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The main purpose of this work is to study an inverse source problem for degenerate/singular parabolic equations with degeneracy
and singularity occurring in the interior of the spatial domain. Using Carleman estimates, we prove a Lipschitz stability estimate
for the source term provided that additional measurement data are given on a suitable interior subdomain. For the numerical
solution, the reconstruction is formulated as a minimization problem using the output least squares approach with the Tikhonov
regularization. The Fréchet differentiability of the Tikhonov functional and the Lipschitz continuity of the Fréchet gradient are
proved. These properties allow us to apply gradient methods for numerical solution of the considered inverse source problem.

1. Introduction

Inverse problems appear in a wide range of scientific appli-
cations, such as geophysics, biological and medical imaging,
material and structure characterization, electrical, mechan-
ical and civil engineering, and finances. The resolution of
inverse problems consists of estimating the parameters of the
observed system or structure from available data of solutions.
The unknown quantities are diverse, according to the inverse
problems and phenomena studied, but typical unknowns are
spatially varying coefficients and source terms.

In the present paper, we study the inverse problem of
determining the source term in a degenerate heat equation
perturbed by a singular potential from the theoretical anal-
ysis and numerical computation angles. More precisely, we
consider the following problem:

A

u, — (au,), - %u =h(tx), (tx)€Q,
w0 =u) =0, te@©n), U
u(0,x) =uy(x), x€(0,1),

where u, € L*(0,1), T > 0 fixed, and Q = (0,T) x (0,1).
Moreover, we assume that the constant A satisfies suitable

assumptions described below and the functions a and b
degenerate at the same interior point x,, of the spatial domain
(0, 1) (for the precise assumptions we refer to Section 2). Let
us recall that, in inverse source problems, the source term has
to satisfy some condition; otherwise uniqueness may be false;
see [1]. Let C; > 0 be given and for t, € (0,T) given, let
T = (T + ty)/2. In [2, 3], the authors make the assumption
that source terms h satisfy the condition

Iht (t, x)| <Cy 'h (T',x)| , for almost all (t,x) € Q. (2)

Therefore they define the set $(C,) of admissible source
terms as

S (Co) = {h e H' (0, ;L% (0, 1)) : h satisfies (2)}. (3)

The Carleman estimate is a class of weighted energy
estimates with a large parameter for a solution to a PDE
and it is one of the major tools used in the study of unique
continuation, observability, and controllability problems for
various kinds of PDEs. The idea of using global Carleman
estimates to solve inverse problems and prove Lipschitz
stability results was first introduced by Puel and Yamamoto
[4] in 1996 in the context of the wave equation, using a
modification of the idea of [5]. Later on, it also has been
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applied to the standard heat equation by Imanuvilov and
Yamamoto [2] in 1998. Their method is based on the use of
global Carleman estimates for parabolic problems that were
developed by Fursikov and Imanuvilov [6] and used to solve
null controllability issues. The novelty of their work is that
they not only solve the uniqueness question but they also
provide unconditional Lipschitz stability result concerning
the reconstruction of the source.

In the last recent years an increasing interest has been
devoted to (1) in the case when A = 0 and the degeneracy
can occur at the boundary or in the interior of the space
domain. For example, we recall the works [7-9], where the
authors obtain results concerning Carleman estimates and
null controllability.

These results are complemented in [3, 10-12], where the
authors obtain results concerning inverse problems for purely
degenerate (i.e., A = 0) parabolic equations and parabolic
coupled systems, addressing, in particular, issues such as
uniqueness and stability. If A # 0, the first results in this
direction are obtained in [1] for the nondegenerate heat
operator (i.e., a > 0) with a singular potential. But, the study
of numerical reconstruction questions are rarely taken into
account; see [13, 14].

Furthermore, in both theoretical and numerical aspects,
very few results are known regarding the identification of
coefficients in degenerate/singular parabolic equations, even
though this class of operators occurs in interesting theoretical
and applied problems. As far as we know, [15] is the unique
published work on this subject; it concerns the reconstruc-
tion of the initial heat distribution in a degenerate/singular
parabolic equation with degeneracy and singularity at the
boundary of the domain.

From the mathematical point of view and in connection
with the work of Fragnelli and Mugnai (see [16]), we focus
on identifying, on the basis of some observations, the source
term, in a parabolic equation presenting both a degenerate
diffusion coeflicient and a singular potential with degeneracy
and singularity inside the spatial domain.

In particular, our results complement the ones of [1, 3]
in the purely degenerate case and in the purely singular
one, respectively. More precisely, we will follow the approach
introduced in [2] for the treatment of uniformly parabolic
problems which is based on the use of global Carleman esti-
mates. For this purpose, we use and extend some recent Car-
leman estimates for degenerate/singular equations obtained
by Fragnelli and Mugnai [16]. As a consequence, we prove a
stability estimate of Lipschitz type in determining the term
source using the following observations data:

<(aux)x + %u) (T', ) ,

and utl(to,T)xw >

(4)

where the subregion of measurements w is a nonempty
subinterval of (0, 1) that is assumed to satisfy the following.

Hypothesis 1. 'The set of observation w cc (0, 1) is such that

w=w; Uw,, (5)
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where w; € (0,1),i = 1,2 are intervals with w, cc (0, x,),
w, CC (xy,1),and x, ¢ @.

For fixed T > T’ > 0, the main result of this paper can be
stated as follows.

Theorem 2. Let C, > 0 and suppose that Hypotheses 1 and 14
are satisfied. Then, there exists C = C(T, ty, x,,C,) > 0 such
that, for allh € S(C,) and u, € L*(0, 1),

2
(au,), (T', ) + bi(.)u T,

2
Ikl 2 < C [
L2(0,1)

2
+ “ut“L2((t0,T)><w)] :

Remark 3.

(i) It is worth noting that the result announced in
Theorem 2 is still valid also in the case in which
the observation set w is an interval containing the
degeneracy point. Indeed, if x, € w one can always
find two subintervals w; < (0,x,), w, =C (x,, 1) such
that (w; Uw,) cC w \ {x,}.

(ii) If we restrict ourselves to the particular case h €
{rg,g € L*(0,1)} for some given function r ¢
cY([o,T] x [0,1]), positive at some time t = T' and
g is the unknown function that we want to recover,
then uniqueness result can be shown as an immediate
consequence of the Lipschitz stability result; see [17,
Theorem 2.11].

In fact, we will not only investigate the theoretical
aspect of the inverse source problem due to our interest in
mathematics, but also consider the numerical reconstruc-
tion of the source term h(t, x). To this end, we adopt the
classical Tikhonov regularization to reformulate the inverse
problem into a related optimization problem, for which we
develop an iterative thresholding algorithm by using the
corresponding adjoint system. In particular, we will focus
on the determination of the unknown source term from
the measured data at the final time. The resolution of this
problem is standard and it is based on the gradient of the
cost functional. More precisely, the most important issue in
numerical solutions of inverse problems is the Lipschitz con-
tinuity of the Fréchet gradient. Indeed, in order to construct
an effective minimization algorithm for an inverse problem,
one needs to analyze the gradient of the considered cost
functional. There is a vast literature on inverse problems for
linear parabolic equations with final overdetermination. For
example, we mention the pioneering work [18]. Compared to
a standard parabolic equation, the main challenge here is the
nonstandard degeneracy of the diffusion coeflicient as well
as the singularity of the potential of the partial differential
equation (1).

The rest of this article is organized as follows. In
Section 2, we recall the well-posedness of the problem (1).
Then Section 3 is devoted to the proof of the main stability
result of Lipschitz type. In Section 4, we reformulate our



Abstract and Applied Analysis

inverse source problem as a minimization problem with the
Tikhonov regularization and provide a monotone iteration
scheme based on a gradient method.

Throughout the paper, C denotes a generic positive
constant, which may vary from line to line.

2. Well-Posedness

The ways in which a and b degenerate at x, can be quite
different, and for this reason, following [16], to establish our
results, we give the following definitions and assumptions.

Hypothesis 4 (double weakly degenerate case (WWD)).
There exists x, € (0, 1) such thata(x,) = b(x,) = 0,a,b > 0in
[0, 1]\ {x,},a,b € cl(o, 1]\{x,}) and there exists K, L € (0, 1)
such that (x — x,)a’ < Ka and (x — x,)b' < Lba.e. in [0,1].

Hypothesis 5 (weakly strongly degenerate case (WSD)). There
exists x, € (0, 1) such that a(x,) = b(x;) = 0,a,b > 01in
[0,1] \ {xo}, @ € C'([0,1] \ {xo}), b € C'([0,1] \ {x,}) N
Wb*(0,1),3K € (0,1), L € [1,2) such that (x — x,)a’ < Ka
and (x — xo)b' < Lba.e.in [0,1].

Hypothesis 6 (strongly weakly degenerate case (SWD)).
There exists x, € (0,1) such that a(x,) = b(x,) = 0,
a,b > 0in [0,1] \ {x}, a € C([0,1] \ {x,}) N W"®(0, 1),
b e C'([0,1] \ {x,}), 3K € [1,2), L € (0,1) such that
(x - xp)a' < Kaand (x — x,)b' < Lba.e.in [0, 1].

Hypothesis 7 (double strongly degenerate case (SSD)). There
exists x, € (0, 1) such that a(x,) = b(x,) = 0,a,b > 01in
[0,1]\ {x,},a,b € cl([0,1]\ {x,H N W%(0, 1), there exists
K,L € [1,2) such that (x — xo)a’ < Kaand (x - xo)b’ <Lb
a.e.in [0, 1].

For the well-posedness of the problem (1), as in [16], we
consider different classes of weighted Hilbert spaces, which
are suitable to study the four different situations given above,
namely, the (WWD), (WSD), (SWD), and (SSD) cases. Thus,
we consider the Hilbert spaces

H, (0,1) = {u e Wy (0,1) : Vau, € L (0, 1)} (7)
and

H,, (0,1) = {u €H,(0,1): % el’ (0,1)} (8)

endowed with the inner products

1 1

au'Vvdx + J uvdx, 9
0

)iy = |

0
and
L 1 .
(U, V) pp :=J auvdx+J uvdx+J —dx, (10)
ab 0 0 o b

respectively.
In order to deal with the singularity of b we need the
following inequality proved in [16, Proposition 2.14].

Lemma 8. If one among Hypotheses 4-6 holds with K+L < 2,
then there exists a constant C > 0 such that for all u €
H;,b(O, 1) we have

1 2 1
L ﬁ dx<C L a(x) |u’|2 dx. (11)

In order to study well-posedness of problem (1) and in
view of Lemma 8, we consider the space
I =H,,(0,1), (12)

where the Hardy-Poincaré inequality (11) holds.
We underline that, from Lemma 8, the standard norm || -
II?%, is equivalent to

1
2= | a () ds. (13)

From now on, we make the following assumptions on a,
b,and A.

Hypothesis 9. (1) One among the Hypotheses 4, 5, or 6 holds

true with K + L < 2 and we assume that
1
A€ (0, —) . 14
= (14)
(2) Hypotheses 4, 5, 6, or 7 hold with A < 0.

Using Lemma 8, the next inequality is proved in [16,
Proposition 2.18], which is crucial not only to obtain the well-
posedness of problem (1), but also to prove that the inverse
problem posed as weak solution minimization problem has a
solution.

Proposition 10. Assume Hypothesis 9. Then there exists a
positive constant A € (0,1] such that, for all u € F, there
holds

Jla(u')zdx—)tjlu—zdx>Ara(u')2dx (15)
0 o b o .

Now, let us go back to problem (1), recalling the following
definition.

Definition 11. Let u, € L*(0,1) and h € L*(Q). A function u
is said to be a (weak) solution of (1) if

ueC([0,T];L7(0,1)) N L* (0, T; Z) (16)

and satisfies the following differential equation:

Jl u(T,x) ¢ (T, x)dx — Jl Uy (x) ¢ (0, x) dx

0 0

- JJ-Q u (t,x) @, (t, x) dx dt

= - “Q a(x)u, (t,x) @, (t,x) dx dt 17)

u(t,x) et x)
) ”Q LR v

+ ”Q h(t,x) @ (t,x)dxdt

for all ¢ € H'(0, T; L*(0, 1)) N L*(0, T; %).



Finally, we introduce the Hilbert space

HZ2,(0,1):={ueH,(0,1):au’ € H' (0,1) and Au

(18)
e L’ (0, 1)},
where
Ay = (au')’ + %u, (19)
with domain
D(A) = H2,(0,1). (20)

Remark 12. Observe that if u € D(A), then u/Vb € L*(0,1),
so that u € 7 and inequality (11) holds.

Hence, the next result holds thanks to the theory of
semigroups.

Proposition 13. The following assertions hold.

(i) The operator (A, D(A)) is the infinitesimal generator of
a strongly continuous semigroup of contractions on L*(0,1).
Moreover, the semigroup is analytic.

(ii) For allu, € D(A) and h € HY0,T;L%0,1)), problem
(1) admits a unique strict solution belonging to the class

ueC([0,T;D(A)nC ([0,T];L*(0,1)).  (21)
Moreover, ifu, € L*(0,1), then for all € € (0,T) there holds
ueC([&T);D(A)NC ([6T];L°(0,1)). (22)

(iii) For all u, € L*(0,1) and for all h € L*(0,T; L*(0,1)),
problem (1) has a unique weak solutionu € C([0, T'; L*(0,1))N
L*(0, T; ) such that for all € € (0, T) there holds

uel’ (e T;D(A)NH (e T;L7(0,1)). (23)
Moreover, if h € HY0,T;L%*(0,1)) and ¢ € (0,T), we have
ue H' ([&,T]; D (A) nH* ([&, T]; L7 (0,1)) (24)

Proof. The proof of statement (i) can be found in [16], whereas
statements (ii) and (iii) are a consequence of (i) and [19,
Proposition 3.3 and Proposition 3.8]. O

3. Lipschitz Stability Result

In this section, we aim at obtaining a Lipschitz stability result
on determining the source term h(x;, t) in problem (1) in the
spirit of the result by Imanuvilov and Yamamoto [2]. The key
ingredient to obtain such a result is Carleman estimates. Here
we use specific Carleman estimates for degenerate/singular
parabolic equations (inspired by [16]). Thus, we first recall
this fundamental tool in the following section before proving
Theorem 2 in Section 3.2.
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3.1. Carleman Estimate. The aim of this subsection is to prove
a Carleman type inequality for solutions of problem (1). First
of all, let us make precise the assumptions under which we
consider problem (1).

Hypothesis 14. (1) Hypothesis 9 holds. Moreover, if K > 4/3,
then there exists ¥ € (0, K] that the following condition is
satisfied.
(%) The function x +— a/|x — xols is nonincreasing on
the left of x = x, and nondecreasing on the right of x = x;,.
(2) Moreover, if A < 0, we require that

(x = x,) b (x)>0 in [0,1]. (25)

As usual, the derivation of global Carleman estimates
relies on the introduction of some suitable weight function
of the form

ptx) =0ty (x), V(tx)e(t,T)x[-1,1], (26)

where
1

0(t) = ———,
[(t—to) (T -1)]"

(27)

*y—x
andt//(x)::cl[J J;iy)ody—té],

with ¢, > & = SUP[_1 ] Lz:)((y - xg)/a(y))dy, ¢, > 0, and
where a is defined by the following way:

{a(x), x €[0,1],
a(x) = (28)
a(-x), xe[-1,0].

Observe that 6(f) — +co as t — t;, T, and clearly
-6 <y (x) <0 for every x € [-1,1]. (29)

Eventually, we define as in [3] the second time weight
function:

;«I (t) = T + tO — 2t, Vt € (to, T) . (30)

Let us now turn to the following linear initial-boundary value
problem:

ou

> - (au,), - A u=h(tx),

b(x)
(t,%) € (to,T) x (0,1), OV
u) =u(l)=0, te(t,T),
where h € Lz(to, T,L? (0,1)). In the following, we denote

Q= (b T) x (0,1)
(32)
and wz; = (to, T) X .

Now we are ready to state global Carleman estimates with
boundary observation for system (31).
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Theorem 15. Assume Hypothesis 14. Then, there exist two
positive constants C and s, such that the solution u of (31) in
L (e, T; sz) NHY([e,T], %) satisfies, for all s > s,

2
sOa (x) > + s393Mu2 +s0° u?
I, ( (@ + 0" v

+ iuf) P dxdt < C (“ 120 dx dt (33)
s6 Qr

to

+ sclj [Oa (x —x0) 1 2s<p]x:0 dt).

Some part of estimate (33) is already proved in [16] and,
even if we refer to [20] a few times, our proof is quite self-
contained. In [16], the authors prove a Carleman inequal-
ity that estimates the integrals of s@a(x)ui and $°0%((x -

xo)z/a(x))u2 (that were sufficient for control purposes). For
inverse problems, these estimates are not sufficient and one
also needs some additional estimate of u with a special weight
and some estimate of the derivative term u, that we added
here in the statement of Theorem 15. The proof is based on
the methods developed in [3].

Proof. The proof of Theorem 15 relies on the change of
variables w = e*?u with s > 0. Then, from (31), we obtain

~(aw,), - spw - s"agiw - ~w

b

Ltw
(34)

+w; + 2sapw, + s (ap,) w = he”.

Liw hs

Moreover, w(ty, x) = w(T, x) = 0. This property allows us to
apply the Carleman estimates established in [16, Lemma 3.8]
to w with QZ) in place of (0,T) x (0, 1)

2 — 2
il sty + ], (¢

+ s0a (x) wi) dxdt

<C ( “ 12 dx dt
QF

to

3(x—x0)2 2
eia(x) w

(35)

T
+sc1J [Ga(x—xo) 2 2“”] dt)
to

The operators L: and L are not exactly the ones of [16].
However, one can prove that the Carleman estimates do
not change. Using the previous estimate, we aim at proving
estimate (33) that concerns the variable u.

Step 1. Estimate of ” o s@a(x)uiez“”dx dt and H o S0 ((x—

xo)z/a(x))uzez“”dx dt. Replacing w by e*?u, we immediately
get from (35)

2
JJ. $0° M e dx dt
Q a(x)
<C (” 1P dx dt (36)
QT

T
22
+5¢ J [Ga (x = x,) use S‘P] dt)
to
- ¢ 59
Moreover, w, = s, ue*? + u,e’. Therefore,

“ sBau; 26X dx dt
Qt

to

<2 J.J s@awidx dt
- (37)

to

+2“ s 637()6_)6;)

2™ dx dt.
a(x

t

In conclusion, thanks to (35)-(37), we get

2
” i <s9a (x) ui + 3393%142) P dx dt
Q a(x

to

<C (“Q 12 dx dt (38)

to

T 2 25(p x=1
+5¢) J; [Ga(x—x ] dt)

Step 2. Estimate .UQT s0°|y|uPe*Pdx dt. Observe that,

since || < T —t, and |y| < ¢¢,, one has
” s6°? Iny| w’dxdt <C ” 6 wdx dt. (39)
Q) Q)

To estimate the integral on the right-hand side of (39), we
follow the technique of [20, Lemma 4.1]. Using the Young
inequality, we find

3/4
3/2 2 a'l® 2
s@ widxdt = s 072/310
Qh Qy \ |x = x]

2 1/4
~<93Mw2> dxdtsﬁ” 0
a 4 Ql

a1/3

1
— —wldxdt + s ” 6
/3 4 J)or
to

|2 = x|

(40)

lx—x0|2 5
- ————w'dxdt.



Now, if K < 4/3, we consider the function p(x) = |x —
x0|4/ 3, Obviously, there exists g € (1,4/3) such that the
function p(x)/|x — x,|7 is nonincreasing on the left of x,
and nondecreasing on the right of x,. Then, we can apply
the Hardy-Poincaré inequality given in [20, Proposition 1.1],
obtaining

1 1/3
a
.

w
0 lx—x0|2/3
1/3 1 2
< maxa ' (x) TFW dx
x€[0,1] 0 |x - x| /

p(x)

max a'/? (x) J 3 widx
x€[0,1] 0 lx _ xOl

(41)

1
max a'/? (%) Cyp J p (x) widx

<
x€[0,1] 0
Uy |42
= maxa'” (x) CHPJ a@widx
x€[0,1] 0 a

1
< maxa'’ (x) CupCy J awidx,
x€[0,1] 0

where Cyp is the Hardy-Poincaré constant and C, =
max(xy" /a(0), (1 - xo)*/a(1)).

In the previous inequality, we have used the property that
the map x +— |x — x¢|"/a(x) is nonincreasing on the left of
x, and nondecreasing on the right of x, for all y > K; see
[20, Lemma 2.1]. If K > 4/3, we can consider the function
p(x) = (a(x)|x - x0|4)1/3. Then we have

p(x)

o= (=)

a

(42)

(x - x,)° "
p(x) =a(x)<70> <Cya(x),

a(x)

where

5 N\ 2/3 2\ 2/3
_ Xo (1-x)
C, = max<|(a(0)) ,( 2 ) } . (43)

Moreover, using the condition (€) given in Hypothesis 14,
one has that the function p(x)/|x — x,|9, with g == (4+9)/3 €
(1,2),is nonincreasing on the left of x,, and nondecreasing on
the right of x,,. The Hardy-Poincaré inequality given in [20,
Proposition 1.1] implies

1 1/3 1
J aiz/swzdx = J %wzdx
0 |x — xo] 0 (x—x,)

1
< Cpp L p (wx)2 dx (44)

1
< CypCy J a(w,) dx.

0
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Thus, in every case, for s large enough there holds

JJ-QT s6° lny| wdx dt

to

X (45)
<C ” <39awi + s393mw2> dxdt.
Q) a
Hence,
” s0° |ny| w’dxdt < C <”‘ We*?dx dt
Q4 Q4
(46)
g 2 2s591%=1
+s¢ L [Ga (x —xp) use ]x:O dt ).
Finally, coming back to u, we get
J.J 0’ |ny| wPe*Pdxdt < C (” We?dx dt
a a
(47)

T _
+5¢ J [Ga (x = x,) uiezsq’]x:; dt) .
to Xx=

Step 3. Estimate of _U or (1/ s9)ufe2$“’dx dt. First of all, coming
to

back to the definition of L w, we have

I - 1
—Lw=—uw, +2¢,Vs0 (x - x wx+c\/@w. 48
\/E s \/@ t 1 ( 0) 1 ( )

Note that 1/V0 is bounded on [ty»T] and |x — x0|2/a(x) <
max{xé/a(o), (1 —xo)z/a(l)} (see [20, Lemma 2.1]). Therefore,
there exists C > 0 such that

1 )
ﬂfgdwmsC@gw%

to

2
+ ” SGMawidx dt + ” sOw’dx dt)
Q@ a Q.

to

(49)

<C ("L;w”thTo + ”QT s@awidx dt

to

+ “ sOw’dx dt).
QT

to

We then estimate ” o sOw’dx dt thanks to Hardy inequality,

as we have done in the previous step in (45). In this way, we

find
4173 3/4
” sOw’dx dt = s ” 072/3102 0
Qr QG \ |x = x)

to

|x—x |2 i 3
-70102) dxdt < s— ” 0
a 4 Jqr

to
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al3 s x - x |2
e L || 0T wdar
|x = x| 4 Jar a

SCHQT

to

2
(s@awﬁ +5°6° Mw2> dxdt.
a
(50)
Finally, using (49) and (35), one has
” iwtzalx dt<C <”‘ W e*?dx dt
qr sO qQr

to to

(51)

T -
+s¢ L [Ga (x = x,) uiezs‘p];; dt
0

Now, in order to obtain the estimate of u, we have to use
the estimate of (47). From the definition of w, we have w, =
u,e’? + sp,w. Hence

1
” —ufez“pdxdt
QZ) s6
2 2

1 s
<2 (”QT wadxdt + ”QT S—Gthdx dt) .

to to

(52)

The second term in the above right-hand side is estimated as
follows:

2 2
” " dxdt = 16 “ 563/27121//2w2dx dt
Q@ s0 T
(53)
<16(T-t,) ¢ “ s6° || w’dx dt.
o
Hence using (47) and (51) we conclude that
JJ. iufez“”clx dt<C (” W e*?dx dt
qQ, s0 Qr
(54)

T
_ 2 2591%=1
+s¢ L} [Ga (x —xp) use ]x:O dt

Conclusion. We immediately deduce the expected Carleman
estimate (33) from (38), (47), and (54). O

3.2. Proof of Lipschitz Stability. The object of this subsection
is to prove Theorem 2 which recovers a source term h from
the measured final data and the partial knowledge of u,
over the subdomain w ¢ (0,1). In proving these kinds of
stability estimates, the global Carleman estimate obtained in
Theorem 15 will play a crucial part along with certain energy
estimates.

In order to obtain our main result, we need to define the
following weights function associated with nondegenerate
Carleman estimates in a general interval (A, B) which are
suited to our purpose. For x € [A, B],

Dt x) = 0(0) Y (x),
W (x) = PT®) _ g2Plolleo )

where p > 0and o a C?([A, B)) function such that o(x) > 0
in (A,B),0(A) =0(B) =0and 0,(x) # 0in [A,B] \ @, @ is
an open subset of w.

Now, choose the constant ¢; in (27) so that

2pllolleo _
G > % . (56)
Q-6
Thus, one can show that weight functions satisfy the following
properties which are needed in the sequel.

Lemma 16. For (t,x) € [0,T] x [0, 1], we have

@ (t,x) <D(t,x) and
(57)
@(t,—x) <D(t,x).

Proof. First, let us set ¢ := Sup[o1 jx ((y —xg)/a(y))dy.
s X0
(i) ¢ < ®. For all x € [0, 1], we have

-0 sy (x)<q (g -q), and

(58)
] = Plolo < g (x) < (POl _ g2plolo.
Thus, to show that y <, it suffices to have
a (g -¢)<1-elle, (59)

This means ¢, > (e*"17lo

follows immediately.

- 1)/(¢, - ¢;) and the conclusion

(ii) ¢(t, —x) < O(t,x). In a similar manner, using (56), one
has max{y(-1), y(0)} < ¥(x) and the thesis follows. O

Proof of Theorem 2. Let u, € L*0,1), h € S(Cy), and t, €
(0,T). Observe that, according to Proposition 13 (iii), the
solution u of the problem (1) belongs to

H' ([ty, T]: D (A) N H* ([te, T]: L7 (0,1)) . (60)

It follows that the solution u of (1) satisfies sufficient regularity
properties to proceed to the following computations. Let
z = u, where u satisfies (1). Then z € LZ([tO,T];D(A)) n
H'([t,, T]; L2(0,1)) and satisfies

ht (t’ X) > (t> X) € Qa

z, - (az,), - Wz

z(0)

z(1)=0, te(0,7),

(61)

z(0,x) = (au,), + ﬁuo +h(0,x),

x €(0,1).

Let us recall that our goal is to provide an estimate of
Al 12(q)- For this purpose, we divide the proof into four steps

and we recall that b € H' (t,, T, L*(0, 1)).

Step I (Carleman estimates with locally distributed observa-
tion). Such estimates are obtained by studying some auxiliary



problems, introduced by means of a suitable cut-off argu-
ment. First, by the assumption on the observation set, we
can fix two subintervals w; = (o, ;) <cC (0,x), w, =
(a5, B,) €C (xo,1) and four points y;,y, € (e, B;), i = 1,2,
with y; < y/. Then, fix 8, € (a,,7,) and consider a smooth
function # : [0,1] — [0, 1] such that

L xe[p1],
n(x) = _ (62)
0, xe[0B)].
Let us now introduce Z = #z where z is the solution of

(61). Hence, fixed &, ¢ (ocz,[g’z); Z is a solution of the
nondegenerate nonsingular parabolic equation

~(aZ), 27 =H, (9 € (tT)x (@ 1),
(63)
Z(t,a)=2Z(t1)=0, te(t,T),
with H = nh, — (an,z), — an,z,. Observe that, by the
assumption on a and the fact that #, is supported in @ =
(o 12) €C w,, we have H € L*((ty, T) % (&, 1)).
Thus, we can apply the analogue of [6, Lemma 1.2] for Z
in (&,, 1), obtaining that there exist two positive constants C

and s, (s, sufficiently large), such that Z satisfies, forall s > s,

T (1
J J (%Zf + s@Zi + 5363Zz> > Pdx dt
t S

0 Y&

T (1
<C (J J H*e*%dx dt (64)
ty Ja,

+ ” $0°Z%*%dx dt) .

to

Using again the fact that #, is supported in & and the bound-
edness of a (far away from x, in the weakly degenerate case
and since a € W"*(0,1) in the strongly degenerate case),
we have, by the Caccioppoli inequality for the nondegenerate
case,

T 1 T (1
J J H*e*dxdt <C J J (nzhf
ty J&, ty Ja,

+((a(x)n,z), +a(x) qxzx)z) >®dx dt

T (1
<C 212,250 5 4o ” 2 2
(J J” lddir ] (F42) ()

to

T 1
- e*Pdx dt) <C (J J W he*Cdx dt
ty Ja,

+ ” (hf + s202z2) >Pdx dt) .

to
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Hence, we can choose s, so large that for all s > s, and for a
positive constant C, the following estimate holds:

T (1
J J (%Z? + s@Zi + 530322> >Pdxdt
t, Ja, \ S
T (1
<C <J; L r}zhfezsq)dx dt (66)

+ ” (hf + 3393z2) >Pdx dt) .

to

Furthermore, using the fact that s§°%|ny|Z> < Cs*6°Z2, by
(66) one has

T (1
J J 0’ |ny| 22> dx dt
ty J&

T (1
<C (J J nzhfezsq)dx dt (67)
ty Ja,

Il

The estimates (66)-(67) lead to

(hf + s303z2) >Pdx dt) .

to

T (1
J J (%Zf +56°/* lny| Z'+ s@Zi + 5363Zz>
ty Ja, \ S
T (1
*Pdxdt < C <L L qzhfezscpdx dt (68)

v (4002 vax dt) .

0

Now, since x, ¢ (&,, 1), by Lemma 16 we can prove that there
exists a positive constant k such that for every (¢, x) € [0,T] x
[&2) 1]

25¢(t,x)

a(x)e < ke*® and

2 (69)
('x B xO) equ)(t,x) < kest).
a(x)
Then, using (69), (68) becomes
R A W 3/2 P P
) _GZt +507° |ny| Z° + sbaZ;,
a \ S

to

+593( xo)
a

> e*dx dt

T (1
<k L Jl <$Z? +50°° ny| Z* + 022

+ 530322) > ®dx dt
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T 1
<kC <J j Ph2eVdx dt
ty J&

gl

(hf + 339322) >®Pdx dt) .

to

(70)
Hence, using the definition of Z, it results
T (1 1
J J — 22+ 50° |ny| 2% + sBaz’
ty J7, s0
(%) 5 T,
+s0—2 e“”dxdtzj J —Z;
a ty Jy, s6
3/2 2 2 3 3(x—x0)2 2
+50° |ny| Z° + sbaZl + s ———Z
a
29 15 d (1, 632 2
ce”dxdt < ) EZt+s lnv| Z
0 Y& (71)

2
+ sGaZi +5°6° MZZ> > dx dt
a

<C (JJ‘ hfezsq)dx dt + JJ. (hf + 339322)
QT wT

to to

> ®dx dt) <C <” hfezsq)dx dt
QT

to
+” $0°22*%dxdt |,
@i,

for a positive constant C and for s large enough.

To complete the proof, it is sufficient to prove a similar
inequality on the interval [0,y,]. To this aim, we follow a
reflection procedure. Consider the function

{z(t,x), x €[0,1],
w(t,x) = (72)
-z (t,—x), x€[-1,0].

Therefore, w solves the problem

w, - (aw,) - %w+ =G, (t,x)€(0,T)x(-1,1),

(73)
w(t,-1)=w(1)=0, te(0,T),
being
_ {b(x), x € [0,1],
b(x):=
b(-x), xe€[-1,0],
(74)
{ht(x), x €[0,1],
G =
h,(-x), xe€[-1,0].

Now, consider a smooth function 7 : [-1,1] — [0, 1] such
that

() = {L x € [_Yl’)’zl] > , 75)
0, x¢ [—1,—)/1] U [)/2, 1] )

and define the function W = Tw, where w is the solution of
(73). Then W solves

W, - (aW,), - %W =1G - (ar,w), - ar,w, = F,

(t,x) € (0,T) x (=B, 1), 7®

W(t,-B) =W (t,1) =0, te(0,T).

Observe that W, (¢, -f3;) = W,(,1) = 0 and, by the assump-
tion on a and the fact that 7, is supported in [-y;, —y;] U
[y, 3], F € L*(0,T) x I), where I = (=f,,1). Thus,
we can apply the analogue of Theorem 15 (which still holds
true, since @ belongs to W"'(~1,1) in the weakly degenerate
case and to W"™(~1,1) in the strongly degenerate one)
on (—f3;,1) in place of (0, 1), obtaining that there exist two
positive constants C and s, (s, sufficiently large), such that W
satisfies, for all s > s,

T (1 )2
J- J [s@&Wj +5°6° L ~x0) W2 + 56/ |711//| w?
to J-p, a

(77)
1 T 1
+ —Wt2:| e Pdxdt < CJ- J- F?e*%dx dt.
s6 ty J-py

Using again the fact that 7, is supported in [-y;,-y;] U
[y,,y,] and the boundedness of @ and @' (recall that, using
the assumption on a, @ is C' far away from x, and 0 in the
weakly degenerate case and it is W"*(~1,1) in the strongly
degenerate one), it follows that

T (1 )2
J- J [s@&Wj +5°6° L ~x0) w? + s6°? % w?
ty J-py a

1
+ —GVVtZ] > dx dt
s

(78)
T (1
<C (J J °G*e*?dx dt
ty J-py
T/ (n (v
+ J (J +J )[w2+wi]ezs¢dxdt>.
ty _Y{ Y2
Now, by the definitions of w, we note that
T rn
J J [w2 + wi] 2™ dx dt
ty _V{
(79)

T r—n
= J J [zz (—x) + 2. (—x)] %) dx dt.
ty _V{
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Using a change of variable, by (57), one has

T r—n
J J [zz (=x) + zi (—x)] P9 dx dt
ty -y

T
= J J [zz (x)+ 2 (x)] ) d dt (80)
ty In
< T )’{ [ 2 2 25D (x)
< 2 (x) + 22 (x)| "X dx dt.
ty In
Consequently,
T rn
J J [w2 + wi] 29 gy dt
ty Iy
(81)

T (v
< J J [2* +22] " Wdx dt.
to J1

Going back to (78), by (81), and using the fact that ¢ < @, we
obtain

T 1 )2
J J [s@ﬁWj +5°6° —(x ~x0) w2 + s6°2 |111//| w?
ty J=pi a

1
+ —GWtZ] > dx dt
s

(82)

T 1
<C ( J J 2G*e*%dx dt
ty J-B

T/ (%
o (j o )[zz+zi]ezs®dxdt>.
to N Y2

Thus, applying the Caccioppoli inequality and recalling that
G is defined through h,, one can find C > 0 such that

0

Tt 2, 3 3(x—x0)2 2 3/2 2
J- J- s0aW; +5°0° ———W* + s0°* |ny| W
ty J-py a

1
+ =W

L ] *Pdxdt

T (1
<C (J J 2G*e*®dx dt
to J-p

0

I !
oY
_[ et I 2) 22e*%dx dt
N Y2

J + J ) [h? + $6°2%] > dx dt>
w, w,

(83)

+ J <J +j ) [hf + 5202z2] ezsq)dxdt)
to Wy w,

<C (H hePdxdt + ” $0° 2™ dx dt) :
QL of

to
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Hence, using the definitions of w and W, there exists a
constant C > 0 such that

T vz — 2
J J [seazi +5°6° L axO) 22+ s0°? |7y Z2
t

o J0

T 72
+ sz] e Pdxdt = J J [s@ﬁwi
s6 t, Jo

2

+3303 (X ;O) w2 +s93/2 |’7‘/’| wz + éth]
T 2

-ezsq’dxdtzj J |:s95iW5
ty Jo
2

+ 80 (x —~x0)

W2+ 50° [y W2 + iewf] (84)
N

T (1
ce*dxdt < J J |:565Wj
ty J-p

0

x - xo)2

+5°6° ( L

W2+ s6° |y | W2 + —ewf]
S

- dxdt < C ( ” 2= dx dt
QT

to
+JJ‘ 022> %dx dt ).
@iy

Finally adding up (71) and (84), we conclude that

oI,

to

2
[s@azi +5°0° Mzz +56° |ny| 2°
a

(85)

1 2 25¢
+—z | e Ydxdt
sO t:|

< c(” 2=V dx dt + ” SO2Pdx dt),
Q, wp

to

L
for all s > s, and for a positive constant C.

Step 2 (estimate from above of I;). In this step, our purpose is
to show that there exists some constant C > 0 such that

(! ! 2
I <C [@ Jo W (T’,x) T dx 4 “”t"LZ(wg) :

(86)

Let us recall that, by the definition of ¥, there exists some
constant p < 0 such that W(x) < pforall x € [0, 1]. Therefore
we have

SO < PP o

ast — t, or T. (87)
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As a consequence, setting C = supgp{y — y3 e’ > 0, we
have

343 2 250 2 2
”wT s0°z°e* dxdt < C Izl z2r) = “”t"Lz(wg)- (88)
to
In order to complete the proof of (86), it remains to prove the

following lemma.

Lemma 17. There exists a constant C > 0 such that

c ,
We*®dxdt < —J W (T, x) T dx. (89
HQT : 7 ) (1) (89)

to s Jo

We omit the proof of Lemma 17 which is classical and we
refer the reader to [2]. Using (88) and (89), we obtain (86).

Step 3 (estimate from below of I;). The purpose of the step

is to provide the following estimate: there exists a constant
C > 0 such that

1 I
J Z (T', x) 29T gy < Cl,. (90)
0

25¢(t,x

Since limt_%zz(t, x)e ) =0, for ae. x € (0,1), we can

write

1 I
J Z2 (T',x) 29T gy
0
[ 5l
), ot
T’
-,

Using Young’s inequality, one has

1
J 2 (t,x) ezsq’(t’x)dx) dt (91)

0

1
J (22Zt + 2s<ptzz) ) dx dt.
0

T (1
J J 2zz,e" Y dx dt
0

to

T 1 1
= 2Vs0ze™? (—z S‘P)(Jl dt
LL( 02) | Jae” )

< JJ‘ (s@zzez“" + iztzez“”> dx dt
Qr s6

1o

(92)

< JJ. s0z°e* P dx dt + I,.
QT

to

Moreover, by the Hardy-Poincaré inequality, and using the
same computation as in the proof of (45), we get

T (1
J J 2zz,e"Pdx dt
t, Jo

Sc< Il

to

2,03 3(x—x0)2 2
(s@a (x)z, +s0 WZ ) (93)

-e*Pdx dt + IO> < ClI,,.

11

Next, using the fact that |¢,| < Clyy]6*/2, we have

T (1
J J s,z Pdx dt
t

o J0

(94)
<C ” 6’ |ny| 22 dx dt < CI,,.
QT

to

Eventually, (91) associated with (92) and (93) gives (90).

Step 4 (conclusion). Using (90), (85), and next (86), there
exists some constant C > 0 such that

1 !
J Z (T', x) 29T gy dy
' 1 (95)
1 s ' x 2
<C [_S L 12 (Tl,x) Q20T ) g ||ut||L2(w§))] .

On the other hand, let us recall that z satisfies
z (T’,x) =u, (T’,x)
= (au,), (T’,x) + %u (T', x) +h (T’,x) (96)

for a.e. x € [0,1].

Therefore,

J'l 2 (T’, x) 2T ) g

0
<cf

+ Jl Z (T',x) 2T ) dx) .

(au,), (T', x) + %u (T’,x)

(97)
L*(0,1)

0

Applying (95) to estimate the term L: zz(T',x)ez“”(T,’x) dx,
we obtain

J ! 2 (T', x) Q20T g
0

2

< C< (au,), (T',x) + %u (T', x) (98)
L%(0,1)

(! '
+ ||ut||iz(w%) R L W (T, x) dx) .
Choosing s large enough such that C/+/s = 1/2, we get
Jl 12 (T', x) ezs<p(T’,x) dx
0
' A NG
< C||(au,), (1',x) + 7u(T'.x) (99)
L*(0,1)

Pl |
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On the other hand, s being now fixed, there exists some
constant y > 0 such that

25(T",
esgo( X

'>y>o0. (100)

So we can write

y jl W (T', x) dx

0

<c|

2
+ “”t“Lz(wg)] .

2

(au,), (T',x) + %u (T',x) (101)

L2(0,1)

Moreover, in view of (2),
(6,21 < | (T',%)| + jt I, (5, )| ds
T (102)

<C |h (T',x)' .

Hence,

s < C ”Q B (1", x) dx dt
=CT Jl W (T’,x) dx

0
<c|

2
ol |

. , (103)
(au,), (T', x) U (T’, x)

L2(0,1)

which concludes the proof. O

4. Numerical Approach

In this section, we develop an algorithm for numerically
reconstructing the unknown source term from the measured
final data.

4.1. Solvability of the Inverse Problem and Gradient Formula.
As the theoretical stability is guaranteed by Theorem 2, in
this subsection we study the inverse source problem from the
numerical viewpoint. To this end, let us define our inverse
problem which we use in computations.

Inverse Source Problem (ISP). Let u be the solution to (1).
Determine the source term h(t, x) from the measured data at
the final time u(T,.).

Problem (ISP) will be defined as the inverse source
problem associated with the singular parabolic equation (1).
Accordingly, for a given function & € %, from some class
of admissible source functions %, which will be defined
below, the singular parabolic problem (1) will be referred to
as a direct problem. A solution of the direct problem (1),
corresponding to the function h € %, will be defined as
u(t, x; h).

Abstract and Applied Analysis

Remark 18. It should be mentioned that we do not need
the supplement distributed measurements to obtain the
numerical solution of the inverse problem.

Numerically, we treat ISP by interpreting its solution as a
minimizer of the following least squares functional with the
Tikhonov regularization:

min J (h),
he
) . (104)
_ 2 2
J(h) = S Nl (T, 265 1) = & (%) 7201, + 3 17 = Foll 12 »

where 7 € LZ(O, 1) is the observation data with noise, h is
the initial guess for i, ¢ > 0 stands for the regularization
parameter, and % is the set of admissible unknown sources
defined in the following way:

% ={heH (0,T:L*(0,1)) : Ihlliorszony
(105)
<r, r> 0}.

Evidently, the set % is a bounded, closed, and convex subset
of H'(0,T;L*(0, 1)).

We are now going to show the existence of minimizers to
problem (104). To do so, we need the following lemma.

Lemma 19. Assume Hypothesis 9. Let u be the weak solution
of (1) corresponding to a given source term h. Then, the function
F : H'(0,T;1%(0,1)) — C([0,T};L*(0,1)) n L*(0,T; %)
defined as F(h) := u is continuous.

Proof. First, take u, € D(A). Then, let the source term h
be perturbed by a small amount 8k such that h + 6h € %.
Consider du = u® — u, where u? is the weak solution of (1)
with source term h® := hi+8h. Then 8u € CY([0,T); L*(0,1))N
C(0,T; D(A)) satisties the following sensitivity problem:

0,0u — 0, (a0, 6u) — %814 =8h(t,x), (t,x)€Q,
Su(0)=0du(l)=0, te0,T), 100
Su(0,x)=0, xe€(0,1).

Let v(t, x) be a smooth function. From (106) and by the Gauss
Green identity [16, Lemma 2.21], we have

1 1
J 0,8uvdx + J <a8x8uvx - %8141/) dx
0

0

. (107)
- J Shv dx.
0
We take du as a mutual test function for v to deduce
1 1
%% L (Su)* dx + L (a (Bxéu)2 - % (8u)2) dx
(108)

1
_ j Shou dx.

0
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Then, using Lemma 8, by the Cauchy-Schwarz inequality we
obtain

o Ol +AJ a(3,0u () d

2.dt
(109)
1 1
< S 18U Ollzze + 5 198 Ol
for every t < T, from which
d
5 o Ol 70,1y < 104 D)7, + 10 D)7z, - (110)
Applying Gronwall’s inequality, we obtain
182 (D720, < € (181 (O 72¢q,1 + 1172cy)
r ) (11)
=e "81’1”1}(@ >

for every t < T. From (109) and (111), we immediately get

T
J, V@i, Ol de < Cridhl g, (12)

for every t < T and some universal constant C- > 0. Thus, by
(111) and (112), we obtain

T
sup 8u (Ol220, + L 16w (D)% dt

te[0,T] 113)
< Crl16hl72q
from which it follows that
||5”||ZC([0,T];L2(0,1)) + ||5”||i2(0,T;7f)
(114)

2
<C ”8h||H1(o,T;L2(o,1)) >

if uy € D(A). Since D(A) is dense in L*(0,1), the same
inequality holds if u, € L*(0,1). This completes the proof
Lemma 19. O

An immediate consequence of Lemma 19 is the following
result.

Proposition 20. Assume Hypothesis 9. Then, the functional ]
is continuous on % and there exists a minimizer h* € % of

J(h), i.e.

J (") = min (). (115)

Here we will propose an iterative method to solve the
nonlinear optimization problem (104), and thus the infor-
mation of the derivatives of the objective functional plays a
significant and important role. Our approach for computing
the Fréchet derivatives is based on adjoint state method. This
used method is also called the variational adjoint method
or the adjoint problem approach [18, 21, 22]. A distinct
advantage of using such a method is due to the fact that
it permits to reduce the computational costs as well as its
relatively simple numerical implementation.

The following proposition characterizes the derivative of
the cost functional (104).
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Proposition 21. The Tikhonov functional ] is Fréchet differen-
tiable and its derivative at each h € % is given by
J'(h)y=v+e(h-hy), (116)

where v € C([0,T];L*(0,1)) is the mild solution of the
following adjoint equation:

Vt+(avx) +b(A) =0, (t’x)eQ’
v(0)=v(1)=0, te(0,T), 117)

v(T,x)=u(T)-1u, x€(0,1).

For the proof of the above result, we shall use the fol-
lowing lemma which derives an integral relationship relating
the change 6/ in the term source to the change of the output
Ou(T) through the solution of an adjoint problem.

Lemma 22. Let h,h° be given elements. Denote by u and u’
the solutions of the direct problem (1) corresponding to the given
admissible term sources h,h° € . Then the following integral
identity holds:

1 T 1
J Su(T)q(x)dx = J J Shvdx dt, (118)

0 o Jo
where Su(T) = u®(T) — w(T), 8h = h® — h, and v(t, x) =

v(t, x; q) solves the adjoint problem
Vt + (Lle) LRI b( ) 0’ (t> X) € Q,
v(O) =v() =0, te@T), 19
v(I,x)=q(x), x€(0,1),

with an arbitrary input q(x) € L*(0,1).

Proof of Proposition 21. Let u and u® be the solutions of the
direct problem (1) corresponding the source terms A, W =h+

6h € %. By calculating the increment §J(h) = ](ha —J(h)) of
the cost functional, we deduce that

1
5] (h) = L (u (T) — &) Su (T) dx + % 186 (T) 2301
, (120)
ve J (h o) Shdscde + = 10H

0

forall h,h® € %, where 8u = u® — u.

Choosing the arbitrary input g € L*(0,1) in the adjoint
problem (119) as g(x) = (u(T) — i), we deduce from the
integral relationship (118) that

T

1 1
J (u(T) —u)éu(T)dx = J J Shvdx dt, (121)
0 0

0
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Using the integral equality (121) in the increment formula
(120), we deduce that

T 1
8](h):J j Shvdxdt
0 0

T 1
‘e j J (h = hy) Shdx dt (122)
0 Jo

1 €
+ 5 lou (D200 + 5 18R]3z -

To obtain the Fréchet differential of §](h), by definition, we
need to show that

ST (h) = (v+e(h—ho),8h) 2y + O (Ihl 12y ) - (123)

To this aim, observe that if we substitute ¢ by T in (111) it
follows that

18w (DI F20) < € 16RII72 - (124)

i.e., the second right-hand side integral of (122) is of the order
@(lléhlliz(@). So, since the last two integrals in (122) are of the

order @(Il@hlliz(@), we deduce that the cost functional J(h) is
Frchet-differentiable, with Fréchet differential:
J'(h)y=v+e(h-hy), Vhe¥. (125)

O

Proof of Lemma 22. The function du(t) = 12 (t) — u(t) solves
the initial-boundary value problem

0,0u = 0, (a0, 6u) + %Su + Oh,

te(0,T),

(t.x) €Q

81 (0) = du (1) = 0, (126)

Su(0,x)=0, xe€(0,1).

Multiply both sides of the parabolic equation (126) by v,
integrate on Q, and then apply the integration by parts
formula on both sides multiple times. Then, taking into
account the initial and boundary conditions in problem (126),
we obtain the following identity:

1 T 1
J Su(T)v(T)dx — J J Suv,dx dt
0 0 Jo
T 1 A
_ j J <ax (ad,0u) + 5 6u + 8h> ydxdt
0 Jo

T 1 A
= J J <(avx)x + —v) Sudxdt
0 Jo b

T 1
+j J Shvdx dt.

0 Jo

(127)
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Since v(T') = gq(x), thanks to (119) and (127), we arrive at

Jl ou(T)q(x)dx = Jl Su(T)v(T)dx
0 0

T 1 A
= J J <vt +(av,), + —v) Sudxdt (128)
0 Jo b
T (1 T (1
o[ | owvaxde=| | shvaxat
0o Jo o Jo
This ends the proof. O

4.2. Lipschitz Continuity of the Gradient and the Monotone
Iteration Scheme. As emphasized in [23, Chapter 3], any
gradient method for the minimization problem (104) requires
an estimation of the iteration parameter ¢,, > 0in the iteration
process

Wh=n'—t, ] (0", n=0,1,2,..., (129)

where h’ € % is a given initial iteration. The choice of t,
defines different gradient methods, although in many situa-
tion the estimation of this parameter is a difficult problem.
However, in the case of Lipschitz continuity of the gradient
J'(h) the parameter t, can be estimated via the Lipschitz
constant as follows (see [18]):

0<d,<t, < (130)

(L+25,)

where §,,8; > 0 are arbitrary parameters.
Now we will prove the Lipschitz continuity of the Fréchet
gradient.

Theorem 23. Let h, 8h € 2. Then the Fréchet gradient (116) of
the Tikhonov functional is Lipschitz continuous, i.e.,

7' (B°) =1 )] 20y < LISKIL2 gy, VHSH €, (13D

where the Lipschitz constant L > 0 is defined via the parameters
T and € as follows:

(132)

L =12(Te" +é&?).

Proof. Let the functions v(t, x; h) and v(t, x; h‘s) be the solu-
tions to the adjoint problem (119) with g(x) = w(T, x; h) — @
and q(x) = u(T, x; h‘s) — @1, respectively. We have

b (1) =7 h

2 T 1 5
o = L L 10 + eOh|? dxc dt
(133)
T 1
<2 [ 1ovPdrdes 26 16H: g

0 Jo
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where v = 0v(t, x; h) = v(t, x; ha) — v(t, x; h) is the solution
of the backward parabolic problem

0,0v + 0, (a0, 6v) + %61} =0, (tx)eQ

Sv(0)=dv(1)=0, te(0,T),

(134)
ov(T,x) = du (T, x; h),
x €(0,1).

Multiplying (134) by 8v, integrating over (0, 1), and using the
boundary conditions, we get

1d
17 J Sv (t, x;h) dx
(135)
1 3 A )
= J <a (0,6v (t,x;h))” - E(Sv (t, x; h) )dx
0
Using again (15), we have
;j J 8v (¢, xs ) dx > AJ 0 (3,0 (t, x; b)) dx. (136)
Let
1
F(t) = J Sv (t, x; h)* dx. (137)
0
Since F'(t) > 0, F is increasing on (0, T'], and thus
F ) <F(T), Vte(0,T]. (138)
By (138), we obtain that
1 1
J Sv(t,x;h)? dx < J &v (T, x; h)* dx
’ i (139)
= J Su (T, x; h)* dx.
0
Finally, by (111) it follows that
1
|, vtz dx < e 18hEE g (140)

Combining (133) and (140), we get the inequality (131). O

An important application of this theorem is the following
lemma (see [23, Lemmas 3.4.4 and 3.4.5]).

Lemma 24. Let the Fréchet gradient of the Tikhonov func-
tional (104) defined on the set of admissible source terms %
be Lipschitz continuous with the Lipschitz constant L > 0.
Denote by {h"} < % the sequence of iterations obtained
by the Landweber iteration algorithm (129). If the relaxation
parameter t, € (0,2/L), then the following statements hold:

(i) {J(W")} is a monotone decreasing sequence;
(if) lim,, oo I (Kl 2y = 0;

(iii) for the rate of convergence of the sequence {J(h")}, the
following estimate holds:

0<J (1) -

J, < 2Ldn™?,

inf,cq,J (h).

d>0,n=123,..., (141

where J, =

15

5. Conclusion

In this paper, we have considered an inverse source problem
for a class of degenerate and singular parabolic equations.
Based on Carleman estimates, global Lipschitz stability result
is proved. Then, the identification of the source term is
formulated as a minimization problem combining the output
least squares and the Tikhonov regularization. It is proved
that the Fréchet derivative of the cost functional can be
formulated via the solution of the adjoint parabolic problem.
Lipschitz continuity of the gradient functional was also
proved, which implies the monotonicity of the numerical
sequence of iterations obtained by the Landweber iteration
algorithm. Some applications with numerical implementa-
tions are in progress.
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