the follow-
ing assumption.

(H3) Fort € J,x e R,and k = 1,2, 3,

| fe (£, x)| < Dy (Ix] + 1), (46)
where D < 00, satisfies
D, (In (b/a))*

I(g+1)
D, (In (b/a))?" max,; |1 - (a/t)!|
lyIT (q) (47)
y#0,

F, =

h =

_ Dy(In(b/a))TL
o Tr(g-)
where L is defined as in (H2).

<1,

Theorem 14. Assume that (H3) is satisfied. Then every prob-
lem of (1)-(3) has a solution.

Proof. Define a ball By, = {x ¢ CUR) : |xl < R}
k = 1,2,3, for some positive real number R, which will be
determined later. We show that ¥} : B — C(J, R) satisfies

0 ¢ (I-MA¥) (0%y, ) (48)

for any x € 0%p ,and A, € [0, 1]; here 0%y denotes the
boundary set of %, . Define the homotopy

x) = H (A, x) = x = A ¥ex,
(49)
xeC(J,R), A, €[0,1].

Then, by Lemma 10, h,_is completely continuous. Let I
denote the identity operator; then the homotopy invariance
and normalization properties of topological degrees imply
that

deg (> By, 0) = deg (1= A¥s) B, 0)

= deg(hy, Bp,» )

((
(
(50)
(
(

deg (ho, Bp,» )

= deg IQS?R, )—1,
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since 0 € %y . By the nonzero property of the Leray-
Schauder degree, h;(x) = x — ¥x = 0 for at least one
x € By To find R, we assume that x(f) = A;'¥;.x(t) for
some A, € [0,1] and for all ¢t € J. Then, using (H3), we have

Ix ()] = [\ ¥ex ()] < B (1+ [Ix]) . (51)
Therefore,
F
Il < (52)

Thevalue of R, = 1/(1-F;) > |lx| is sufficient for applicability
of Leray-Schauder degree theorem. This completes the proof.
O

Example 1. Consider the following nonlinear fractional dif-
ferential equation:

(HD;f —4HD2'+2)x(t) =tsinx(t), te (23],
(53)
x(2)=x"(2)=0.
Here g = 1.2, f,(t,x(t)) = (t/3) sinx(t), and y = —4. Simple
calculationslead to &, = C, = D, = 1, and
C, (In (b/a))T™" |1 - (a/t)!|
]/] =
’ VT (q)

~ (In(3/2))° max,; 1- @/
B 4(0.9)

(54)

Therefore, all previous existence theorems ensure the exis-
tence and uniqueness of the solution in C([2,3],R) for
problem (53).

Example 2. Consider the following nonlinear fractional dif-
ferential equation:

-32
H.26 .16 06 e 7 x (D)l
( p,, -2"D,, - DH)x(t) = Tr o)

te(le, ©

x()=x"(1)=x"(1)=0.

Here g = 2.6, f3(t, x(t)) = e >?|x(®)|/(1 + [x(D)]), A, = -2,
and A, = —1. Simple calculations lead to
1 2_ftV2 2 -V
TR 1-v2 | 142
C,(n(b/a))T*L  20.4e3?
BT TTTg-) C Te)
We apply any of the following:
(1) Theorem 12, with &, = ¢
(2) Theorem 13, with C; = e >*,and 775 < 1
(3) Theorem 14, with D5 < e>2 and F;=094<1

<204,
(56)

= 0.94.

Problem (55) has a solution in C([1, e], R). The uniqueness of
this solution follows from Theorem 13.
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